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In the following pages is given, from an engineering point of 
view, (1) a description of the more important effects conmionly 
described as electric and magnetic phenomena, (2) a statement 
of the fundamental laws in accord with which these phenomena 
have been found to occur, and (3) the application (rf these laws 
to some of the simpler problems which arise in connection with 
the generation, transmission and utilization of electric energy. 

Particular emphasis is laid upon exact qiuintitative statements 
of the fundamental laws or principles. Both safety and econojny 
demand that the engineer be able to answer not only "how,'' 
but also /'how much.'' To this end, the student of engineering 
should be taught to analyze, not only qualitatively, but also 
o qiuintitativelyy each problem which may be presented to him. 

< Most of the simpler formulas used by scientists and engineers 

are special cases of certain general relations, and these special 
formulas are applicable only under certain specific conditions. 
One of the most common causes of confusion on the part of the 
l}^ beginner arises from his attempt to apply such special formulas 

to cases to which they are not applicable. This is due in part to 
the failure in many text-books to state the limitations of such 
formulas. Particular care is therefore taken in these pages to 
state specifically the exact conditions under which each formula 
is applicable. 

The procedure adopted throughout the book is to pass from 
simple phenomena, known to practically every school-boy, to 
the more complex phenomena and principles with which the 
engineer has to deal. 

For convenience the book has been divided into two parts. 
Part I deals with the electric and the magnetic circuits, and Part 
II with electrostatics and alternating currents. Each part of 
the book can readily be covered in four hours of classroom work 
per week for a term. Part I may be looked upon as an intro- 
duction to the study of direct-cm:rent machinery, and Part II 
as an introduction to the study of alternating-current machinery. 
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vi PREFACE 

At the end of each important section are given one or more 
problems, illustrating the principles developed in the text. 
The answers to these problems are also given. The student 
should be required to solve each problem, and when time is avail- 
able additional problems, without answers, should be assigned. 
It is only by the solution of numerical problems that the student 
can understand the full significance of the relations developed 
in the text. 

This books covers substantially the same ground as that of 
the author's ** Principles of Electrical Engineering," McGraw- 
Hill Book Company, 1911. The- method of treatment, however, 
is distinctly different, the various laws and relations are more 
fully discussed, and a greater number of practical applications 
are given. Harold Pender. 

Philadelphia, Pa., 
Oct. 3, 1918. 
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ELECTRICITY AND MAGNETISM 

FOR ENGINEERS 



PART I 
ELECTRIC AND MAGNETIC CIRCUITS 



FORCE, WORK AND ENERGY 

1. Introduction. — Electricity manifests itself in the production 
of forces between material bodies and in the production of various 
forms of energy. A knowledge of the terms employed in de- 
scribing the effects of mechanical forces and energy, and of the 
fundamental relations between matter, force and energy, is there- 
fore essential to an understanding of the facts and '*laws" of 
electricity and magnetism. For the convenience of the reader 
a brief review of these terms and principles is here given. 

2. Scalar and Vector Quantities. — A quantity which can be 
completely specified by a magnitude, such as mass, work, tem- 
perature, etc., is called a "scalar'' quantity. A scalar quantity 
may be either positive or negative. In the first case it is repre- 
sented by a positive number and in the latter case by a negative 
number. Two or more scalar quantities are added and subtracted 
according to the ordinary laws of algebra. 

A quantity, such as a force, which requires for its complete 
representation not only a magnitude but a definite direction in 
space, is called a "vector" quantity. A vector quantity can 
always be represented by a straight line of definite length drawn 
in a definite direction in space. The line representing a vector 
quantity is called a "vector." 

A vector may be conveniently represented by two letters 
which designate its ends. The convention universally adopted 
is to write as the first letter that letter which designates the 
point from which the vector is drawn. For example, by the vec- 
tor AB is meant the straight line drawn from A to B. Similarly, 
by the vector BA is meant the straight line drawn from B to A. 

1 
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When a vector is represented by a line AB, the direction from 
A to B is called the "positive sense" of this line. 

The length of a line may also be represented by a single letter 
or number, and the positive sense of this line by an arrow placed 
on the line pointing in its positive sense. Hence if F is used to 
designate the vector AB, then the length and sense of the vector 
drawn from A to B may be represented by the algebraic expres- 
sion + V and the length and sense of the vector drawn from B 
to A by the algebraic expression — V. 

A jZ B 



Fig. 1. 



The relative direction of two vectors, such as AB and AC in 
Fig. 2, is conveniently specified as follows: When the angle 
measured around from AB to AC in the counter-clockwise direction 
is less than 180 degrees, the vector AC is said to ''lead" AB by 
this angle, and conversely, the vector AB is said to "lag" AC by 
this same angle. When the angle measured around from AB to 
AC in the counter-clockwise direction is greater than 180 degrees, 
then the angle measured around from AB to AC in the clockwise 
direction must be less than 180 degrees, and therefore AB leads 
AC by this latter angle, or AC lags AB by this same angle. A 




Fig. 2. 

lead of <l> degrees is therefore equivalent to a lag of ^ = 360 — 
degrees, and a lag of degrees is equivalent to a lead of ^ = 
360 — degrees. Hence it is always possible, by employing the 
conceptions of lead and lag, to specify the relative direction of 
two vectors by an angle less than 180 degrees. 

By the "vector sum" of two or more vectors, such as AB and 
AC in Fig. 2, is meant vector equal to the diagonal AS of the 
parallelogram formed by drawing through C a line CS parallel 
to AB and through B a line BS parallel to AC. If the angle 
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by which AC leads AB is 6, then the vector sum of AB and AC 
results in a vector of length 

AS = Vab' + AC^ + 2AB.AC cos 6 (1) 

leading AB by the angle 

. _J iiCsin^ 1 ., . 

(T = tan M= = (la) 

lAB + ACcosdl 

From these relations it follows that the vector sum of two vec- 
tors which are equal in length and opposite in sense, such as AB 
and BA (Fig. 1) is zero, for the difference in direction between 
these two vectors is 180 degrees, and therefore cos ^ = -- 1, 
This fact may be expressed mathematically by the relation 



= AB + BA 

or 

BA = -AB 



By the "vector subtraction'' of a vector AC from a vector AB 
is meant the vector addition of — AC to AB, which, from the 




Fig. 3. 

relation just deduced, is equivalent to turning the vector AC 
through 180 degrees and adding it to AB, as shown in Fig. 3. 
Hence the vector subtraction of AC from any vector AB results 
in a vector of length 

AD = \IaB^ + W - 2 Zl.Z^ cos e (2) 



lagging ABhy the angle 



X -1 I A.C sin ^1 ,^ ^ 

5 « tan-i = z=r (2a) 

lAB - AC cos ^J ^ ^ 
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It is also of interest to note that the length and direction of this 
vector difference are respectively the same as the length and 
direction of diagonal CB of the parallelogram in Fig. 2.. 

A special case of vector subtraction of particular importance 
is that of the vector difference of two vector quantities which 
have equal magnitudes and which differ in direction by an^ in- 
finitely small angle. Let V be the magnitude of each of the two 
vectors AB and AC in Fig. 4, let dd be the angle between them, 



dV 




expressed in radians, and let dV represent the vector difference 
BC Since the angle between AB and AC is infinitely small, 
the ratio of the length of the line BC to the length of the line AB 
is equal to the angle dd in radians.^ Hence 

dV = VdS (26) 



Also, since dd is infinitely small, the line BC is perpendicular to 
AB. Hence, from Fig. 4, the vector difference dV is perpendic- 
ular to the vector V and is in the .direction of the positive sense 
of the angle dd. 




Fig. 5. 

It may be readily shown that any vector AB may be considered 
as the smn or ''resultant" of two or more component vectors, 
provided these component vectors have such lengths and direc- 
tions that when placed end to end they form a continuous path 
from A to B, such that a point in passing from A to B over this 
path moves along each component in its positive sense. In 
particular, it is frequently convenient to consider a vector A^B 

^The measure of an angle in radians is by definition the ratio of the arc 
which subtends this angle to the radius of this arc. When the angle is 
infinitely small the chord of this arc is equal to the arc itself. 
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as the sum of two mutually perpendicular components, such as 
AP and PB in Fig. 5. If db is the angle by which AB leads the 
component AP, then the two components AP and PB are 



AP = AB cos Ob 
PB ^ABsinSb 



(3) 
(3a) 



Conversely, when the two mutually perpendicular components 
AP and PB are known, then the resultant AB has the length 



(4) 



AB = yJAP^ + PB^ 
and leads the component AC hy the angle 

Ob = tan-i IS) 
\AP/ 

These relations lead to another way of expressing the sum of 
two vectors. Let AB and AC be the two vectors. At the end 
of AB lay off BS equal in length to AC and in the same direction 



(4a) 




Fig. 6. 



as ACt and resolve AB and BS into their horizontal and vertical 
components. Then, using the notation indicated in Fig. 6, the 
vector sum of AB and BS is a vector of length 

AS = Mat^ + Ys^ 

which leads AP by the angle 6s, where 

TS 



tan^, = 



AT 



The values of TS and AT are 



TS ^PB + QS = ABBmSb+ACsiaec 



AT = AP + BQ = AB cos Sb + AC cos Be 



(5) 



(5a) 
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That is, the component, in any direction, of the resultant of 
two or more vectors is the sum of the components, in this same 
direction, of the individual vectors. 

By calculating first the angle 6, from equation (5a), the evalua- 
tion of the radical expression may be avoided by calculating the 
vector sum AS from the formula 



AT 



cos da 

A very convenient table of trigonometric functions for use in 
such calculations is given in Pender's Handbook for Electri- 
cal Engineers, pages 1709 to 1715. 

Problem 1. — Two vectors A and B, 5 and 10 inches in length respectively, 
make an angle of 30 degrees with each other, the shorter vector A leading 
the longer one. 

(a) What is the vector sum of these two vectors? (6) By what angle 
does this vector sum, or resultant, lead the longer vector? (c) What is the 
vector difference of A minus JB? (d) By what angle does this vector differ- 
ence lead A ? (e) By what angle does the vector difference B minus A lag A ? 
CO What is the component of A in the direction of JB? (g) What is the 
component of B perpendicular to A, and does it lead or lag A? {h) If the 
angle by which A leads B is changing at the rate of 157 radians per second, 
what is the length and direction, with respect to A, of the vector which is 
equal to the rate of change of the vector A with respect to time? Draw a 
vector diagram to illustrate the answer to each of the above questions. 

Aruiwer, — (a) 14.55 inches. (6) 9.9 degrees, (c) 6.20 inches, (d) 
156.2 degrees, (e) 23.8 degrees. (/) 4.33 inches, (g) 5 inches, lagging. 
(h) 785 inches, leading A by 90 degrees. 

Problem 2. — A vector A which has a length of 12 inches leads a reference 
line OX by 40 degrees. Another vector B has a component in the direction 
of OX equal to 0.6 inch, and a component 90 degrees ahead of OX equal to 
1.5 inches. 

(a) What is the component in the direction of OX of the vector sum of A 
and B? (&) What is the component of this resultant 90 degrees ahead of 
i5X? (c) What is the angle by which this resultant leads OX? (d) What 
is the magnitude of this resultant? 

Answer. — (a) 9.79 inches. (6) 9.21 inches, (c) 43.3 degrees, {d) 13.45 
inches. 

3. Linear Displacement, Velocity and Acceleration. — When a 
particle moves from a point A to some other point B, fixed rela- 
tive to the point A, the straight line drawn from A to -B is 
called the "linear displacement" of this particle relative to A. 

The rate of change with respect to time in the linear displace- 
ment of a particle relative to any point A is called the "linear 
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velocity" of this particle with respect to the point A. When 
this rate of change is uniform, the velocity is 

. = ;. (6) 

where I is the displacement in time t. When the rate of change 
in the displacement of the particle is not uniform, then the veloc- 
ity at any instant t is 

where dl represents the change in the displacement in an infini- 
tesimal interval of time dt measured from this instant. 

The rate of change with respect to time in the linear velocity 
of a particle, relative to any point A, is called the "linear 
acceleration*' of this particle with respect to the point A. When 
the rate of change of velocity is uniform, then the acceleration is 

a = V^^ (7) 

where Vi — t;2 is the increase in velocity in time t When this 
rate of change is not uniform the acceleration is 

dv dH .- V 

Linear displacement, velocity and acceleration are all vector 
quantities, i.e., each has a direction as well as a magnitude. The 
term ''speed'' is commonly used to designate the magnitude of a 
velocity. 

Displacements, velocities and acceleration therefore cannot be 
added and subtracted algebraically, but must be added and 
subtracted vectorially. In particular, when the direction of 
the velocity of a point changes, vi — V2 in equation (7) and dv 
in equation (7a) must be interpreted as vector differences. For 
example, when a point is moving in a circular path of radius r 
at a constant speed V, the direction of its velocity will change 

during any infinitesimal interval of time dt by the angle dd = 

Vdt 

— . Hence, from equation (26), the change in the linear veloc- 

VHt 
ity of this particle in time dt ia dV = Vdd = —  , From equa- 
tion (7a) the linear acceleration of this particle at this instant is 
therefore 

a = ^' (76) 
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and, since dV is perpendicular to the direction of the velocity V 
and in the positive sense of the angle dO, the direction of this 
acceleration is toward the center of the circle. In this formula 
V and r must be expressed in the same units of length; for exam- 
ple, V in miles per hour and r in miles, in which case a will be in 
miles per hour per hour. 

Problem 3. — ^A locomotive is traveling at the rate of 60 miles an hour 
around a curve of 1000 feet radius. 

(a) What is the speed of this locomotive in meters per second? (6) In 
feet per second? (c) What is the direction and amount of its acceleration 
in miles per hour per second? (d) In feet per second per second? 

Answer. — (o) 26.8 meters per second. (5) 88.0 feet per second, (c) 
5.28 miles per hour per second, toward the center of the curve, (d) 7.75 
feet per second per second. 

4. Angular Displacement, Velocity and Displacement. — ^Let 
OX be any arbitrarily chosen axis, and imagine a plane drawn 
through this axis and a moving particle. The angle through 
which this plane turns when the particle moves from any point 
A to some other point -B, fixed with respect to the point A and the 
axis OX, is called the "angular displacement '' of the particle 
about this axis relative to the point A. 

The rate of change with respect to time in the angular dis- 
placement of a particle about a given axis OX is called the angu- 
lar velocity of the particle about this axis, and the rate of change 
in this angular velocity with respect to time is called its angular 
acceleration about this axis. 

When the angular displacement is changing at a constant rate, 
the angular velocity is 

. = ; (8) 

where 6 is angular displacement in time t. When the rate of 
change in the angular displacement is not uniform, then the 
angular velocity is 

a, = ^^ (8a) 

Similarly, when the angular velocity is changing at a constant 
rate, the angular acceleration is 

a J— (9) 

where wi — co2 is the increase in the angular velocity in time t. 
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When the rate of change in the angular velocity is not uniform, 
then the angular acceleration is 

The fundamental unit of angular displacement is the radian, 
and the corresponding units of angular velocity and angular 
acceleration are respectively 1 radian per second and 1 radian 
per second per second. In the case of a rigid body, rotating 
about a fixed axis, the unit of angular velocity commonly em- 
ployed is one complete revolution per minute. One complete 
revolution is equal to 2x radians, and hence one revolution per 

Problem 4, — The armature {i.e., the rotating member) of an electric motor, 
starting from rest, reaches a speed of 750 revolutions per minute (abbrevi- 
ated r.p.m.) in 10 seconds, the change in velocity being at a uniform rate. 

(a) What is the angular acceleration of the armature in radians per second 
per second? (6) How many revolutions will the armature make before 
reaching the speed of 750 r.p.m.? 

Answer. — (o) 7.854 radians per second per second. (6) 62.5 revolu- 
tions. 

6. Mass. — The quantity of matter in a body, called its 
"mass," can be defined only in terms of some effect produced on 
the body by some other body or bodies external to it. It is a 
fact of experiment that two bodies, which appear to our senses 
to be identical in every respect, will exactly counterbalance 
each other when suspended one from each end of an equal-armed 
balance in a vacuum. As an arbitrary assumption, the mass of 
any two bodies may then be defined as equal, irrespective of their 
volume, shape or chemical composition, if, when suspended in a 
vacuum, one from each end of an equal-armed balance, and each 
free from all external influences other than that due to the earth, 
there is no tipping of the beam of the balance from its original 
position of equilibrium. 

This is an entirely arbitrary definition, but it has been found 
that mass as thus defined is a fundamental property of matter. 
Any arbitrary portion of matter may be taken as the unit of 
mass; the mass of any given portion of matter may then be ex- 
pressed as the number of such equal units, which taken together, 
and suspended from one arm of an equal-armed balance in a 
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vacuum, will just counterbalance the given body suspended from 
the other arm. Note that mass is a scalar quantity. 

6. Systems of Units. — The standard unit of mass to which 
all other units of mass are referred is a certain platinum-iridium 
cylinder, known as the International Kilogram, preserved at the 
International Bureau of Weights and Measures near Paris. The 
standard unit of length is similarly the length, at a temperature 
of O^C, of a certain platinum-iridium bar, known as the Inter- 
national Meter, preserved at the same place. 

As the standard unit of time is taken the mean solar day. 
By a solar day is meant the mterval of time between two suc- 
cessive transits of the sun across the meridian of the earth at the 
point of observation. This interval varies in length at different 
times during the year, but the mean solar day, i.e., the average 
length of this interval for each year, remains constant; or more 
precisely, may be assumed to remain constant. 

Submultiples of the meter, kilogram and solar year are gener- 
ally employed as more convenient units. The three standard 
submultiples are: 

1 centimeter = j^ meter. 

1 second = ^^ .^^ mean solar day. 
86,400 

In terms of these three units, namely, the centimeter, the gram 
and the second, a unit may be specified for every measurable 
quantity. These three units are therefore called the three 
"fundamental" units, and any unit specified in terms of these 
three fundamental units is called a ''derived" unit. 

The system of units specified in terms of the centimeter, 
gram and second in such a manner that the fundamental imits 
appear in the specification only as unity or as integral multiples 
of 10, 100, 1000, etc., or their recoprocals, is called the ''c.g.s. 
metric system" of units. 

Multiple and submultiple units in the c.g.s. system are desig- 
nated by the following prefixes: 

'"^''™ "^ i;oo^ooo = ^^" 
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centi = ^ = 10-* 

deci = A = 10-* 

deka = 10 
hecto = 100 = 102 
kilo = 1000 = 10» 
myria = 10,000 = 10* 
mega = 1,000,000 = 10« 

For example, a millimeter is one-thousandth of a meter or one- 
tenth of a centimeter; a kilometer is 1000 meters; a decigram is 
one-tenth of a gram or one ten-thousandth of a kilogram, etc. 

The English, or foot-pound-second, system of units was 
originally based upon arbitrary units of mass and length, inde- 
pendent of the kilogram and meter, namely, the standard pound 
and the standard yard. However, the present U. S. legal defi- 
nitions (Act of Congress, July 28, 1866) are 



and 



, , 3600 ^ 
1 yard = ^^ meter 



1 pound = 22046 ^^^ram. 



(Note. — In 1893 the Superintendent of Weights and Measures, 
with the approval of the Secretary of the Treasury, declared 

the pound to be more precisely 22(Ufi22 '^il^g^am.) 

The interrelations of the various units used in engineering, 
and their multiples and submultiples in the various systems 
in use in this country, may be found in any engineers' handbook. 

7. Density and Specific Gravity. — The "density" of a uni- 
form substance is defined as the mass of this substance per unit 
volume. In the c.g.s. system, density is the mass in grams of 1 
cubic centimeter of the substance. When the substance is not 
uniform, its density at any point is defined as the mass of an 
infinitesimally small volume taken about the point, divided by 
this volume; i.e., calling dv the volume and dm the mass of this 
volume, the density is 

> - 1 <'«) 
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The *' specific gravity'' of a substance is defined as the ratio of 
the mass or weight of a given volume of the substance to the 
mass or weight of an equal volume of water at standard tempera- 
ture. Sixty-two degrees Fahrenheit is usually taken as the 
standard temperature, although there is no general agreement 
on this point. Density in the c.g.s. system and specific gravity 
are practically numerically equal. 

8. Center of Mass. — 4 body of mass M which has any size or 
shape may be considered as made up of a number of small parti- 
cles of masses mi, mo, mj, etc., such that mi + m2 + ma + . . . 
= M. These particles may be considered as small as desired, 
that is, each particle may be considered so small that it occupies 
but a point in space. 

Consider three mutually perpendicular planes X, Y, Z, fixed 
in space, and represent by a;i, ^i, and Zi the perpendicular dis- 
tances of the particle mi from these planes respectively, and by 
X2, t/2, and 22 the perpendicular distances of the particle m2 from 
these three planes respectively, and so on for the other particles; 
then the point whose distances from these three planes are 

respectively 

mio^i + m2X2 + nizXi + . . . 



X = 



M 



y M ^ ^ 



z = 



niiZi + m222 + m^Zz + 



M 

is defined as the "center of mass'' of the body. 

The center of mass of a body is therefore the point the distance 
of which from each of three mutually perpendicular planes is the 
average distance of the matter in the body from each of these 
planes. It can be shown that the position of the center of mass 
of a body relative to any point in the body is independent of the 
position of the planes of reference. 

The center of mass of a system of any number of bodies is de- 
fined in exactly the same manner, except that M in this case is 
taken as the total mass of all the bodies. 

The center of mass of a body or system of bodies is also called 
its "center of gravity," or "center of inertia." 

9. Moment of Inertia and Radius of Gyration. — Consider any 
axis of reference X and any particle of mass m at a distance r 
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from this axis; then the product mr^ is called the moment of in- 
ertia of the particle m about the axis X. The moment of inertia 
of an extended body or system of bodies about any axis is 

I = miTi^ + m2r2^ + rmrt^ + . . . (12) 

the summation including the products mr^ for all the particles of 
the body or system of bodies. 

By the *' radius of gyration'' of a solid body,, about any axis of 
rotation, is meant a distance such that the product of the total 
mass M of the body times the square of this distance is equal 
to the moment of inertia I of the body about this axis, i.e., a 
distance p such that 

I = Mp^ (13) 

Problem 6. — ^The radius of gyration of a cylinder about its own axis is 
equal to one-fourth of the diameter of the cylinder. The specific gravity 
of iron is 7.7. What is the moment of inertia, about its own axis, of an iron 
cylinder 5 feet in diameter and 4 feet long? Give answer in pound-foot 
units. 

Answer, — 59, 100 pounds-times-feet-squared. 

10. Linear Momentum and Angular Momentum. — When the 
center of mass of a body of mass m is moving with a linear veloc- 
ity V with respect to any point P, the product mv is called the 
linear momentum of the body with respect to this point, viz.. 

Linear momentum = Mv (14) 

When a body has a moment of inertia / about any axis -X" and 
is rotating about this axis with an angular velocity w with respect 
to any point P, the product 7w is called the angular momentum 
of the body about this axis with respect to the given point, viz.. 

Angular momentum = I<a (14a) 

11. Force and Weight. — In general terms, a force is that 
which produces, or tends to produce, a change in the state of rest 
or motion of a body, or ''a force is pull or a push," The nature 
of force is not thoroughly understood, but the effects of a force, 
e.g., change in motion, the extension or compression of a spring, 
etc., are readily measured. 

It is a fundamental fact of experience that every particle of 
matter exerts a force on every other particle of matter, the value 
of this force depending in general upon the nature of the two 
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particles, their relative position and their state of motion. As 
the measure of the force produced by any particle A on another 
particle B is taken the product of the mass of A by the linear 
acceleration, with respect to the center of mass of the system 
formed by these two particles, which this force, acting alone, 
would give to A. That is, calling m the mass of A, / the force 
exerted on A by any other particle B, and a the linear accelera- 
tion, with respect to the center of mass of the system formed by 
A and B, which this force acting alone would give to A, then, 
by definition, 

f = ma (15) 

The facts of experiment and observation expressed in terms 
of this definition lead to the conclusion that when any particle 
B exerts a force on any other particle A, then the second particle 
A exerts an equal and opposite force B. This fundamental law 
of nature is usually expressed by the statement that action and 
reaction are equal and opposite. 

The commonest force with which one has to deal is the force 
exerted by the earth on all bodies at or near its surface, as shown 
by the tendency of every body to fall toward the earth. This 
force is usually referred to as the "force of gravitation." Ex- 
periment shows that when a body is allowed to fall freely {i.e., 
when its motion is neither aided nor impeded by any other force), 
it will fall vertically with a velocity which increases at a uniform 
rate; that is, with a constant acceleration with respect to the sur- 
face of the earth. Moreover, experiment shows that at any given 
place at the earth's surface this acceleration has a constant value, 
irrespective of the mass, size, shape or material of the falling 
body. This " acceleration due to gravity" is usually represented 
by the symbol g. 

From the definition of the measure of a force, equation (15), 
it therefore follows that the force of gravitation exerted by the 
earth on a particle of mass m is 

U = mg (15a) 

This force is called the ''weight'' of the particle. 

Experiment shows that the value of g, although constant for 
all bodies at any one place, varies slightly with the latitude 
and elevation of the place in question. The "standard" value 
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of g adopted by international agreement,^ which may be desig- 
nated go, is 

go = 980.665 cm. per sec. per sec. 
go = 32.1739 ft. per sec. per sec. 

The value of g for any other location varies but slightly from 
this value, being, at sea level, approximately 0.3 per cent, less 
at the equator, and 0.3 per cent, greater at the poles, and de- 
creasing at the rate of about 0.01 per cent, per 1000 feet increase 
in elevation. 

The direction of any force acting on a particle is defined as the 
direction of the acceleration which this force, if acting alone, 
would give to this particle. The direction of the gravitational 
force acting on a particle is always toward the center of the earth, 
i,e,, is always vertically downward. 

Experiment shows that when a particle is acted upon by two or 
more forces, the resultant motion of the particle is the same as 
would be produced were it acted upon by a single force equal to 
the vector sum of these separate forces. In particular, when the 
acceleration of the particle is zero, i.e., when there is no change 
in its velocity, then the vector sum of all the forces acting upon 
it is zero. Conversely, when the vector sum of the forces acting 
on a particle is zero, the velocity of the particle is constant. 

In the case of an extended body (as contrasted with a single 
particle), the external force applied to it may be exerted directly 
only at one or more points. For example, the force exerted on a 
pulley by the belt which drives it is exerted directly only upon 
the points on the periphery of the pulley which are in contact 
at any instant with the belt. The point at which any external 
force is applied to a body is called the "point of application'' 
of this force. 

It may be shown, as a consequence of the definitions and rela- 
tions stated in the preceding paragraphs, that the linear accelera- 
tion of the center of mass of a rigid body (and in fact of any 
system of particles) is always equal to the vector sum of all the 
external forces acting upon this body (irrespective of their points 
of application), divided by the total mass of this body. That is, 
calling M the total mass of the body, a the linear acceleration of 

^Troisikme Conf. Gen. des Poids et Mes,, 1901, p. 66. 
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its center of mass; then the vector Mm of all the external forces 
acting upon this body is 

F = Ma (156) 

12. Units of Force. — The rational unit of force is that force 
which will give unit linear acceleration to unit mass. This unit 
of force is called the "absolute" unit of force. When the mass 
is expressed in grams and the acceleration in centimeters per 
second per second, the corresponding absolute unit of force is 
called the ''dyne;" when the mass is expressed in pounds and the 
acceleration in feet per second per second, the corresponding 
absolute unit of force is called the "poundal." 

The relation expressed by equation (15a), however, suggests 
another unit of force which for many purposes is very convenient, 
and in fact is the unit ordinarily used by engineers. This unit, 
called the "gravitational" unit of force, is the force exerted by 
the earth on unit mass. Since the value of the force varies with 
latitude and elevation, it is also necessary to specify a definite 
place of measurement of this unit force, or better, a specific value 
of the acceleration g, which shall be used in evaluating this 
force in terms of the absolute unit. The value of g adopted is the 
"standard" value go specified in the preceding article. 

The unit of force in the gravitational system is given the same 
name as the corresponding unit of mass. For example, by a 
force of 10 pounds is meant a force equal to that which woidd be 
exerted by the earth on a mass of 10 pounds at a place where the 
acceleration due to gravity is 32.1739 feet per second per second. 
Hence, the resultant force F acting on a body of total mass M 
when its center of mass has an acceleration a is 

F = M a absolute units (15c) 



or 



M 
F = — a gravitational units (15d) 



g 



o 



where go is the numerical value of the acceleration due to gravity, 
in the system of units employed. 

Problem 6. — Referring to Problem 3, if the locomotive weighs 100 tons 
(200,000 pounds): 

(a) What would be the centrifugal force exerted by the flanges of its wheel 
against the outer rail on the curve, assuming that both rails are in the same 
horizontal plane and that the outer wheels do not rise? (6) If this force is 
exerted against 15 spikes holding the rail to the ties, what would be the 



FORCEi WORK AND ENERGY 17 

force tending to shear off each spike? (c) How could this shearing force be 
reduced or eliminated? (d) If the outer rail is elevated 6 inches with re- 
spect to the inner rail, what would be the shearing force on each spike? 
The distance between rails is 4 feet, 8.5 inches. 

Answer. — (a) 48,200 pounds. (6) 3210 pounds, (c) By elevating the 
outer rail, (d) 1794 pounds. 

Problem 7. — The per cent, grade of a railroad is the number of feet ver- 
tical rise in a horizontal distance of 100 feet. 

(a) What is the total force, or " tractive effort,'* required to draw a train 
weighing 800 tons at constant speed up a grade of 3 per cent., assuming that 
the frictional resistance of the train (including all rolling friction and air 
friction) is 10 pounds per ton of total train weight? (6) What force is 
required to give a ton a linear acceleration of 1 mile per hour per second? 
(c) If the maximum tractive effort developed by the locomotive of this train 
is 60,000 pounds, at what rate can it accelerate the train up the giyen grade 
of 3 per cent.? (Neglect the inertia of the rotating wheels.) 

Answer. — (a) 56,000 pounds. (6) 91.2 pounds per ton. (c) 0.0548 
miles per hour per second. 

• 13. Presstire. — The perpendicular component of the force per 
unit area exerted on any surface is called the pressure on that 
surface. Let df be the perpendicular or normal component of 
the force acting on an area dA, then the pressure at dS is 

P = | (16) 

The term pressure is sometimes used as a synonym for force, 
anci what is here defined as pressure is then called the "intensity 
of pressure." 

The rational unit of pressure is force per unit area, e,g,, dynes 
per square centimeter, or pounds per square inch. However, a 
number of arbitrary units of pressure are employed, such as the 
pressure at the base of a column of mercury 1 centimeter in 
height, due to the weight of the particles which constitute this 
column. 

The atmosphere exerts a pressure of approximately 14.7 pounds 
per square inch upon every surface with which it is in contact 
(the exact value depending upon weather conditions and the 
elevation of the point of observation). The total pressure on a 
surface, including that applied by any artificial means and that of 
the atmosphere, is called the " absolute pressure'' on the surface 

14. Torque or Moment of a Force. — Consider any axis and 
any force acting on a particle at a perpendicular distance r from 
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this axis; let / be the component of this force perpendicular to 
the plane Ihrough this axis and the particle. Then the product 

T ^rf (17) 

is called the "moment of the force/' or the "torque," due to this 
force about the given axis. The distance r is called the "lever 
arm," or simply the "arm," of the force about this axis. 

When the force is expressed in absolute units the torque is 
likewise said to be in absolute units, and when the force is ex- 
pressed in gravitational units the torque is in gravitational units. 
The units of torque are of the same natiu-e, or dimensions, as the 
units of energy (see Article 15), but the two words in the com- 
pound names of the energy units are usually reversed. For 
example, the foot-pound is an energy unit, but the corresponding 
unit of torque is called the pound-foot. 

A given torque is frequently referred to as a torque of so 
many units at unit radius; e.g., a torque of 10 pounds at 1 foot 
radius. However, torque is not measured in pounds but in 
pound-feet. Hence, a preferable expression would be a torque 
equivalent to a force of 10 pounds at 1 foot radius. 

From the definitions and relations stated in the preceding 
articles it may be shown that the angular acceleration of a rigid 
body about any axis through its center of mass, in radians per 
second per second, is always equal to the algebraic sum of the 
torques about this axis due to the external forces acting upon 
the particles of which the body consists, divided by the moment 
of inertia of this body about this axis. That is, calling I the 
moment of inertia of the body about any given axis through its 
center of mass, a the angular acceleration of any particle in it 
about this axis, in radians per second per second, then the alge- 
braic sum of all the torques due to the external forces acting 
upon this body is 

T == I a absolute units (18) 

or 

T = - a gravitational units • (18a) 



g 







Problem 8. — ^The tangential force exerted by a brake on a pulley which is 
rotating at a speed of 500 r.p,m. is 200 pounds. The diameter of the pulley 
is 1 foot. What is the torque exerted on this pulley? 

Arwipcr. — 100 pound-feet. 
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16, Work and Energy. — When a particle moves under the 
action of a force, "work" is said to be done on it by this force, 
or by the agent which produces this force. • Since distance is 
always involved in motion, work involves both distance and force. 
Moreover, since a force has no component at right angles to its 
direction, it has no tendency to either aid or oppose a motion at 
right angles to its direction. Hence, work involves also the 
relative direction of the force with respect to the motion of its 
point of application. 

As a measure of the work done by a force when the particle 
or point at which it acts is displaced, is taken the product of this 
displacement by the component of this force in the direction of 
this displacement. That is, the work done by a force / when 
the particle on which it acts moves a distance dl is 

dW ^ (f cos e) dl (19) 




^ - 180**- e 



Fig. 7. 



where is the angle between the direction of the force and the 
direction of the displacement of the particle, as shown in Fig. 7. 
In this definition the displacement dl is the displacement of the 
particle on which the force actS; relative to the agent which pro- 
duces the force. 

• 

When a particle moves along any path of length I, straight or 
curved, and at each point of this path is acted upon by a force, 
of constant or variable magnitude and direction, the total work 
done on it is 

W = J; (/ cos d) dl (19a) 

where the integral sign indicates the summation of the products 
{f cos 6) dl for all the infinitesimal lengths into which the^path 
may be assumed to be divided. An integral of this form is 
called a "line integral.'' Hence the work done on a moving 
particle by a force is the line integral of the force along the 
path over which the particle moves. 
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From the definition of the work done on a moving particle by 
a force, it follows that when the direction of motion of the particle 
makes an angle greater than 90 degrees with the direction of the 
force, then the work done by the force is negative. The particle 
is then said to do a numerically equal amount of work against 
the force, or on the agent which produces the force. Or, calling 
6' the angle between the direction of the force / and the direction 
opposite to that of the displacement dZ, the work done against 
the force is 

dW = if cos e')dl (196) 

From the definition it follows that work is a scalar quantity, 
i.e., the amount of work done by a force may be either positive 
or negative, but it has no direction in space. 

When work is done on a body, a change in its position, velocity 
or in some other property is always produced. Certain proper- 
ties of a body which can be altered by doing work on it can also 
be altered by other means. For example, when two bodies are 
rubbed together rapidly, mechanical work is done on them by 
the agent which produces the force which moves one over the 
other against the opposing force due to "friction." As a result, 
the temperature of the bodies is raised; but the temperature of 
a body may also be raised by placing it near or in contact with 
a hotter body, even though no work is required to place it in this 
position. 

In general, any change produced in a body or system of bodies 
by any means whatever, which change can also be produced 
directly by doing work on that body or system, or indirectly by 
doing work on some other body or system, is said to be due to a 
transfer of "energy" to that body or system. As a measure of 
the gain in energy corresponding to this change is taken the 
amount of work which would have to be done on it to produce 
this change and no other. 

Conversely, whenever a change takes place in a body or system 
of bodies which is the reverse of the change which can be pro- 
duced in it by doing work on it, the body or system is said to 
lose energy, or energy is said to be transferred from it. As a 
measure of the loss of energy corresponding to this change is 
taken the amount of work which would have to be done on it to 
produce the reverse of this change and no other. 

Experience indicates that the amount of energy which can be 
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transferred from a body or system of bodies to which no energy 
. is added, is limited, i.e., the energy " possessed by,'' or "associated 
with," any body or system of bodies is finite in amount. There- 
fore the amount of work which can be done by a given body 
or system of bodies is never greater than the energy possessed 
by this body or system. Hence, the energy of a body or system 
of bodies may be defined quaUtatively as the '' capacity of this 
body or system for doing work.'' 

Experience also justifies the assumption that whenever one 
body or system of bodies gains energy, some other body or system 
loses an exactly equal amount of energy. In every instance 
where this assumption can be tested directly, it is found to hold, 
and every deduction from it has been found to be in accord with 
experimental fact. Hence, this assumption is accepted as a 
fundamental principle of nature. This principle, which is equiva- 
lent to the statement that energy is never created or destroyed, 
but can only be transferred or transformed, is known as the 
'' principle of the conservation of energy." 

It is found convenient, in discussing the various properties of 
matter, to look upon each property of a portion of matter as cor- 
responding to a definite amount of energy, and to give a special 
name to the energy associated with each property. For example, 
the energy associated with a body in virtue of its velocity is 
called its kinetic energy; the energy associated with a body in 
virtue of its position with respect to other bodies which exert 
forces on it is called its potential energy; the energy possessed 
by a body in virtue of its temperature is called its heat energy, 
or its thermal energy; the energy associated with a body in vir- 
tue of its chemical nature is called its chemical energy, etc. 

16. Units of Work and Energy. — The fundamental absolute 
unit of mechanical work in the c.g.s. system is the work done by 
a force of 1 dyne when its point of application is displaced (with 
respect to the agent producing the force) a distance of 1 centi- 
meter in the direction of the force; this unit is called the "erg." 
10^ ergs, namely, 10,000,000 ergs, is called a "joule." As an ex- 
ample of a c.g.s. gravitational unit may be cited the kilogram- 
meter, which is the work required to raise 1 kilogram 1 foot at 
a place where go = 980.665 centimeters per second per second. 

The fundamental unit of mechanical work in the English gravi- 
tational system is the foot-pound, which is the work done by a 
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force of 1 pound when its point of application is displaced a 
distance of 1 foot in the direction of the force; or 1 foot-pound is 
the work required to raise a mass of 1 pound a distance of 1 foot 
at a place where the acceleration due to gravity is 32.1739 feet 
per second per second. 1,980,000 foot-pounds is called a horse- 
power-hour (see Article 19). 

Energy is expressed in the same units as mechanical work. 
In addition other units of energy are employed for particular 
forms of energy, such as the calorie and British thermal unit for 
heat energy, the kilowatt-hour for electric energy, etc. The 
mean gram-calorie is defined as the one-hundredth part of the 
heat required to raise the temperature of 1 gram of water from 
0® to lOO^C. The British thermal unit, as defined by Marks 
and Davis, is one one-hundred-eightieth part of the energy 
required to raise the temperature of 1 pound- of water from 32° 
to 212° F. The kilowatt-hour is defined in Article 19. Each of 
these units bears a definite, fixed relation to each of the others; 
see any engineering handbook. 

Problem 9. — Referring to Problem 7: 

(a) How much work is done by the locomotive in hauling the train at a 
constant speed a distance of 1 mile up the given grade? (&) If the train 
accelerates throughout this distance at the rate of 0.5 miles per hour per 
second, how much work will the locomotive do? 

Answer, — (a) 149 horsepower-hours. (6) 247 horsepower-hours. 

!?• Kinetic and Potential Energy. — It can readily be deduced 
from the definitions given in the preceding articles that the 
energy possessed by a particle in virtue of its motion, i,e,, its 

kinetic energy, is ^mv^j where m is its mass and v its velocity. 

This expression gives the kinetic energy of the particle in absolute 
units. The corresponding expression for the kinetic energy of a 

1 HZ 

moving particle in gravitational units is « ~ t;^. 

The kinetic energy of a rigid body which is rotating with an 
angular velocity of w radians per second about a fixed axis is 

^ /w* absolute units, or ^ — «^ gravitational units, where / is 

the moment of inertia of the body about this axis. 

When the center of mass of a rigid body of mass M is moving 
with a linear velocity of v, and at the same time this body is ro- 
tating with an angular velocity w radians per second about an axis 
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which passes through its center of mass and which moves with the 
body, the total kinetic energy of the body is 

^ Mv^ + 2 /w2 absolute units (20) 

or 

^ — 1>2 + ^ —00^ gravitational units (20a) 

where / is the moment of inertia of the body about this axis. A 
case of this kind is the wheel on a moving car, or the armature of 
the motor which drives the wheel. 

The above formulas apply only when all the quantities enter- 
ing into the particular formula used are expressed in the same 
system of units. For example, to calculate the energy in ergs, 
the mass must be expressed in grams, the linear velocity in centi- 
meters per second, the angular velocity in radians per second, 
and the moment of inertia in grams and centimeters. Again, to 
calculate the energy in foot-pounds, the mass must be expressed 
in pounds, the linear velocity in feet per second, the angular 
velocity in radians per second, the moment of inertia in pounds 
and feet, and go must be taken equal to 32.1739. 

The potential energy possessed by a particle of mass m in 
virtue of its elevation with respect to the surface of the earth 

is mgh absolute units, or —^ gravitational units, where h is 

Qo 

its elevation above the surface of the earth, g is the acceleration 
due to gravity at the place in question, and go is a number 
equal to the value of the standard acceleration due to gravity 
in the system of units employed (see Article 11). 

Problem 10. — (a) What is the kinetic energy in foot-pounds of a mass of 
1 ton (2000 pounds) moving with a linear velocity of 60 miles per hour? 
(6) If a retarding force of 150 poundis is applied to this mass, how many 
seconds will be required to bring it to rest? (c) How many feet will it 
travel before coming to rest? (d) An 800-ton train is traveling on a 
straight level track at a velocity of 60 miles an hour when the brakes are 
applied. The retarding force produced by the brakes is 120,000 pounds. 
How many seconds will be required to bring the train to rest? (e) How 
many feet will it travel before coming to rest? (Neglect the kinetic energy 
of rotation of the wheels.) 

Answer. — (o) 241,000 foot-pounds. (6) 36.5 seconds. (c).1606 feet, 
(d) 36.5 seconds, (c) 1606 feet. (Note. — These figures are typical of 
actual conditions in railway practice.) 
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Problem 11. — If the cylinder in Problem 5 is rotating at a speed of 1000 
r.p.m., what is its kinetic energy: (a) In foot-pounds? (6) In horse- 
power-hours? 

Answer. — (a) 10,090,000 foot-pounds. (6) 5. 10 horsepower-hours. 

Problem 12. — If the force driving the cylinder in Problem 11 is removed, 
how many hours will it take the cylinder to come to rest, assuming the oppos- 
ing torque due to friction to be constant and equal to 30 pound-feet? 

Answer. — 1.78 hours. (Note. — The data given in Problems 11 and 12 
are fairly representative of a large turbo-generator, except that the friction 
torque is not constant. Unless a brake of some kind is used, the rotating 
part of such a machine may continue in motion for several hours after the 
steam is shut off.) 

Problem 13. — A weight of 500 pounds falls from rest a distance of 100 
feet into a tub of water. If the tub contains 10 gallons of water, and all the 
kinetic energy lost by the weight when it is brought to rest goes into heating 
the water, what will be the rise in the temperature of the water produced 
thereby, assuming no radiation of heat energy? Give answer in degrees 
centigrade and degrees Fahrenheit. 

Answer.— 0.427°C. = 0.770°F. 

18. Frictional and Elastic Forces. — It is a matter of experience 
that work is always required to move one portion of matter 
relative to another with which it is in contact, and that as a result 
of this motion heat energy is developed within the two bodies. 
This fact is conveniently described by the statement that between 
two bodies in contact there exists a "frictional force" which 
opposes the relative motion of the two bodies. 

As the measure of this frictional force is taken the force which 
must be applied to *' overcome" it, i.e., that force which will do 
an amount of work equal to the heat energy developed, when the 
displacement of the point of application of this force is equal to 
the relative displacement of the two bodies. Hence, if / is the 
frictional force, and dl the relative displacement of the two bodies, 
then the corresponding amount of work done against friction 
( = the heat energy developed) is dW = fdl. 

The frictional force between two portions of matter is found 
to depend upon the nature of the two bodies, the extent and con- 
dition of the two surfaces in contact, the pressure normal to the 
surface of contact, the velocity of the relative motion between 
them, etc. 

Experiment also shows that in general work must be done on a 
portion of matter in order to change either its size or shape, and, 
moreover, that a force is required to maintain it in any size or 
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shape other than that which it assumes when no force is exerted 
upon it. When a body is deformed in any manner it is said to 
exert a reactive force due to its "elasticity/' or to exert an 
''elastic force." 

The work done against an elastic force does not appear as heat 
energy, but when the force which does the work is removed, the 
body by returning to its original size or shape can do work on, 
or give out energy to, some other body. Hence, from the prin- 
ciple of the conservation of energy, the work done against elastic 
forces must be looked upon as converted into a form of energy 
which is stored in the body. For example, when a spiral spring 
is stretched, energy is stored in the spring, for the stretched 
spring has the capacity for doing work. 

As the measure of an elastic force is taken the force which 
must be applied to balance it, i.e., to keep it from producing 
any acceleration of the common point of application of these 
two forces. 

The elastic force exerted when a body is deformed in any 
manner is found to depend upon the nature of the body, its size 
and shape, and the nature of the deformation. When the de- 
formation is expressed in a suitable manner, the general law 
connecting the elastic force and the deformation which it pro- 
duces is that the elastic force is proportional to the deformation. 

Problem 14. — A weight of 4 pounds is suspended from one end of a spiral 
spring of negligible mass, and the other end of this spring is fastened to a 
rigid support. A second weight of 1 pound is hung from the first weight by 
a string, causing the center of mass of the 4-pound weight to be displaced 
vertically downward 0.5 inch from its equilibrium position, which latter may 
be designated as the point E. 

(o) If the string is burnt off, by setting fire to it with a match, thereby 
letting the 1-pound weight drop, what will happen to the 4-pound weight? 
(6) What is the value and direction of the resultant force acting on the 4- 
pound weight at the instant at which the 1-pound weight drops? (c) What 
will be the acceleration of the first weight, in inches per second per second, at 
any instant t seconds after the second weight falls, assuming (as is practi- 
cally the case) that the resultant force acting on it due to the tension of the 
spring and gravity is proportional at each instant to the distance of the cen- 
ter of mass of the 4-pound weight from its equilibrium position ^? (d) 
What will be its velocity at this instant, in inches per second? (e) What 
will be its distance, at this instant, in inches, from its equilibrium position 
E? (J) How many complete oscillations will the weight make per second? 
{g) What is. the total kinetic and potential energy at any instant, with re- 
spect to the equilibrium position E, of the system formed by the weight and 
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spring, (h) Using time as abscissa, plot to the same origin, the acceleration, 
velocity and displacement of this weight. (In the above questions all fric- 
tion is to be neglected.) 

Answer. — (a) The weight will oscillate vertically about its equilibrium 
position. (6) 1-pound vertically upward toward the equilibrium position 
0. (c) The force acting toward E when the center of mass of the 4-pound 
weight is at a distance of z inches from E ia2x pounds, since a force of 1 
poimd corresponds to a displacement of 0.5 inch. Hence for a displacement 

of X inches, the acceleration of the 4-pound weight b '. = 

4 

193x inches per second per second in the opposite direction to the displace- 
ment X, Therefore, the acceleration toward E at any instant is . 

d*x 

—; = - 193x 

The solution of a differential equation of this form is 

X = A sin (Vl93* + 0) 

where A and are constants fixed by the initial conditions. Since in this 

particular problem x = 0.5 when < = 0, and the velocity of the weight, 

dx ' T 

namely -j-> is also zero at time t = 0, therefore A = 0.5 and B = -- Whence 
dt 2 

the acceleration at time t is 96.5 cos (13.9^) inches per second per second, 

where (13.90 — V 193 ^ is in radians. (The corresponding angle in degrees 
is 796^) (d) —6.95 sin (13.90 inches per second downward, (e) 0.5 cos 
(13 90 inches downward. (/) 2.21 complete oscillations or "cycles'' per 
second, (g) ^ foot-poimd at all instants, the potential energy decreasing 
as the kinetic energy increases. 

19. Power. — The rate, with respect to time, at which work is 
done, or at which energy is transferred or transformed, is called 
"power." For example, when a weight of 10 pounds is lifted a 
distance of 5 feet, 50 foot-pounds of work are done on this weight. 
If the weight is raised this distance in 2 seconds at a uniform 
speed, then the power at each instant is 50 -^ 2 = 25 foot-pounds 
per second. 

In general, when W units of energy are transferred at a uni- 
form rate to a body or device of any kind, and the total time 
required for this transfer of energy is t, then the power at each 
instant during this interval is 

P = y (21) 

When the rate of transfer is not uniform then the power at any 
instant is 
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dW ,„, . 

p = -^ (21a) 

where dW is the energy transferred during an infinitesimal inter- 
val dt measured from this instant. 

Conversely, when the power is constant over an interval t, the 
corresponding energy transfer during this interval is 

W = Pt (216) 

When the power varies during the interval /, the corresponding 
energy transfer is 

W = /; pdt ^ (21c) 

Although power is strictly the rate of doing work, and a rate 
cannot be transferred, yet it is common usage to speak of the 
power input or output of a device, meaning thereby the rate at 
which energy is transferred to it or from it respectively. 

The fundamental absolute unit of power in the c.g.s. system 
is 1 erg per second. This unit is extremely small, and is seldom 
used. A more convenient unit is the joule ( = 10^ ergs) per sec- 
ond. This unit is called the "watt," from which is derived the 
"kilowatt," which by definition is 1000 watts. 

In the English gravitational system of units the fundamental 
unit of power is the "horsepower," which is the uniform rate at 
which work must be done to raise 1 pound 550 feet in 1 second, 
i.e., 1 horsepower is equal to 550 foot-pounds per second. For 
the interrelations of the various units of power see any engineers' 
handbook. 

From the kilowatt is derived the energy unit called the "kilo- 
watt-hour," which may be defined as the energy transferred in 
1 hour by a constant power of 1 kilowatt (see also Article 36). 

Since work is force times distance, and power is the rate of 
doing work, it follows that power is also equal to force times 
velocity, since velocity is the rate of change of distance. That 
is, the power corresponding to a force / when the point of appli- 
cation of this force is moving with a velocity v, is 

P=fv (22) 

When the point of application of a force / moves in a circle of 

radius r at a velocity v, the angular velocity of this point is w = , 
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and the torque corresponding to the force / is T = rf. Hence 
power is also equal to the product of torque by angular velocity, 
viz., 

p = To) (22aV 

In both of these equations all quantities must be expressed in 
the same system of units, and in particular, in equation (22a), 
CO must be expressed in radians per unit of time. For example, 
if the force in equation (22) is in pounds and the velocity in feet 
per second, then the power is in foot-pounds per second; the cor- 
responding horsepower is then ^^• 

It id often convenient to express angular velocity in revolu- 
tions per minute. Since one revolution per minute is equal to 60 
revolutions per second, and since one revolution equals 2t radians, 
the horsepower corsponding to a torque of T pound-feet and N 
revolutions per minute is 

^ = 60^550 ^^ = M (226) 

Problem 16. — Referring to Problem 8, how many horsepower ar(} trans- 
ferred through the pulley? 

Answer. — 9.52 horsepower. 

Problem 16. — Referring to Problem 7 : 

(a) If the speed of the train moving up the 3 per cent, grade is constant 
at 30 miles per hour, how many horsepower must the locomotive develop? 
(6) If the speed at a given instant is 30 miles per hour and the train is 
accelerating at this instant at the rate of 0.5 miles per hour per second, 
how many horsepower must the locomotive develop? (c) If the speed at a 
given instant is 30 miles per hour and the train at this instant is slowing down 
at the rate of 0.5 miles per hour per second, how many horsepower must the 
locomotive develop? 

Answer, — (a), 4470 horsepower, (b) 7410 horsepower, (c) 1530 horse- 
power. 

20. Efficiency and Losses. — In any machine or device which 
is employed for transforming energy from one form into another, 
or for transferring energy from one place to another, a certain 
amount of energy is always converted within the device into forms 
which cannot be readily utilized. In general, this useless energy 
appears as heat energy. 

The difference between the power input and the useful power 
output is called the power loss. The ratio of the useful output 
Po to the input Pi for any given ''load'' on a machine is defined 
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as the efficiency of the machine at this load. This ratio is usually 
expressed as a percentage. The per cent, efficiency rj is then 

77 = 100^^ (23) 

The ratio of the difference between the input P» and the output 
Po to the input Pi, expressed as a percentage, is called the per 
cent, power loss q; that is, 

g = 100 — "— =100-1; (23a) 

Sometimes it is more convenient to express the power loss as 
a percentage of the output Po» Let q' be the percentage loss 
expressed in this manner; then 

g' = 100 ^* p ^" (23&) 



Whence 



1 + 0.01 q' 



(23c) 



100 /„,,x 

" = 1 + 0.01 q' ^^'^^ 

The efficiency of a machine varies as a rule with the load or 
output. For no load, i.e., no useful output, the efficiency is zero, 
since in general energ}'^ must be supplied to the machine to operate 
it, even though the machine does no useful work. As the load 
comes on, the efficiency increases up to a certain output, depend- 
ing on the design of the machine, and then decreases. 

The "rated load,*' or rated power output, of a machine which 
is designed for continuous service, is the maximum rate at which 
useful energy may be transferred through the machine continu- 
ously without inj ury to any of its parts. In most electric machin- 
ery this is determined by the rise of temperature produced by 
the energy dissipated, or "lost," in the windings and iron cores. 
For machines in which the fibrous insulation (such as cotton or 
paper) is used, the insulation will, as rule, begin to deteriorate 
its temperature exceeds 105°C. 

Problem 17. — The thermal efficiency of a given boiler is 65 per cent, (i.e., 
of the total energy in the coal 65 per cent, can be transferred to the steam). 
The efficiency of a given steam engine at full load is 20 per cent, (i.e., of the 
total energy in the steam which passes through the engine only 20 per cent. 
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is converted into mechanical energy). A pound of high-grade coal contains 
14)000 British thermal units of energy. 

(a) What is the overall efficiency of boiler and engine? (6) How many 
pounds of coal will be required to produce 1 horsepower-hour at the engine 
shaft? 

Aruwer. — (a) 13.0 per cent. (6) 1.40 poimds of coal per horsepower-hour. 
(For average load conditions, due to the reduced efficiency at partial loads, 
the coal consumption per horsepower-hour is in practice considerably greater 
than this, ranging from about 2 pounds per horsepower in plants of 20,000 
horsepower or more to about 5 pounds per horsepower-hour in small plants.) 

Problem 18. — (a) If the efficiency of a water wheel is 80 per cent., how. 
many cubic feet of water per second falling through a distance of 1 foot will 
be required to develop 1 horsepower? (6) Let Q be the humber of cubic feet 
per second, H the ''head" or distance through which the water falls, and P 
the horsepower; what is the relation between P, Q, and H for a wheel of SO 

per cent, efficiency? 

OH 
Answer. — (o) 11 cubic feet per second. (6) ^ = ft * 

21. Flow of Water Through Hydraulic Motors and Pumps.— 
Referring to Fig. 8, M represents a hydraulic motor (of the 
turbine, or rotating vane, type) with its intake at A and its outlet 
at B, To force water through the motor in the direction in- 
dicated by the arrow marked I, the pressure at the intake A 
must be greater than that at the outlet B, as indicated by the 
difference in the water levels in the two small open vertical 
tubes. 

Let Va and Vb be the absolute pressures, in pounds per square 
foot of cross-sectional area of the stream of water, at the intake 
A and outlet B respectively. Let the intake and outlet pipes 
have the same cross-section, namely, S square feet. Then the 
water coming up to the intake A exerts on the mass of water in 
the motor between A and B a force of VaS pounds, in the direction 
of the flow, and the water in the external pipe at the outlet B 
exerts on this same mass a force of VbS pounds, in the direction 
opposite to that of the flow. Hence the net, or resultant, driving 
force acting on the mass of water between A and B is {Va — Vb)S 
poimds, in the direction of the flow. 

If the velocity of the stream of water from A to B remains 
constant, then the resultant of the opposing forces acting on this 
mass of water, due to friction in the water passages of the motor 
and to the reaction of the vanes of the motor on the water which 
drives them, must be equal to the driving force {Va — Vb)S. 
Let Ff be the frictional force, in pounds, acting on the mass of 
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water between A and B, and let F be the opposing f orce, in pounds, 
exerted on this water by the vanes of the motor. {F is numeri- 
cally equal to the driving force exerted by the water on these 
vanes.) The resultant opposing force is then Fr + F pounds, 
which, equated to the resultant driving force, gives 

(Va - Vb)S = F + Fr 

The work, in foot-pounds, done by the resultant force 
(Va — Vb)S when 1 cubic foot of water flows past A, and therefore 
also past By is equal to the product of this force times the corre- 
sponding linear displacement, in feet, of the mass of water originally 

between A and B. This displacement is «, where S is the cross- 
section, in square feet, of the pipe at A or B, Hence the foot- 




FiG. 8. — Hydraulic motor. 

pounds of work done on the water between A and B per cubic foot 
of water forced through the motor is (Va — Bb)S X o = F^i — 7b. 

Hence, the drop in pressure from the intake- to the ovilet of a 
hydraulic motor is equal to the work done on the water which is 
forced through it per unit quantity of water which enters its intake 
or leaves its outlet. It can be shown, as a consequence of the 
principles stated in the preceding articles, that this relation is a 
perfectly general one, irrespective of the relative cross-sections 
of the intake and outlet and of the constancy of the velocity of 
the stream of water. 

The drop in pressure (Va — Vb) is proportional to the differ- 
ence in the elevation of the tops of the water columns in the two 
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vertical tubes, being equal, in pounds per square foot, to 62.5*^, 
where H is this difference in elevation in feet, and 62.5 is the 
weight, in pounds, of 1 cubic foot of water (at average atmos- 
pheric temperature). 

. The above relation between the driving force and the opposing 
forces may also be written 

F F. 

Fr 

The term -^ may be designated the ''drop of pressure due to the 

F 

resistance" of the water passages of the motor, and ^ may be 

designated the ''back pressure'' exerted by the vanes of the 

motor. Let E be this back pressure developed by the vanes 

F 
of the motor, i.e., put E = -^, and let Vr be the internal resist- 

Fr 

ance drop, i.e., put Vr = -^ • Then the relation just stated 

may be written 

V = E+Vr (24) 

The work done by the water against the frictional force Fr 
produces heat energy. Hence in this equation Vr is numerically 
equal to the heat energy developed within the motor per cubic 
foot of water forced through it. Similarly, E is numerically 
equal to the work done by the water on the moving vanes of 
the motor per cubic foot of water forced through it, and V is 
the total work done by the external driving force per cubic foot 
of water forced through the motor. 

Let I be the number of cubic feet of water which is forced 
through the motor per second. Then the number of foot-pounds 
of work per second required to force this stream or "current" 
of water through the motor is VI. That is, the power input to 
the motor is P» = VI foot-pounds per second. 

Similarly, Vrl is equal to the total power which is dissipated 
within the motor as heat, and EI is the power transferred from 
the water to the vanes of the motor, both in foot-pounds per 
second. Whence, equation (24) is equivalent to the relation 

P, = VI = EI + Vrl (24a) 

which is merely a convenient way of stating the fact that the 
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total work per second done on the water which is forced through 
the motor is equal to the work per second done by the water on 
the moving vanes of the motor, plus the heat energy developed 
per second within the motor between its intake and outlet. 

Note that EI is greater than the power available at the shaft 

of the motor by the power which is lost due to the friction in the 

* shaft bearings. That is, VJ in equation (24a) includes only 

the power lost due to friction in the water passages of the motor, 

and not that due to journal friction. 

In an exactly similar manner it may be shown that the rise 
of pressure from the intake A to the outlet B of a centrifugal 
pump (j, see Fig. 9, is equal to the work done by the pump on the 
water in the external pipe or pipes connected to its intake and 
outlet, and that this rise of pressure is, in turn, equal to the 




Fig. 9. — Hydraulic pump. 

driving pressure developed by the pump, less the back pressure 
caused by the frictional resistance which opposes the flow of 
water through the pump. 

This relation may be expressed in symbols as follows. Let V 
be the rise of pressure, in pounds per square foot, from the intake 
A to the outlet B of the pump G in Fig. 9. As before, V = 62.5 H, 
where H is the difference in elevation, in feet, between the water 
levels in the gages at the intake and outlet of the pump. Let S 
be the cross-sectional area, in square feet, of the intake and outlet 
pipes,, let Fr be the total frictional force, in pounds, within the 
pump itself, opposing the flow of water through it, and let F 
be the total driving force, in pounds, exerted on the water by the 

vanes pf the pump. As before, the pressure -^ may be desig- 
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nated the drop of pressure due to the f rictional resistance of the 

water passages of the pump, and ^ the total driving pressure 

developed by the pump. Representing these two pressures by 
Vr and E respectively, then 

F = J? - Fr (26) 

The net power output of the pump, i.e., the foot-pounds of 
work done per second by the pump on the water in the external 
pipe or pipes connected to its outlet and intake, when the flow of 
water through it is at the rate of / cubic feet per second, is then 

i>, = F/ = ^/ - Vrl (25a) 

which is merely a convenient way of stating the fact that the ex- 
ternal work done per second by a pump is less than the work done 
per second by the driving vanes, by an amount equal to the heat 
energy developed per second within the pump due to the fric- 
tional resistance of its water passages. 

The reader should compare carefully the motor equations, (24) 
and (24a), with the pump equations (25) and (25a), and assure 
himself that he understands thoroughly the significance of the 
symbols used and the physical facts which these relations express. 
As shown in the next chapter, relations of identically the same 
forms hold for the flow of electricity through electric motors and 
generators, and, in fact, for the flow of electricity through any 
kind of a device or circuit. 

Problem 19. — The difference in pressure between the intake and outlet of 
a centrifugal hydraulic motor is 2000 pounds per square foot. The motor 
develops at its shaft 10 horsepower, or 5500 foot-pounds of energy per sec- 
ond, and 1000 foot-pounds of energy per second are dissipated as heat due 
to the frictional resistance of the water passages through the motor. As- 
sume that the intake and outlet have the same cross-section and that the 
friction of bearings supporting the rotating vanes is negligible. 

(a) What is the total power input to the motor? (6) What is the total 
energy input per cubic foot of water forced through it? (c) What is the 
total power input per cubic foot of water per second? {d) What must be 
the rate of flow of water through the motor? (e) What is the back pressure 
developed by the vanes of the motor per square foot of the area of the intake 
or outlet? (J) What is the energy output of the motor per cubic foot of 
water forced through it? (g) What is the power output of the motor per 
cubic foot of water per second? {h) What is the efficiency of the motor? 
(i) What is the direction of the flow of water through the motor with re- 
spect to the drop of pressure through it? 
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ft 

Answer, — (a) 6500 foot-pounds per second. (6) 2000 foot-pounds per 
cubic foot, (c) 2000 'foot-pounds per second per cubic foot per second. 
{d) 3.25 cubic feet per second, (e) 1692 pounds per square foot. (/) 1692 
foot-pounds per cubic foot, (g) 1692 foot-pounds per second per cubic foot 
per second, (h) 84.6 per cent, (i) The drop in pressure and flow are in the 
same direction. 

Problem 20. — The difference in pressure between the intake and outlet of 
a centrifugal pump is 2000 poimds per square foot. 10 horsepower, or 5500 
foot-pounds of energy per second, are required to drive the rotating vanes, 
and 1000 foot-pounds of energy per second are dissipated as heat due to the 
frictional resistance of the water passages of the pump. Assume that the 
intake and outlet have the same cross-section and that the friction of the 
bearings supportmg the rotating vanes is neghgible. 

(a) What is the total power output of the pump? (6) What is the net 
energy output per cubic foot of water pumped? (c) What is the net power 
output per cubic foot of water per second? (d) At what rate does the 
pump take in and discharge water? (e) What is the pressure exerted on the 
water by the rotating vanes per square foot of the intake or outlet? (/) 
What is the energy input to the pump pier cubic foot of water pumped? 
(g) What is the power input to the pump per cubic foot of water per second? 
(h) What is the efficiency of the pump? (t) What is the direction of the 
flow of water through the pump with respect to the drop of pressure through 
it? 

Anstoer. — (a) 4500 foot-po\mds per second, (h) 2000 foot-pounds per 
cubic foot, (c) 2000 foot-pounds per second per cubic foot per second. 
(d) 2.25 cubic feet per second, (e) 2444 pounds per square foot. (/) 
2444 foot-poimds per cubic foot, (g) 2444 foot-po\mds per second per 
cubic foot per second, (h) 81.8 per cent, (i) The drop in pressure through 
the pump is opposite to the flow of water through it; i.e., the flow is in the 
direction of the rise of pressure. 



II 

ELECTRICITY, ELECTRIC CURRENTS AND ELECTRIC 

ENERGY 

22. Introduction.— In the following pages the attempt is made 
to give, in as brief a space as is consistent with clearness: (1) a 
description of the more important effects commonly described 
as electric and magnetic phenomena, (2) a statement of the 
fundamental laws in accord with which these phenomena have 
been found, by observation and experiment, to occur, and (3) 
the applications of these laws to some of the simpler problems 
which arise in connection with the generation, transmission and 
utilization of electric energy. 

Particular emphasis will be laid upon exact quantitative state- 
ments of the fundamental laws or principles. Both safety and 
economy demand that the engineer be able to answer not only 
"how," but also "how much.'' In short, the engineer must be 
able to analyze, both qualitatively and quantitatively ^ each prob- 
lem which may be presented to him. 

Most of the simpler formulas used by scientists and engineers 
are special cases of certain general relations, and these special 
formulas are applicable only under certain specific conditions. 
One of the most common causes of confusion on the part of the 
beginner arises from his attempt to apply such special formulas 
to cases to which they are not applicable. This is due in part to 
the failure in many text-books to state the limitations of such 
formulas. Particular care will therefore be taken in the follow- 
ing chapters to state specifically the exact conditions under which 
each formula is applicable. 

The procedure adopted in the following chapters is to pass 
from simple phenomena known to practically every school-boy 
to the more complex phenomena and principles with which the 
engineer has to deal. 

23. Voltaic Cells. — ^Any two dissimilar metals, or carbon and a 
metal, partly or wholly immersed in an acid or salt solution, consti- 
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representing the positive and the short line the negative plate. 
When several cells are connected in series, i.e., with the positive 
terminal of one to the negative terminal of the next; or in parallel, 
i.e., with like terminals all connected, they are said to form a 
'' battery" of cells. A single cell is also frequently called a 
battery. 

For a detailed description of the construction of various types 
of voltaic cells, the student is referred to any electrical engineers' 
handbook.^ Every student of electrical engineering should own 
such a book, and should get into the habit of consulting it, par- 
ticularly for numerical data and other information in regard to 
engineering practice. 

24. Electricity and Magnetism. — Take a piece of insulated 
wire (e.g., a wire covered with cotton or silk) and wind it around 
a piece of iron or steel (e.g., a nail or bolt), and connect the free 
ends of the coil thus formed to the two terminals of a dry cell. 
Two distinct phenomena are then readily observed, viz. : 

1. The wire becomes heated. 

2. The iron acquires the power of attracting bits of iron or steel. 

These iwo effects, as well as others to be described later, are 
attributed to the "flow of electricity" through the wire, and the 
new property acquired by the iron is said to be due to its becom- 
ing "magnetized" under the influence of this flow of electricity. 
Note that the flow of electricity is through the wire which sur- 
rounds the iron, not through the iron. A flow of electricity 
is commonly called an "electric current," and the condition in 
the region surrounding the path, or "circuit," of this flow, in 
virtue of which a piece of iron placed in this region becomes 
magnetized, is said to be due to the establishment by the current 
of a "magnetic field." 

An inspection of the active materials of the cell, after it has 
estabUshed for some time a flow of electricity through any device 
connected to its terminals, will show that this flow is accompanied 
by a chemical change within the cell, and that this change is of 
such a nature that the cell loses energy. That is, to restore the 

*In this country there are three comprehensive electrical engineers' hand- 
books on the market, viz., Pender's Handbook for Electrical Engineers 
(John Wiley and Sons), the Standard Handbook for Electrical Engi- 
neers (McGraw-Hill Book Co.);. and Foster's Electrical Engineers' 
Pocket Book (D. Van Nostrand Co.). 
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active materials of the cell to their original condition, energy 
from some other source must be supplied to it. 

The heating of the wire is a manifestation of energy developed 
within it. From the principle of the conservation of energy, it is 
perfectly rational to look upon the energy which is lost by the 
cell as being transferred from the cell to the wire, and to look 
upon the something called electricity as the means whereby this 
transfer of energy takes place. 

Moreover, since the cell loses energy (i.e., does work), it may 
be looked upon as the cause of the flow of electricity through the 
"circuit" formed by itself and the wire. This is commonly 
described by saying that the cell is a source of an electricity- 
moving force, or briefly, of an "electromotive force." 

Similarly, any device which is capable of causing, in and around 
a wire connected to its terminals, the two effects above described, 
is said to be the source of an electromotive force. A device 
which produces a flow of electricity is analogous to a pump, and 
the electromotive force of the cell is analogous to the pressure 
developed by the pump (see Article 21). 

A voltaic cell or other source of electromotive force is not to 
be looked upon as producing, or "generating," electricity, but 
merely as a device in which a force exists which is capable of 
setting electricity in motion. As will be explained in greater 
detail in the next article, electricity must be looked upon as some- 
thing which exists normally in perfectly definite amounts in 
every piece of matter, but which may, under the action of cer- 
tain forces, be caused to move from one portion of matter to 
another. 

For example, in the simple apparatus above described, there 
exists both in the cell and in the wire a definite amount of elec- 
tricity, even before the two are connected. When the wire is 
connected to the cell, the electromotive force of the cell merely 
sets this electricity in motion around the path, or circuit, formed 
by the cell and the wire, but does not create any new electricity. 
This motion continues as long as both ends of the wire remain 
connected to the terminals of the cell (provided the cell does not 
become "exhausted"). When either one, or both, of the ends 
of the wire are disconnected, this motion ceases; i.e., the electric 
current, or flow of electricity disappears, and the electricity in 
the wire and cell returns to its normal state of equilibrium. 
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Another important group of electric phenomena is illustrated 
by the effects produced when two dry non-metallic bodies, such 
as glass and silk, are briskly rubbed together. Each of these 
two bodies acquires the property of attracting matter of any 
kind, e.g., small bits of paper, and also of attracting or repelling 
other bodies which have been rubbed together. These effects 
are said to be due to the ''production " of electric charges on the 
bodies in question. As will be pointed out later, the rubbing 
should not be looked upon as creating electricity, but rather as 
causing a transfer, from one body to the other, of the electricity 
which normally exists in each. 

In the above discussion it is assumed, without proof, that 
electricity is an actual something. The justification for this 
assumption is that this hypothesis gives a rational basis for inter- 
preting and correlating a large number of physical phenomena, 
and is found in no case to lead to an absurdity. 

Magnetism, on the other hand, is not to be thought of as some- 
thing possessing properties, but rather as itself a state or con- 
dition produced by electricity in motion. This is the modern 
view of magnetism, and is quite different from the old conception 
of ''magnetic charges" as something located at the ends, or poles, 
of a magnet. 

It therefore seems to the author more rational, although con- 
trary to the historical development of the science, to take up first 
the various properties of electricity, and to treat magnetism as 
one of the properties of electricity in motion. Moreover, since 
the effects produced by electricity in motion can be measured 
more precisely than those due to electricity at rest, the properties 
of the electric current (i,€,, of moving electricity) will be con- 
sidered first, and static electricity, or electricity at rest, will be 
discussed later. 

26. Electricity and Matter. — Some of the simpler properties 
which observation and experiment indicate as necessary to assign 
to electricity are the following: 

(a) Electricity exists in two distinct forms, which are con- 
veniently designated as positive and negative electricity. 
Modern investigations have shown conclusively that one of 
these forms (the negative) is an actual entity which may exist 
independent of matter. The nature of the other form of elec- 
tricity is not so certain, but until further researches have defi- 
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nitely established facts to the contrary, it may also be con- 
sidered as an actual entity, which, however, is always associated 
with matter. 

(6) Every portion of matter in its normal or neutral state 
contains equal quantities of the two kinds of electricity. 

(c) Under the action of externally applied forces the two 
kinds of electricity in a body may be displaced relatively to each 
other, and any such force which tends to displace one form of 
electricity in one direction will tend to displace the other form of 
electricity in the opposite direction. 

(d) The condition of a body described by stating that it is 
positively charged may be looked upon as due either to the 
addition of positive electricity to it, or to the withdrawal from 
it of a definite quantity of negative electricity. In other words, 
it is immaterial, as far as the ordinary phenomena of electricity 
and magnetism are concerned, whether a positively charged body 
is looked upon as having in addition to its normal amount of 
negative electricity an excess of positive electricity, or whether it 
is looked upon as having its normal amount of positive electricity 
but a deficit of negative electricity. 

Similarly, the condition of a body described by stating that 
it is negatively charged may be looked upon as due either to the 
addition of negative electricity to it, or to the withdrawal from 
it of a definite quantity of positive electricity. 

In order to fix definitely which kind of electricity shall be called 
positive and which negative, physicists have agreed to call positive 
the electric charge taken by glass when rubbed with silk. 

(e) As a consequence of the above conception of electric 
charges as being due to the transfer of one kind of electricity 
from one body to another, it follows that the production of a 
charge of one sign must always be accompanied by the production 
somewhere else of an equal charge of the opposite sign, and that 
the production of electric charges is always accompanied by the 
motion or flow of electricity. For example, when glass is rubbed 
with silk, and thereby given a positive charge, the silk acquires an 
equal negative charge, due to the transfer of electricity from one 
body to the other. 

The practical unit of quantity of electricity is called the 
''coulomb." The quantitative definition of a coulomb and of 
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the other units commonly employed for expressing quantity of 
electricity or electric charge will be given in a later section 
(Article 32). 

(/) A further assumption in regard to the natiu'e of electricity, 
which is in accord with all known facts, is that negative elec- 
tricity exists in the form of discrete particles, each identical in 
every respect, irrespective of the chemical nature of the mole- 
cule with which it may be associated. These discrete particles 
of electricity are called "electrons.'* 

26. Conductors and Insulators. — Since a flow of electricity 
always takes place through a wire when it is connected to the 
two terminals of a voltaic cell, the wire is said to be a *' conductor '' 
of electricity. When a dry cotton or silk string is connected to 
the terminals of the cell no appreciable flow of electricity takes 
place, i.e.f there is no appreciable heating of the string and no 
appreciable magnetic effect around it. Such a string is therefore 
called an "insulator" of electricity. 

In general, any substance through which a flow of electricity 
can be produced, by connecting it to the terminals of a voltaic 
cell, is called an electric conductor. Similarly, any substance 
through which no readily detectable flow of electricity is produced 
when it is connected to the terminals of such a cell, is called an 
. electric insulator. It should be noted, however, that there is 
no such thing as a perfect electric insulator; i.e., every substance 
conducts electricity to at least a slight extent. However, the 
flow of electricity which a given source of electromotive force can 
produce, through dry, non-metallic solids (other than carbon) at 
ordinary temperatures, is practically inappreciable in comparison 
with that which this source of electromotive force can produce 
through metalUc substances. 

For most practical purposes, such substances as air and other 
gases at ordinary pressures, glass, porcelain, rubber, ebonite, 
gutta-percha, paraffine, silk, cellulose and shellac may be con- 
sidered as insulators, while all metals, carbon, fused salts, solu- 
tions of most mineral salts and acids, and rarefied gases are 
conductors. 

An insulator is frequently called a dielectric, particularly in the 
discussion of electrostatic effects (see Chapter XIII). 

A conductor completely surrounded by insulators is said to be 
completely insulated. A wire is also said to be insulated when 
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it is completely covered with insulation except at its ends. That 
is, a rubber-covered wire, for example, with its ends connected 
to the poles of a voltaic cell, is spoken of as an '* insulated wire 
connected to the cell/' 

Problem 1. — In Fig. 12 A, B and C represent three insulated conduc- 
tors (e.g.j metal plates) and Bi, B^ and Bs represent three batteries of 
voltaic cells connected by wires to the three conductors through the contact- 
makers, or "switches," Ki, K2, and K^, Before the switches are closed 
each of the three conductors is in its neutral or normal state. When 
the switches are closed, 0.1 coulomb of negative electricity is transferred 
from B to A, 0.06 coulomb of negative electricity from A to C, and 0.075 
coulomb of negative electricity from C to B. Assuming that there is no 
transfer of positive electricity, what is the sign and amount of the charge on 
each conductor after these transfers have taken place? 

Answer, — ^A negative charge of 0.04 coulomb on A, a positive charge of 
0.025 coulomb on B, and a positive charge of 0.015 coulomb on C. 




27. Electrolytes and Electrolysis. — When an electric current 
is established through the surface of contact between two metals, 
no appreciable chemical change is found to take place at this 
junction. However, when an electric current is established 
through the surface of contact between a metal and a solution of 
an inorganic salt or acid, a chemical change does in general take 
place at the metal-liquid junction. This may be readily shown 
by placing two copper plates in a solution of copper sulphate, 
and connecting these plates, with wires, to the two poles of a 
dry cell. The plate connected to the carbon terminal of the cell 
will waste away and the plate connected to the zinc terminal 
will have copper deposited on it. 

Substances which, when placed in contact with a metal, undergo 
a chemical change when an electric current is passed through 
this surface of contact^ are called "electrolytes," and the chem- 
ical action produced is designated as "electrolysis." Solutions 
of most inorganic salts and acids, certain fused salts, and a few 
solids are electrolytes. 
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As illustrated by the simple experiment just described, in order 
to establish an electric current in an electrolyte, it is necessary 
to have the electrolyte form part of a circuit containing a voltaic 
cell or other source of electromotive force. Metallic plates or 
rods dipping into the electrolyte and connected by wires to the 
terminals of the source of electromotive force serve to lead the 
current into and but of the electrolyte. These plates or rods are 
called "electrodes.'' The electrode at which the current enters 
is called the "anode," and that at which the current leaves the 
electrolyte is called the "cathode." 

The chemical action in such an electrolytic cell originates only 
at the two electrodes. When the products of this decomposition 
are such that they can react chemically on the electrodes, the 
electrodes themselves undergo a chemical change, otherwise only 
the electroloyte is decomposed. 

The constituents of an electrolyte which are primarily liber- 
ated or deposited at the electrodes are called "ions." An ion 
may be either an element, such as hydrogen or copper, or a chem- 
ical fadical, such as NOs or OH. The ion liberated or deposited 
at the anode is called an "anion," and the ion liberated or de- 
posited at the cathode is called a "cation." Hydrogen and 
metals are cations, and oxygen and the acid and base radicals, 
such as NOa and OH, are anions. 

In any electrolytic action, the metal anode, if acted upon 
chemically by the liberated anion, is converted into a salt or 
base, and either goes into solution or is precipitated. At the 
cathode, on the other hand, the chemical action is a liberation 
of hydrogen when the electrolyte is an acid, or the liberation of 
a metal when the electrolyte is a salt or base. The metal may 
either be deposited on the electrode or may go into combination 
with the solvent in which the electrolyte is dissolved. 

Electrolysis is the basis of a number of important industrial 
processes, as, for example, electroplating and electrolytic refining 
of copper and other metals. The electrolysis of iron pipes and 
other metallic structures buried in the earth (which is always 
more or less moist), due to electric currents which "leak" from 
the .track rails of direct-current railway systems, sometimes 
causes serious corroding of these structures. 

A further discussion of the phenomena of electrolysis is given 
in Chapter V. 
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28. Quantity of Electricity and Current of Electricity. — When- 
ever there is a flow of electricity in a circuit, during any interval 
of time a definite quantity of electricity flows through each cross- 
section of this circuit. By the rate of flow of electricity through 
such a cross-section is meant the quantity of electricity which 
flows through this cross-section per unit of time. This rate is 
called the ''intensity," or "strength,'' of the electric current at 
this cross-section, or more commonly, simply the electric cur- 
rent at this cross-section. That is, the term "electric current," 
when used in a quantitative sense, njieans the time-rate of flow of 
electricity. 

The relation between quantity of electricity and current of 
electricity is exactly the same as that between the total number 
of cubic feet of water which flows through any given section of a 
pipe in any given time and the rate of flow of water through this 
section of pipe in cubic feet per second. 

The intensity of an electric current is usually expressed numeri- 
cally in terms of some magnetic effect which the current produces. 
Experiment shows that the magnetic effects produced by a posi- 
tive charge moving in a given direction at a given speed are 
identical both in magnitude and direction with the like effects 
produced by an equal quantity of negative electricity moving at 
the same speed in the opposite direction. (Compare also with 
the fact, paragraph (d), Article 25, that a negative charge is 
equivalent to a deficit of positive electricity and a positive charge 
is equivalent to a deficit of negative electricity.) 

Hence, as far as the magnetic effects of an electric current are 
concerned, it is immaterial whether an electric current be looked 
upon as a stream of positive electricity moving in one direction, 
or a stream of negative electricity moving in the opposite direc- 
tion, or a combination of two such streams. For example, if 
positive electricity moves through a wire froin A to B at the rate 
of 5 units per second, and negative electricity moves through this 
wire from B to A at the rate of 3 units per second, the magnetic 
effects produced are exactly the same as would be produced by 
5 + 3 = 8 units of positive electricity per second moving, from 
A to B, or to 5 + 3 = 8 units of negative electricity per second 
moving in the opposite direction, that is, from B to A. 

Therefore, in the above definition of the intensity of an electric 
current, by the quantity of electricity which flows through a 
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given cross-section per unit of time is to be understood the sum 
of the positive electricity which moves through this area in one 
direction plus arithmetically the negative electricity which 
moves through this area in the opposite direction. 

The definition of the intensity of an electric current may then 
be expressed mathematically as follows: Let 

q = the quantity of positive electricity which moves through 
a given area S in time t, plus the quantity of negative electricity 
which moves through this area in the opposite direction in this 
same interval. In order to avoid circumlocution, the quantity q 
as thus defined will hereafter be referred to simply as the total 
quantity of electricity transferred across the area S in time t, 

I = the current through the area S during this interval t 
Then, when the rate of flow is uniform, 

I -I m 

When the rate of flow is not uniform, this relation gives the 
average value of the current during the interval t The value 
of the current at any instant during this interval is defined by the 
relation 

where dq represents the total quantity of electricity transferred 
across the given area /S in an infinitesimal interval of time dt, 
measured from the instant under consideration. 

The direction of the electric current at any point in its path is 
taken as the direction in which the stream of positive electricity 
moves past this point, or, what amounts to the same thing, as 
the direction opposite to that in which the stream of negative 
electricity moves past the point. This definition of the direction 
of an electric current is fundamental, but can be appUed prac- 
tically only in Certain very special cases. . However, experiment 
shows that the direction of the current in a wire may always be 
determined by the following very simple test: 

Place under the wire a small magnetized needle (e.g., an or- 
dinary pocket compass), and note the direction in which the 
normally north-seeking end of this needle is deflected (see Fig. 
13). The current in the wire is then in the same direction as 
that in which this end of the needle moves. (The end of the 



ELECTRIC CURRENTS AND ENERGY 47 

needle moves in an arc; the flow of electricity in the wire, however, 
is not around an arc but is parallel to the axis of the wire.) 

"When the intensity of an electric current remains constant 
with respect to time for an appreciable interval, the current is 
said to be "continuous'' during that interval. When the 
intensity varies with time, the current is said to be a variable 
current. It is usual to represent a varying current by the symbol 
i and a continuous current by the symbol /. 

The following definitions are quoted from the Standardization 
Rules of the American Institute of Electrical Engineers: 

Direct Current. — ^A unidirectional current. As ordinarily used, the 
term designates a practically non-pulsating current. 

Palsatmg Current. — ^A current which pulsates regularly in magnitude. 
As ordinarily employed, the term refers to unidirectional current. 

Continuous Current. — ^A practically non-pulsating direct current. 
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Fig. 13. 

Alternating Current. — A current which alternates regularly in direc- 
tion. Unless distinctly otherwise specified, the term "alternating cur- 
rent" refers to a periodic current with successive half waves of the same 
shape and area. , 

Oscillating Current. — ^A periodic current whose frequency is deter- 
mined by the constants of the circuit or circuits. 

The term "continuous current '' is seldom used in this country. 
Instead a non-varying (or practically non-varying) current is 
called a "direct current.*' The term "direct current" will be 
so used throughout this book. A varying unidirectional current 
will be called a "unidirectional" current and not a "direct 
current." 

The practical unit of electric-current intensity is called the 
"ampere," and is equal to a flow of 1 coulomb of electricity per 
second (see also Article 32). 

Problem 2. — Referring to Problem 1, if the time required for the flow of 
electricity between the respective conductors is 0.01 second, what will be 
the direction and average intensity of the currents, in amperes, through each 



48 ELECTRICITY AND MAGNETISM FOR ENGINEERS 

of the- three batteries during this interval, assuming all three switches to be 
closed simultaneously? 

Answer. — A current of 10 amperes from A to B, a, current of 7.5 amperes 
from B to C, and a current of 6 amperes from C to A. 

29. Kirchhoff's First Law for Conducting Networks.— When 
the total quantity of electricity which flows up to a surface 
in any given interval of time is equal to the total quantity of 
electricity which flows away from that surface in the same inter- 
val, no electricity accumulates at that surface. Hence, from the 
relation between quantity of electricity and current intensity 
stated in the preceding article, it follows that when the intensity 
of the current in the substance on one side of a surface is equal to 
the intensity of the current in the substance on the other side of 
this surface, there is no change in the total quantity of electricity, 
or electric charge, at this surface. Conversely, when there is 
no change in the electric charge on a given surface, the intensity 
of the current is the same on the two sides of this surface. 

Experiment shows that in the case of any network of conduc- 
tors carrying direct currents (using the term direct current, as 
explained above, to mean a current whose intensity does not vary 
with time), no change takes place in the total quantity of elec- 
tricity at any part of the network. That is, as much electricity 
flows into each part of any conductor as flows out of it. Hence, 
for direct currents, the total current coming up to any junction 
point or surface is always equal to the total current leaving that 
junction point or surface. 

Or, considering a current which leaves a point or surface, aS 
a negative current entering that point or surface, an equivalent 
statement of this relation is that the algebraic sum of the currents 
entering any point or surface is always zero, provided these cur- 
rents are all direct currents. 

This fundamental relation, which is known as Kirchhoff's 
First Law for Conducting Networks, may be stated mathemati- 
cally as follows: Let /i, 1 2, Iz..^In be the currents in any 
number (n) of conductors which are connected at a common 
junction point or surface, and let the currents, which enter this 
point or surface be represented by positive numbers, and let the 
currents which leave this point or surface be represented by 
negative numbers. An I may then stand for either a positive 
or a negative number, depending upon whether the current which 
it represents enters or leaves the point. Then 
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/i + /« + /s +...+/» = (2) 



or 

n 



2/ = o 



(2a) 



I 

When the currents vary with time, experiment shows that a 
positive or a negative charge may accumulate at the surface of 
contact between dissimilar substances, particularly at the surface 
of contact between a conductor and a good insulator or dielectric. 
This means that while the currents are varying, the rate at which 
electricity flows up to such a surface on one side may be different 
from that at which it flows away from the other side of this surface. 

For example, let i be the current (rate of flow of electricity) 
entering one side of such a surface, and i' be the current leaving 
the other side of this surface. Then from equation (la) 

•■ - •■' - S (3) 

and the total charge which accumulates on this surface in an 
interval of time t is 

q= r {i - i') dt (3a) 

where the- symbol I indicates the summation of the products 

(i — i')dt for the successive infinitesimal intervals which make 
up the interval t In this equation a positive value of the integral 
signifies a positive charge, and a negative value of the integral a 
negative charge. 

Hence, whenever the charge on a surface is changing, the 
current coming up to that surface is not equal to the current 
which leaves that surface. In the special case of the surface of 
contact between a conductor and an insulator or dielectric in 
which there is no appreciable current, equation (3a) becomes 



=X' 



idt (36) 

where i is the current coming up to this surface through the con- 
ductor. When there is an appreciable current through the in- 
sulator, equation (3a) must be used. The flow of electricity 
through a dielectric is frequently referred to as the "leakage" 
current through this dielectric. 
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From these relations it follows that Kirchhoflf's First Law is 

not only applicable to direct currents but also to any junction 

point or surface in a network carrying varying currents, provided 

there is no change in the charge at this junction point or surface 

•(see also Chapter XIV). 

Problem 8. — A certain conducting network has four junction pointSi 
namely, A, Bj C and Z>, each of which is connected to the other three. The 
current from C to A is 15 amperes, the current A to B is 10 amperes, and the 
current from D to £ is 8 amperes. 

(a) What are the values and directions of the currents in the other 
branches of the network, if all currents are non-varying with respect to time? 
(&) Draw a circuit diagram and indicate on it the value and direction of each 
current. 

Answer, — (a) 5 amperes from A to D, 18 amperes from BtoC and 3 am- 
peres from C to D. 

Problem 4. — ^Two metal plates, separated by a thin sheet of paper, are 
connected by insulated wires to the terminab of a dry cell. At the instant 
this connection is made a current flows through the vdres and cell, rising to 
a maximum value and then dropping to zero. The direction of the current 
through the cell is from its negative to its positive terminal. The total time 
of this flow is 0.002 second, and during this interval the average value of the 
current in each wire is 0.03 ampere. No electricity flows through the sheet 
of paper separating the plates. 

(a) Draw a diagram of the circuit, showing the plates, paper, connecting 
wires and cell, and indicate the amount and sign of the charge on each plate 
when the flow of electricity in the circuit has ceased. (6) What will happen 
to the charge on each plate if the wires are disconnected from them? 

Answer. — (a) The plate connected to the negative terminal of the cell 
will become negatively charged with 0.00006 coulombs, and the plate con- 
nected to the positive terminal of the cell will become positively charged 
with 0.00006 coulombs. (6) The charges will remain on the plates when the 
wires are disconnected. (Note. — ^The cell may be looked upon merely as 
producing a force which causes a transfer of 0.00006 coulombs of positive 
electricity from the metal plate which is connected to the negative terminal, 
to the plate which is connected to the positive terminal; or, as producing a 
transfer of an equal quantity of negative electricity in the opposite direction.) 

30. Series and Parallel Connections. —When two or more in- 
sulated conductors are connected end to end, they are said to be 
in series. When two or more conductors are in contact at two 
common junction points, but are insulated from one another be- 
tween these points, they are said to be in parallel. 

Fig. 14A shows three conductors in series, and Fig. 148, three 
conductors in parallel. Several conductors in parallel may be 
connected in series with one or more conductors, such as 4 and 
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6 in Fig. 14B. The several conductors are then said to be con- 
nected in series-parallel. 

The most general type of circuit for a continuous flow of elec- 
tricity (direct currents) is a network of conductors, each mesh 
of which is a closed conducting loop, such as is shown diagram- 
matically in Fig. 22. 

From Kirchhoff's First Law, the currents in each of several 
conductors in series are all equal, provided there is no change in 
the charges on these conductors. For example, in Fig. 14A, 

ii = ia = is 

Kirchhoflf's First Law applied to Fig. 14B gives 

U = ii + ^2 + is = ii 
provided there is no change in the charges on these conductors. 



Series Connection 

Fm. 14A. 




Parallel Connection 
Fig. 14B. 



Note that the arrows in a circuit diagram, such as Figs. 14A 
and 14B, are used to indicate the positive senses of the currents 
in the several parts of the circuit. In any problem dealing with 
an electric network it is always well to designate the positive 
sense of each current in some such way. When the actual direc- 
tion of the current is not known, either sense may be assumed as 
the positive sense. In the final answer to the problem a negative 
value of any current is then to be interrupted as a current which 
flows in the direction opposite to that assumed as its positive 
sense. 

Problem 6. — ^Between two junction points A and B in an electric circuit 
there are four parallel branches. The total current coming up to the junc- 
tion point A is 100 amperes, and the currents leaving A in three of the 
branches are respectively 25, 35 and 20 amperes. 

(a) What is the current in the fourth branch between A and B? (b) 
What is the total current leaving B? 

Answer. — (a) 20 amperes, (b) 100 amperes. 
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31. Systems of Electric Units. — Neither an electric charge nor 
an electric current can be measured directly, but only in terms 
of some measurable effect which either produces. From the 
fundamental definition of the intensity of an electric current 
through any cross-section of its circuit as the total quantity of 
electricity which flows through this cross-section per unit of time, 
it follows that when a unit of electric charge is definitely specified 
in terms of some measurable effect produced by a charge, then a 
corresponding unit of current intensity may be derived from this 
unit of charge. Conversely, when a unit of current intensity is 
definitely specified in terms of some measurable effect produced 
by a current, a corresponding unit of charge may be derived 
therefrom. 

Unfortunately three different effects have been chosen as the 
basis of as many systems of electrical units. These three effects 
are (1) the mutual force of attraction or repulsion between 
charged bodies, (2) the mutual force between a conductor carry- 
ing an electric current and the end, or *'pole," of a magnetic 
needle in its vicinity, and (3) the mass of silver deposited per 
second when a current is passed through a solution of nitrate of 
silver contained in a sUver "voltameter." 

The system of units based on the first effect and on the centi- 
meter, gram and second as the units of space, mass and time 
respectively, is called the c.g.s. electrostatic system of units. The 
system of units based on the second effect and on the centimeter, 
gram and second, is called the c.g.s. electromagnetic system of 
units. Either of these two systems of units is sometimes re- 
ferred to as an "absolute" system of units, but the term "abso- 
lute unit" is usually reserved for the units in the c.g.s. electro- 
magnetic system. 

The third of the effects just listed is taken as the basis of the 
so-called practical system of electrical units. As already noted, 
the unit of current intensity in the practical system of units is 
called the ampere, and most of the units derived therefrom have 
been given specific names, such as "coulomb" for the practical 
unit of charge or quantity of electricity, "volt" for the unit of 
electric "potential," etc. In order to avoid circumlocution, the 
corresponding units, in the c.g.s. electrostatic system may be 
designated by these same names with the prefix "stat," and the 
corresponding units in the c.g.s. electromagnetic system by the 
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prefix ** ab " (standing for " absolute ") . This usage of these pre- 
fixes, though not universal, is coming more and more into favor, 
and will be adopted throughout this book. 

Of these three systems of units the one in which the units can 
be most conveniently specified is the practical system. His- 
torically, the other two systems of units were developed first, 
but the exact specification of the fundamental unit in either of 
these systems in such a manner that this unit may be physically 
produced in the laboratory' is not a simple matter. 

32. The International Ampere and the International Coulomb. 

— ^As explained in Article 27, when an electric current is established 
through an acid or salt solution, chemical changes usually take 
place at the surface of contact between the solution and the con- 
ductor through which the current is led into and out of the solu- 
tion. In particular, when a current is established through a 
solution of silver nitrate in water, and passes out of the solution 
through a plate of silver (or through a piece of silver of any form), 
experiment shows that silver is deposited from the solution onto 
the silver plate. The solution, rods and the containing vessel is 
called a "voltameter." 

Experiment shows that the mass of silver which is thus depos- 
ited by an unvarying current is directly proportional to the time 
during which this current flows, and that the rate at which silver 
is deposited from such a solution may be taken as the measure 
of the rate at which electricity is conducted through the solution. 
Hence, the number of grams of silver deposited per second on the 
silver plate may be taken as a measure of the intensity of this 
current. 

The exact specification of the practical unit of current inten- 
sity, the ampere, has been a subject of some controversy, but at 
the international electric congress held in London in 1908, the 
following definition was adopted : 

"The interniational ampere^ is the unvarying electric current which, 

^The legal definition of the international ampere in the United States 
(Act of Congress passed July 12, 1894) is as follows: 

''The unit of current shall be what is known as the international ampere, 
which is one-tenth of the unit of current of the centimeter-gram-second sys- 
tem of electromagnetic units, and is the practical equivalent of the unvary- 
ing current, which, when passed through a solution of nitrate of silver in 
water in accordance with standard specifications, deposits silver at the rate 
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when passed through a solution of nitrate of silver in water, deposits 
silver at the rate of 0.00111800 of a gram per second." 

For information in regard to the specifications for the silver vol- 
tameter, see Circular No. 60 of the U. S. Bureau of Standards. 

The measurement of electric current by determining the 
amount of silver deposited is too cumbersome a process for prac- 
tical use. Instead, measuring devices based on the magnetic 
action of an electric current {e.g., galvanometers and ammeters; 
see Article 33) are usually employed. Such instruments, how- 
ever, must always be calibrated by comparison with certain sec- 
ondary standards, which in turn have been calibrated, either 
directly or indirectly, in terms of some primary standard, such as 
the silver voltameter, or standard ohm and standard cell (see 
Articles 36 and 73). 

To enable the reader to form a rough conception of the mag- 
nitude of an ampere, the following figures are given. An ordinary 
carbon-filament, 16-candlepower, incandescent lamp takes a cur- 
rent of about 0.5 ampere. The current taken by an ordinary 
city trolley car when running at full speed on a level track is 
about 100 amperes. The current taken by a single New York 
Central electric locomotive when starting a train is about 3000 
amperes. The " voice '' current in an ordinary telephone receiver 
is about 0.001 ampere. 

Very small currents are usually expressed in milliamperes (1 
milliampere equals 0.001 ampere) or in microamperes (1 micro- 
ampere equals 0.000001 ampere). The "voice" current in a 
telephone receiver is then about 1 milliampere. 

From the fundamental relation between the total quantity of 
electricity conducted through a substance and the intensity of 



of one thousand one hundred and eighteen millionths (0.001118) of a gram 
per second." 

The difference between the U. S. legal definition and that of the Lon- 
don Conference is that the legal definition states that the international 
ampere is practicaUy equivcderU to, whereas the London Conference defines 
the international ampere as exactly equal to, the current which deposits 
silver at the rate of 0.001118 gram per second. The legal definition de- 
fines the international ampere specifically in terms of c.g.s. electromag- 
netic unit, whereas the London Conference leaves to experiment the 
determination of the exact relation between the two units. This experi- 
mental relation is, to within one-twentieth of 1 per cent., that 1 ampere « 
0.1 c.g.s. electromagnetic unit. 
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the current in this substance (Article 7), the practical unit of 
quantity of electricity is the quantity of electricity conducted 
through a surface by 1 ampere flowing for 1 second. As already 
stated, this unit is called the coulomb. A more commonly used 
unit of quantity of electricity is the ampere-hour, which is the 
quantity of electricity transferred by 1 ampere in 1 hour. For 
example, a continuous current of 100 amperes flowing for 5 hours 
transfers 500 ampere-hours of electricity through each section of 
the circuit. One ampere-hour is equal to 3600 coulombs. 

Problem 6. — A current of 75 amperes flowing through a silver voltameter 
for a certain length of time deposits 100 grams of silver on the cathode. 

(a) For how long a time does this current flow? (6) How many ampere- 
hours of electricity pass through the voltameter in this interval? (c) How 
much silver does each ampere-hour deposit? 

Ansioer, — (a) 19.9 minutes. (6) 24.9 ampere-hours, (c) 4.025 grams. 

38. Galvanometers, Ammeters and Electrodynamometers. — 
The instruments commonly employed in practice for the deter- 
mination of the intensities of direct currents are of three funda- 
mental types, which may be designated as the moving-magnet 
type, the moving-coil type, and the two-coil type. 

The indications of these instruments, unless they are con- 
structed with great precision and in such a manner that the 
forces acting on the moving member maybe accurately calculated, 
cannot be evaluated in amperes without comparing them with 
a silver voltameter or other primary standard, or with some other 
instrument whose "constants" are accurately known. The 
determination of the true values corresponding to the indications 
of an instrument is commonly spoken of as "calibrating" the 
instrument. 

Current-measuring instruments may also be classified as gal- 
vanometers or ammeters. The distinction usualy made between 
a galvanometer and an ammeter is that the indication of a 
galvanometer is determined by noting the motion over a fixed 
scale of a spot of light reflected from a small mirror fixed to 
the moving element, or by noting through a telescope the motion 
of the reflection from this mirror of a fixed scale, whereas 
the indication of an ammeter is read by noting on a fixed scale 
attached to the case of the instrument the position of a pointer 
which is attached to the moving element. 

The galvanometer form of the moving-magnet type of instru- 



:K 







__s due to the effects of tem- 
fcr supporting the m^netic 
Siietic disturbances. When 
rereened, however, it may be 
^e^cnts. 

" piype of galvanometer (Fig. 

j_^_J&-needle type, except where 

^^JS^onsists of a coil of fine in- 

"" "^ifiber or thin metal strip, be- 

i^S:|[:Fi£H|^IVipermanent magnet made in 

' ?l^iw'^B<i end of the metal strip 



ELECTRIC CURRENTS AND ENERGY 



57 



supporting the coil is connected to a suitable terminal, or binding- 
post, on the frame of the instrument, and the other end to one 
end of the wire forming the coil. The other end of the coil is 
connected through a second metal strip, usually wound in the 
form of a Ught spiral spring, to a second insulated terminal or 
binding-post. When the two terminals of such an instrument 
are connected in series with the circuit in which the current to be 
measured is established, the same current is also established in 
the wire forming the moving coil, and the mechanical couple 
produced on this coil by the permanent magnet causes a deflec- 
tion of the coil, approximately proportional to the intensity of 
the current (see Article 132). 




Fig. 16. — Weston ammeter. 



The ammeter type of moving-magnet instrument usually 
consists of a soft-iron core or vane which is so mounted that it is 
free to move inside a coil of wire. The current to be measured 
is established through this coil, and under the influence of the 
current the core or vane becomes magnetized, and is acted upon 
by a deflecting force due to the current. This type of ammeter 
can also be used for measuring alternating currents, and, in fact, 
is much more reliable for alternating than for direct currents. 

The ammeter type of moving-coil instrument (Fig. 16) is 
similar to the D'Arsonval galvanometer, the only important 
distinction being that the moving coil is provided with a fine 
pivot which rests in a jewel bearing, the current being led into 
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and out of the moving coil by means of two small flat spiral 
springs connected to the two ends of the coil respectively and 
also to the terminals on the outside of the case of the instrument. 
These springs also serve to hold the coil normally in a definite 
position. Moving-coil direct-current ammeters are not suitable 
for alternating-current measurements (see also Article 44). 

Fig. 16 shows the construction of the particular form of this 
type of ammeter made by the Weston Electrical Instrument Co. 
In the figure, the instrument proper, the case Y and the scale 
X are shown separate, in order to show the working parts of 
the device. When actually used the scale X is permanently 
attached to the magnet M under the pointer, and the case Y 
covers the whole. 



Mercury Cups 
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FiQ. 17. — Electrodynamometer. 

The two-coil t3rpe of current-measuring instrument is made in 
two forms, known as the electrodynamometer and the current 
balance respectively. In both types the current to be measured 
passes through two or more coils in series, one coil or set of coils 
being fixed, and the other coil, or set of coils, being free to move 
under the action of the force which is exerted by one set of coils 
on the other when a current flows through them. 
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In the electrodynamometer (Fig. 17) the moving coil is sus- 
pended or pivoted so that it can turn about a vertical axis, and 
the controlling force which opposes the force of the current is due 
either to the torsion of the suspension fiber or to a spiral spring 
such as is used in a Weston ammeter. In their normal position 
the planes of the moving and fixed coils are at right angles. 
The moving element of an electrodynamometer may be provided 
either with a mirror, or with a pointer which moves over a 
graduated scale, or a torsion head may be used to turn the needle 
back to its "zero" position, in which case the angle through 
which this head is turned is read on the scale. 

The current balance (Fig. 18) is similar in principle to the 
electrodynamometer, except that two sets of fixed horizontal 




Electrical Connections 





Mechanical Arrangement 

Fig. 18. — Current balance. 



Movable Coil 
Fixed Coils 



coils are used, with a set of movable coils suspended between 
the sets of fixed coils, and the controlling force is gravity. The 
arrangement of a current balance is similar to that of an ordinary 
double-platform balance, the mutual force between the two sets 
of coils being " weighed " in^ exactly the same manner that a mass 
is weighed (see also Article 131). 

In a carefully designed and constructed current balance, the 
force between the two sets of coils corresponding to any current 
through these coils may be accurately calculated -in terms of the 
intensity of this current in c.g.s. electromagnetic units. A 
current balance so designed is called an "absolute" current 
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balance, and by the use of such an instrument the relation be- 
tween the international ampere (as defined in Article 32) and the 
c.g.s. electromagnetic unit may be experimentally determined. 

34. Electric Energy and Electric Power. — The student is ad- 
vised to re-read carefully, at this point. Articles 15, 16, and 19 
of Chapter I. 

As illustrated in Article 24, when an electric current is estab- 
lished in a wire connected to the terminals of a dry cell, heat 
energy is developed in the wire and also in the conductors forming 
the battery, and the materials of the cell lose chemical energy. 
From the principle of the conservation of energy, it is perfectly 
rational (a) to look upon the chemical energy which is lost by the 
battery as being converted within the battery into another form 
of energy, which may be called " electric energy,'' (b) to look upon 
the current as being the means whereby this electric energy is 
transferred from one part of the circuit to another, and (c) to 
look upon the heat energy which is developed in any part of the 
circuit as being due to the conversion, within this part of the 
circuit, of part of this electric energy into heat energy. 

The production, transfer and conversion of electric energy in 
the simple circuit just described is typical of the production, 
transfer and conversion of electric energy in every electric circuit, 
except that other forms of energy than chemical energy may 
be converted into electric energy, and electric energy may be 
converted into other forms than heat energy. 

It should be carefully noted, however, that although the flow 
of electricity is always accompanied by a transfer of energy, 
electricity is not energy, just as matter is not energy. Experi- 
ment justifies the conclusion that the energy of a given quantity, 
or "portion,'' of electricity depends upon its position and motion 
relative to other portions of electricity, just as the energy of a 
portion of matter depends upon its position and motion relative 
to other portions of matter. 

As noted in Article 19, the rate at which any kind of energy is 
developed, transferred or converted into some other form is 
called the "power" developed, transferred or converted. Hence, 
the rate at which electric energy is developed in any part of an 
electric circuit is called the electric power developed, or generated, 
in this part of the circuit. Similarly, the rate at which electric 
energy is transferred by an electric current from any device is 
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called the electric power output of this device, and the rate at 
which electric energy is transferred to any device is called the 
electric power input to this device. 

Problem 7. — ^When a certain coil of insulated wire is connected to the two 
terminals of a dry cell, a steady current of 3 amperes is established in this 
coil. The electric energy developed within the cell by the chemical changes 
which take place is 1.5 joules (1 joule = 10^ ergs = 0.7376 foot-pound) for 
each coulomb of electricity which flows through it. Of this energy developed 
within the cell 10 per cent, is dissipated as heat energy within the cell itself. 

(a) How much electric energy is developed within the cell in 5 minutes? 
(6) How much electric energy is transferred from the cell to the coil of wire 
in this interval? (c) How much electric power is developed within the cell? 
Express this both in joules per second and in horsepower, (d) How much 
electric power is converted into heat within the cell itself? (e) How much 
electric energy is transferred to the coil of wire per coulomb of electricity 
which passes through it? 

Answer. — (a) 1350 joules, (h) 1215 joules, (c) 4.5 joules per second 
= 0;00603 horsepower, (d) 0.45 joules per second, (e) 1.35 joules per 
coulomb. 

Problem 8. — The electric power supplied to an alternating-current motor 
varies with time according to the law 



p = Po cos ^ — cos (-TrT + ^) 



where P© and 6 are constants (6 being less than ^),Tla the time required for 

the current to pass through a complete cycle of values, i.e., the "period" of 
the current, and t is time measured from the instant at which the current is 
zero. 

(a) Plot this function with time as abscissas and instantaneous power as 
ordinates, using for time such a scale that the period T equals 360. (6) 
What is the average electric power input to the motor during an interval of 
time equal to T? (c) What is the maximum power input to the motor, and 
for what values of t does this maximum input occur? (d) Does the motor 
give out electric energy during any portion of the cycle of the current, and 
if so, between what values of <? 

Answer. — (6) Po cos 6. (c) P<, (1 + cos 0) ior t = (i — a) T and for t 

= ( 2 — jz) T And for each half period thereafter, (d) Yes, for all values 

of t [betweenj (^ "" o~) ^ ^^^ o T and for all values of i between ( 1 — ^ I 
T and T. 

36. Electric Resistance. — ^Joule's Law. — As already noted, the 
flow of electricity through a conductor is always accompanied 
by a dissipation of electric energy as heat energy within the con- 
ductor. This phenomenon may be looked upon as due to a 
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frictional resistance offered by the conductor to the flow of elec- 
tricity through it. Compare with the flow of water through a 
pipe or other channel; see Article 21. 

Experiment shows that in the case of a wire of uniform mate- 
rial, kept at a constant uniform temperature, the rate at which 
heat energy is dissipated in a given length, between any two 
points A and B say, when an electric current is established in it, 
is proportional to the square of the strength pf this current. 

That is, calling pk the rate at which heat energy is developed 
in the wire between the points A and B, at any given instant, 
and i the intensity of the current in the wire at this instant, then 

Ph = ri^ (4) 

where r is a factor whose value depends upon the dimensions 
and temperature of the wire, the nature of the substance of the 
wire, and the units in which Ph and i are measured, but is inde- 
pendent of the strength of the current. This factor r, however, 
does depend upon the rate of var ation of the current, particu- 
larly if the conductor has a large cross-section. 

The factor r defined by equation (4), namely, the quantity 
by which the current in a given conductor must be multiplied 
in order to give the rate at which heat energy is developed in 
it| is called the ^* electric resistance " of this conductor. 

The resistance of a given conductor depends upon the surfaces 
or points at which the current enters and leaves it (see Article 54). 
By the resistance of a wire is meant its resistance to a current 
which enters at one end and leaves at the other. 

The resistance of a conductor to a varying or alternating 
current is greater than its resistance to a direct (non-varying) 
current, although in many cases this difference is inappreciable 
(see Chapter XV). The resistance of a conductor to a direct- 
current is often called its ''ohmic resistance," to distinguish this 
resistance from its resistance to a varying current. 

The experimental fact represented by equation (4) is known 
as Joule's Law, from the name of the scientist who first clearly 
enunciated this relation. 

36. Units of Electric Resistance, Power and Energy. — The 

practical unit of electric resistance now almost universally used 
is the ''international ohm" defined by the London Congress of 
1908 as follows: 
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"The international ohm^ is the resistance ojffered to an unvar3dng 
electric dUrrent by a column of mercury at the temperature of melting 
ice, 14.4521 grams in mass, of a constant cross-sectional area and of a 
length of 106.300 centimeters." 

The column of mercury thus specified is approximately 1 
square millimeter in cross-section. The choice of the length of 
106.300 centimeters arises from the fact that in a column of 
mercury of this length and weight and at 0°C. the rate at which 
1 ampere develops heat energy is practically 1 joule per second, 
or 1 watt. 

The mercury column is used only as a primary standard. As 
secondary, or ordinary laboratory standards of resistance, wire 
coils are employed, so designed that their resistances are exact 
decimal multiples or submultiples of an ohm, i.e., 1, 10, 100, etc., 
or 0.1, 0.01 etc., ohm. A set of such coils mounted in a box 
and connected in series between two or more binding-posts is 
called a "resistance box." Suitable plugs or switches are pro- 
vided on such boxes so that any desired resistance may be in- 
serted between the binding-posts. 

To express small resistances a unit one-millionth of the size of 
an ohm is ordinarily used; this unit is called the "microhm." 
To express large resistances a unit one million times the size of 
an ohm is frequently used; this unit is called the "megohm." 
Hence: 

1 ohm = 10* microhms. 

1 megohm = 10* ohms. 

The c.g.s. electromagnetic unit of resistance may be defined 
as that resistance in which 1 abampere (=10 amperes) develops 
heat at the rate of 1 erg per second. This unit of resistance is 

^This definition of the international ohm is in complete agreement with 
the definition legalized by the Act of Congress approved July 12, 1894, the 
wording of which is : 

^'The unit of resistance shall be what is known as the international ohm, 
which is substantially equal to one thousand million units of resistance of the 
centimeter-gram-second system of electromagnetic units, and is represented 
by the resistance offered Jo an unvarying electric current by a column of 
mercury at the temperature of melting ice, fourteen and four thousand five 
hundred and twenty-one ten-thousandths grams in mass, of a constant 
cross-sectional area, and of the length of one hundred and six and three- 
tenths centimeters.*' 
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called the abohm. The relation betweeii the ohm and the abohm 
is that 

1 ohm = 10* abohms. 

As noted in Article 19, the unit of power corresponding to 1 
joule per second is called the *'watt." The watt as thus defined 
is called the ''absolute'' watt as distinguished from the ''inter- 
national'' watt, which is the power developed as heat in a resist- 
ance of 1 international ohm by a direct current of 1 international 
ampere (see also Article 39). For all practical purposes the 
absolute watt and international watt may be considered as iden- 
tical, the exact relation being that 1 absolute watt = 0.99966 
international watt. 

Electric power is usually expressed in kilowatts, abbreviated 
kw. A kilowatt, by definition, is 1000 watts. A kilowatt is 
approximately equal to 1.34 horsepower. The exact relation (to 
four significant figures) between the horsepower and the watt is 
that 1 standard^ horsepower is equal to 745.7 watts. Anapproxi- 
mate relation which is easily remembered is that 1 kilowatt 
equals % horsepower. Large amounts of power are frequently 
expressed in "megawatts," a megawatt being by definition one 
million watts. To summarize: 

• 

1 horsepower = 745.7 watts. 
1 kilowatt = 1000 watts. 
1 megawatt = 1000 kilowatts. 

Electric energy is usually expressed in watt-seconds, in watt- 
hours, or in kilowatt-hours. By a watt-second, which is equal 
to 1 joule, is meant the energy corresponding to 1 watt for 1 
second. By a watt-hour is meant the energy corresponding to 
1 watt for 1 hour. By a kilowatt-hour is meant the energy corre- 
sponding to 1 kilowatt for 1 hour. The kilowatt-hour is the unit 
of energy usually employed in practical work. In England the 
name '^kelvin" is frequently used to designate a kilowatt-hour. 

Problem 9. — In a private residence there are 50 incandescent electric 
lamps, each of which takes 40 watts of electric power when lighted. During 
each day of the month of January, five of these lamps are lighted from 5 a.m. 
to 8 A.M., seven from 4 p.m. to' 6 p.m., ten from 6 p.m. to 11 p.m., and two from 

^By a standard horsepower is meant 550 foot-pounds per second at a point 
where the acceleration due to gravity is 980.665 centimeters per second per 
second. 
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11 P.M. to 1 A. M. If the owner of the house pays 10 cents a kilowatt-hour 
for electric energy, what will be his bill for lighting for this month? 

Answer, — ^$10.29. 

Problem 10. — An electric stove when connected to the electric circuit in 
a house takes a current of 25 amperes, and the electric power absorbed by 
the stove is 2.8 kilowatts. 

(a) What is the electric resistance of this stove? (b) If 30 per cent, of 
the heat developed by this stove is absorbed by a gallon of water in a kettle 
placed on it, how long will it take this water to boil, the temperature of the 
water at the start being 60°F. ? (Neglect the loss of heat due to radiation 
from the kettle and the specific heat of the kettle, i) 

Answer. — (a) 4.48 ohms. (6) 26.6 minutes. 

Problem 11. — An electric motor develops 50 horsepower at its pulley. 
The efficiency of the motor (i.e., the ratio of its mechanical power output to 
its electric power input, when both are expressed in the same units) is 85 
per cent. How many kilowatt-hours of electric energy must be supplied to 
the motor to develop 50 horsepower at its piilley for 10 hours? 

Answer. — 439 kilowatt-hours. 

37. Sources, and Receivers of Electric Energy. — As noted in 
Article 34, the flow of electricity in an electric circuit is always 
accompanied by a transfer of electric energy from one part of the 
circuit to another. Any part of an electric circuit from which 
electric energy is transferred by the current is called a ''source'' 
of electric energy, and any part of an electric circuit to which 
electric energy is transferred by the current is called a ''receiver" 
of electric energy. Experiment shows that certain devices, such 
as an electric dynamo and a storage cell, may act either as a 
source or as a receiver of electric energy, depending upon the direc- 
tion in which the current flows through .them. 

The wires which connect a source and a receiver of electric 
energy, and which serve as the path over which the electricity 
flows around the circuit from one to the other, themselves absorb 
a certain (but in general relatively small) amount of electric 
energy, which is dissipated as heat energy. Strictly speaking, 
these wires are then receivers of electric energy. However, the 
wires between a source and a receiver are not classed as a receiver, 
but are commonly referred to simply as the connecting wires, or, 
when the source and the receiver are at a considerable distance 
apart, as the ''mains," orthe "transmission line "between the two. 

^ For the necessary constants and conversion factors to solve numerical 
problems of this kind see any engineers' handbook, or any book of physical 
constants and conversion factors. 
5 
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As a relatively simple example of a device which may serve 
either as a source or a receiver of electric energy may be taken 
the lead storage cell. Such a cell consists of two sets of lead 
plates immersed in a solution of sulphuric acid in water. The 
plates of each set are connected in parallel, and each set of plates 
may therefore be considered as a single plate. The body of 
each plate is metalhc lead, but the surface of one, called the 
"positive" plate, is covered with lead peroxide, giving it sL reddish- 
brown surface, and the surface of the other, called the " negative'' 
plate, is spongy lead of a grayish color. 

When the terminals of such a cell are connected by an external 
conductor, as shown in Fig. 19, a current will flow through the 
closed circuit thus formed, flowing out of the battery at its posi- 
tive plate and into the battery at its negative plate. This flow 
of electricity is accompanied by a chemical reaction between the 
lead peroxide and the sulphuric acid and between the lead and 




Fig. 19. 



sulphuric acid, resulting in the formation of lead sulphate on 
each plate and in the formation of water in the electrolyte, which 
latter consequently decreases in specific gravity. The final 
result of this chemical reaction may be represented by the 
chemical equation 

PbOa + 2H2SO4 + Pb = 2PbS04 + 2H2O. 

Experiment shows that such a chemical reaction without a 
flow of electricity would be accompanied by the development of 
a definite amount of heat energy, from which fact is drawn the 
conclusion that a given total weight of lead peroxide, sulphuric 
acid and lead has more ''chemical" energy than the correspond- 
ing total weight of lead sulphate and water. However, experi- 
ment also shows that when a flow of electricity is produced by 
such a chemical reaction, there is only a relatively small change in 
the temperature of the cell, showing that practically all the 
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energy which would otherwise appear as heat is converted 
within the cell into some other form. This other form of energy, 
as noted above, is conveniently designated as electric energy. 

These experimental facts may then be briefly described by the 
statement that within the cell chemical energy is converted into 
electric energy. The major portion of the electric energy de- 
veloped within the cell is transferred by the current to the 
external conductor which connects its terminals, and is there 
dissipated as heat or converted into some other form of energy. 
A small portion of the electric energy developed within the cell is 
also dissipated as heat energy within the cell itself, due to the 
resistance of the conductors of which it consists. 

As long as the cell continues to give out electric energy it is 
said to be "discharging." The reader should bear in mind, 
however, that the cell does not discharge electricity, but electric 




energy. As much electricity flows into the cell at its negative 
terminal as flows out at its positive terminal. However, it is 
common practice to speak of a cell as discharging so many am- 
peres or so many ampere-hours, meaning thereby the specified 
number of amperes, or ampere-hours, flows through the cell 
from its negative to its positive plate. 

When a storage cell is partially or completely discharged, i.e., 
when a part or all of the lead peroxide has been converted into 
lead sulphate, it may be recharged by suitably connecting it to 
some other source of electric energy. For example, a partially 
discharged cell JB2 (see Fig. 20) may be recharged by connecting 
it, through the wires TTi and W2, to a battery Bi consisting of two 
fully charged cells connected in series. In the battery Bi 
one cell has its positive terminal connected to the negative ter- 
minal of the other cell. The positive terminal of the partially 
discharged cell JB2 is connected to the free positive terminal of 
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the battery Bi, and the negative terminal of B2 is connected to 
the free negative terminal of the battery Bi. 

When the connections are made as indicated in Fig. 20, a 
current will be established in the circuit in the direction indicated 
by the arrow. The two cells of the battery Bi will discharge, 
i.e.y the same chemical action will take place in each as takes 
place in a single cell when its terminals are connected by an ex- 
ternal conductor, and electric energy will be transferred from 
these cells. With the exception of the energy dissipated as 
heat in the wires Wi and TF2, due to their resistance, this energy 
will be transferred to the cell JB2. In the latter cell, a chemical 
action takes place which is the reverse of that which takes place 
when this cell is discharging, i.e., the lead sulphate which was 
formed on its plates is decomposed, and lead peroxide is formed 
on the positive plate of the cell and spongy lead on the negative 
plate of the cell, and the specific gravity of the electrolyte in- 
creases, due to the formation of sulphuric acid. 

This reverse chemical action within the cell JB2 represents an 
increase in the chemical energy of the plates and electrolyte. 
This increase in chemical energy may be looked upon as due to 
the transformation within the cell B2 of a part of the electric 
energy which is transferred to it by the electric current. Due to 
the resistance of the conductors forming this cell, some of the 
electric energy transferred to it is also converted into heat. The 
amount converted into heat, however, is relatively small com- 
pared with that which is converted into chemical energy. 

As a result of this conversion of electric energy into chemical 
energy within this cell, it is gradually restored to its original 
condition, and is therefore said to become ''charged.'' Again, 
it should be kept in mind that the cell is not charged with elec- 
tricity, but with energy in a form which may be converted into 
electric energy by allowing the cell to discharge again. It is 
common practice, however, to speak of a cell as being given a 
charge of so many ampere-hours, meaning thereby that the 
specified number of ampere-hours is caused to flow through the 
cell from its positive to its negative plate. 

A storage cell when discharging is then a source of electric 
energy, and when charging is a receiver of electric energy. 
The simple circuit shown in Fig. 20 is typical of the most general 
electric circuit, namely, a circuit in which there is both a source 



ELECTRIC CURRENTS AND ENERGY 69 

of electric energy and a receiver of electric energy, and in which 
latter there is a transformation of electric energy into both heat 
energy due to the resistance of the receiver and into some other 
form of energy. As will be seen later, the electric energy de- 
livered to a receiver may be converted into other forms of 
energy than chemical energy (e.g., into mechanical energy, 
when the receiver is a motor) but a part, at least, is always con- 
verted into heat energy, due to the resistance of the conductors 
which form the receiver. 

By keeping clearly in mind the energy relations in the concrete 
case above described, and illustrated by Problems 12 and 13 
which follow, the reader should have no difficulty in under- 
standing the definitions given in the next article. 

Problem 12. — ^When a storage cell discharges 100 ampere-hours, 550,000 
foot-pounds (746,000 joules) of chemical energy are converted into elec- 
tric energy. (The corresponding chemical change results in the formation 
within the cell of approximately 1.25 ounces of water and 2.5 pounds of 
lead sulphate.) 

(a) How many watt-hours of electric energy are developed within the 
cell? (b) If the cell discharges at the rate of 20 amperes, what is the average 
electric power developed, in watts? (c) If the internal resistance of the cell 
during discharge averages 0.015 ohm, how many Watts are dissipated as 
heat within the cell? {d) What is the average electric power transferred 
from the cell? (e) What is the average electric energy developed within 
the cell per coulomb of electricity which flows through it? (/) What is the 
average electric power developed within the cell per ampere of the current 
through it? (g) What is the average power per ampere dissipated as heat 
within the cell? {h) What is the average electric power per ampere trans- 
ferred from the cell? 

Answer, — (a) 207 watt-hours, (h) 41.4 watts, (c) 6 watts, (d) 35.4 
watts, (e) 2.07 joules per coulomb. (/) 2.07 watts per ampere, (g) 0.3 
watts per ampere, (h) 1.77 watts per ampere. 

Problem 13. — After 100 ampere-hours have been taken from the cell 
described in Problem 12, the cell is recharged at a constant rate of 20 am- 
peres. If the average internal resistance of the cell when charging remains 
at the same value (0.015 ohm) as during the discharge and the conversion 
of electric energy into chemical energy within the cell is at the same average 
rate, namely, 2.07 watts per ampere, as the reverse transformation during 
the discharge:^ 

^As a matter of fact, both the resistance of the cell and the rate of trans- 
formation of energy within it vary with the rate of charge or discharge, and 
also depend upon whether the cell is being charged or discharged; see 
Article 72. These variations are due chiefly to variations in the concentra- 
tion of the electrolyte. As a result of these variations more ampere-hours 
must be put into a cell to charge it than can be taken from it on discharge. 
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(a) How many watt-hours of electric energy must be supplied to the ter- 
minals of the cell in order to restore the 550,000 foot-pounds of chemical 
energy lost by the cell during the discharge? (6) What will be the average 
electric power input to the terminals of the cell during the charging period? 
(c) What will be the average electric power input to the terminals of the 
cell per ampere? 

Answer. — (a) 237 watt-hours. (6) 47.4 watts, (c) 2.37 watts per 
ampere. 

38. Electric Pressure and Electromotive Force. — A review 
of Article 21 at this point will be found extremely helpful in 
appreciating the significance of the quantities which will now 
be defined. 

Experiment shows that the electric power developed within a 
source of electric energy depends in general not only upon the 
current supplied by this device, but also upon another factor 
which depends primarily upon the nature of the device, and 
' which in many instances is practically independent of the in- 
tensity of the current. For example, when a storage cell dis- 
charges at the rate of 15 amperes, this cell loses, in a given time, 
approximately 3. times as much energy as is lost by it when it 
discharges at the rate of 5 amperes for this same length of time. 

Exactly the same sort of thing is true of an ordinary centrif- 
ugal pump. The work done by the moving element of the 
pump depends not only upon the rate of flow of water through it 
(i.e., upon the *' intensity " of the water current through the pump), 
but also upon the pressure developed by the rotating vanes. 
When the pump is driven at a constant speed the pressure de- 
veloped by the vanes is approximately constant, irrespective 
of the rate at which it delivers water, and therefore, since the 
pressure developed is proportional to the quotient of the power 
developed divided by the rate of flow of water, this quotient is 
likewise approximately constant. Also, since the pressure de- 
veloped by the rotating vanes depends upon their dimensions 
and design, the power developed by a given pump per unit rate 
of flow of water through it may be looked upon as a definite 
characteristic, or property, of this particular pump. 

From such hydraulic analogies, the electric power developed 
in, any source of electric energy per unit intensity of the dec- 
trie current through it, is called the ''electric pressure" developed 
within the device. That is, calling p' the electric power devel- 
oped within any source of electric energy, and i the intensity of 
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the electric current through it, the electric pressure developed 
within the device is,, by definition, 

e = f (5) 

The term "electromotive force" (abbreviated e.m.f.)> origin- 
ally introduced to designate the force which causes electricity to 
move (see Article 2), is also used, in a quantitative sense, to 
designate this quotient. That is, as the measure of the electro- 
motive force of a source of electric energy is taken the electric 
power developed within it per unit of current through it. 

The reader should note carefully, however, that electromotive 
force as thus quantitatively defined is not a force in the ordinary 
mechanical sense, i.e., is not measurable in dynes or pounds, but 
is power per unit current, or, what amounts to the same thing, 
is energy per unit quantity of electricity, or work per unit charge 
of electricity. (Compare also with the pressure developed by 
the rotating vanes of a centrifugal pump, which is equal to the 
work done by the pump per unit quantity of water which flows 
through it; see Article 21.) 

Just as a source of electric energy is analogous to a pump, so is 
a receiver in which electric energy is converted into any form, 
other than the heat dissipated within it due to its electric resist- 
ance, analogous to a hydraulic motor. The flow of water through 
such a motor transfers energy to it, and, with the exception of 
the energy which is dissipated as heat due to the resistance of the 
water passages through the motor, this energy is transferred by 
the moving element of the motor to whatever is connected to its 
shaft. The work done by the moving element of the motor repre- 
sents an equal amount of work done on it by the water, and there- 
fore the moving element must exert on the water a pressure which 
tends to oppose the flow of the latter. That is, in a water motor 
there is always a bacJk pressure, which is proportional to the power 
developed by its moving element per unit rate of flow of water 
through it. 

Following this analogy, a receiver in which electric energy is 
converted into any form, other than the heat which is dissipated 
within it due to its electric resistance, is said to be the source of 
an electric pressure, or electromotive force, which opposes the flow 
of electricity through it. Quantitatively, the electromotive force 
of a receiver may then be defined as the electric power per unit 
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of current which is converted within the device into any form, 
other than the heat which is dissipated within it due to its electric 
resistance. That is, calling p' the electric power which is con- 
verted within the device into any form other than the heat which 
is dissipated within it due to its electric resistance, and i the 
intensity of the current through it, then the electromotive force 
of the device is 

e = ^' {5a) 

This equation is of exactly the same form as equation (5), the 
only diflference in the two being that in equation (5) p' represents 
power of some other form which is converted into electric power, 
whereas in (5a) p' represents a conversion of electric power into 
some form of power, other than the heat dissipated due to the 
internal resistance of the receiver. 

The reason for excluding, in the definition of the electromotive 
force of a receiver, the heat which is dissipated within the re- 
ceiver due to its electric resistance, is that the power per ampere 
dissipated as heat varies directly with the current, whereas the 
power per ampere converted within a receiver into other forms 
of power is found in many cases to be independent, or approxi- 
mately independent, of the intensity of the current. Moreover, 
in the case of a device, such as a storage cell, which may be used 
either as a source or as a receiver of electric energy, its electro- 
motive force, as above defined, has the same (or approximately 
the same) value, whether the device acts as a receiver or as a 
source of electric energy. This relation would not hold were 
the power dissipated as heat included in p' in equation (5a). 

Experiment shows that, in general, when the current through a 
device is reduced to zero, the quotient of the electric power de- 
veloped within it, divided by the intensity of the current through 
it, approaches a definite finite value diflferent from zero. This 
limiting value of the electromotive force of a device is called its 
*' open-circuit" electromotive force. For example, the open-cir- 
cuit electromotive force of an ordinary dry cell, when new, is 
about 1.5 watts per ampere, and the open-circuit electromotive 
force of a storage cell is about 2.2 watts per ampere. As a rule, 
the electromotive force of a device falls off somewhat when a 
current is taken from it. 
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39. Units of Electromotive Force.— By definition, equation (5) , 
an electromotive force is equal to power divided by electric cur- 
rent intensity; or, what amounts to the same thing, to energy 
divided by quantity of electricity. Hence, in the practical sys- 
tem of units the unit of electromotive force is equal to 1 watt 
per ampere, or 1 joule per coulomb (since a watt is 1 joule per 
second and an ampere is 1 coulomb per second). This unit is 
called the "volt." 

Since, from Joule's Law, the power dissipated as heat by 1 
ampere in 1 ohm is 1 watt, the electric pressure required to send 
a current of 1 ampere through a resistance of 1 ohm is equal to 
1 watt per ampere, or 1 volt. Hence the following definition of 
the "international volf by the London Congress of 1908: 

"The international volt^ is the electrical pressure which, when steadily 
applied to a conductor the resistance of which is 1 international ohm, 

will produce a current of 1 international ampere." 

• 

As a concrete standard of electromotive force certain special 
forms of voltaic cells are employed. The standard Clark cell 
has a constant open-circuit electromotive force of 1.4328 volts 
at 15°C., and the standard Weston cell has a constant open-circuit 
electromotive force of 1.01830 volts at 20°C. (see Article 73). 

The following figures will give the reader an idea of the magni- 
tude of a volt in terms of more or less familiar apparatus. The 
open-circuit electromotive force of an ordinary dry cell is about 
1.5 volts. A lead storage cell has an open-circuit electromotive 
force of about 2.2 volts between its terminals. The electric 
pressure between the two wires of an ordinary house lighting 
circuit is about 110 volts. The electric pressure between the 

^The legal definition of the international volt in the United States, as con- 
tained in the Act of Congress approved July 12, 1894, is: 

" The unit of electromotive force shall be what is known as the internal 
tional volt, which is the electromotive force that, steadily applied to a con- 
ductor whose resistance is 1 international ohm, will produce a current of 
an international ampere, and is practically equivalent to one thousand 
fourteen hundred and thirty-fourths of the electromotive force between the 
poles or electrodes of the voltaic cell known as Clark's cell, at a temperature 
of fifteen degrees centigrade, and prepared in the manner described in the 
standard specifications." 

Recent experiments give for the exact value of the electromotive force of 
the Clark cell, under the conditions specified, the figure of 1.4328 inter- 
national volts, based upon the definitions of the London Congress. 
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trolley wire and the track rails of most direct-current railways 
is from 500 to 600 volts. I^or the transmission of large amounts 
of energy over long distances electric pressures of from 2000 to 
150,000 volts are used. 

In the practical system of units, very small electric pressures 
are usually expressed in millivolts, a millivolt being 0.001 volt, 
and very high electric pressures are expressed in kilovolts, a 
kilovolt being 1000 volts. 

In the c.g.s. electromagnetic system of units the unit of elec- 
tromotive force, called the abvolt, is equal to 1 erg per second 
per abampere, or to 1 erg per abcoulomb. In the c.g.s. electro- 
static system the unit of electromotive force, called the statvolt, 
is 1 erg per statcoulomb. These units are related as follows: 

1 volt = 10» abvolts. 
1 statvolt = 300 volts. 

1 statvolt = 3 X 10^® abvolts. 

• 

In terms of the international volt and the international ampere, 
the international watt is defined by the London Congress as 
"the energy expended per second by an unvarying electric 
current of 1 international ampere under an electric pressure of 
1 international volt." The international watt as thus defined 
is equal to 1.00044 "absolute" watts, an absolute watt being by 
definition 10^ ergs per second (compare Article 36). 

Problem 14. — (a) What is the value of the electromotive force of the stor- 
age cell described in Problem 12 when the cell is discharging at the rate of 20 
amperes? (&) If all the electric power developed in the cell is converted into 
heat energy in the conductors which form the path of this current, what is 
the total resistance of the circuit of which the cell forms a part? (c) What 
is the resistance of the portion of this circuit external to the cell? (d) 
What is the ratio of the electric power transferred from the cell to the current 
in the External circuit? (e) What is the difference between this ratio and 
the electric power developed in the cell? (/) Compare this difference with 
the product of the internal resistance of the cell by the current through it. 
(g) Compare the electric power transferred from the cell per ampere with 
the product of the resistance of the external portion of the circuit by the cur- 
rent through it. 

Answer,— (a) 2.07 volts. (6) 0.1035 ohms, (c) 0.0885 ohms, (d) 
1.77 volts, (e) The electric power transferred from the cell is 0.3 volts less 
than the electromotive force of the cell. (/) This difference is equal to the 
product of the current through the cell by its internal resistance, {g) The 
electric power transferred from the cell per ampere is equal to the product of 
the resistance of the external portion of the circuit by the current through it. 
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Problem 16. — (a) What is the value of the electromotive force of the stor- 
age cell described in Problem 13 when charging, under the same assumptions 
as in Problem 13? (6) What is the ratio of the total. electric power input 
to this cell to the current through it? (c) What is the difference between 
this ratio and the electromotive force of the cell? (d) Compare this differ- 
ence with the product of the internal resistance of the cell by the current 
through it. 

Answer. — (a) 2.07 volts. (6) 2.37 volts, (c) The electric power input 
per ampere is 0.3 volts greater than the electromotive force of the cell. 
(d) ThiB difference is equal to the product of the current through the cell 
by its internal resistance. 

40. Difference of Electric Potential and Resistance Drop. — 

Every source or receiver of electric energy consists of one or 
more conductors, and therefore the flow of electricity through 
either kind of device is in general accompanied by a dissipation 
of electric energy as heat energy within the device, due to the 
electric resistance of the conductors of which it consists. Hence, 
in the case of a source of electric energy the electric power trans- 
ferred from the device, i.e., the net electric power output, is 
always less than the electric power developed within it. Simi- 
larly, in the case of a receiver of electric energy, the electric 
power input to the device is always greater than the electric power 
which is converted within it into some other form than the heat 
which is dissipated within it due to its resistance. 

Hence, for a source of electric energy the net electric power 
output per ampere is always less than its electromotive force, and 
for a receiver of electric energy the electric power input per 
ampere is always greater than its electromotive force. Compare 
with a pump and hydraulic motor respectively (Article 21). 

The net electric power output from a source of electromotive 
force, per unit intensity of the current which flows through the 
device fi-om one terminal to the other, is called the '' terminal'' 
electric pressure of the device, or the "difference of electric po- 
tential'' between these terminals. These same terms are also 
used to designate the electric power input to a receiver of electric 
energy, per unit intensity of the current through it from one 
terminal to the other. In the case of a receiver the electric 
power input per unit of current is also called the electric pressure 
''impressed" across its terminals. Electric potential difference 
is frequently abbreviated ''p.d." 

Terminal electric pressure, or electric potential difference, has 
the same ''dimensions" as electromotive force, namely, power 
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divided by current intensity, or energy divided by quantity of 
electricity, and is therefore expressed in the same units, viz., 
volts, abvolts or statvolts. 

Electric potential difference when expressed in volts is com- 
monly referred to as the "voltage." For example, the potential 
difference between the terminals of a device, when expressed in 
volts, is called the "terminal voltage,'' or in the case of a receiver, 
the "impressed voltage.'' Similarly, the electromotive force of 
a device when expressed in volts is frequently referred to as the 
"internal voltage," or, in the case of a source of electric energy, 
as the "generated voltage." 

The terms "impressed electromotive force" and "terminal 
electromotive force" are also used to designate the difference of 
potential between the terminals of a device. The terminal 
electromotive force of a device, however, must not be confused 
with its true, or "internal," electromotive force. For convenience 
in distinguishing between terminal electric pressure (or electric 
potential difference) and the internal electric pressure (or electro-, 
motive force), the former will be designated throughout this book 
by the symbol t; or F and the latter by the symbol e or E. 

When the current i through a source of electric energy has but 
a single path of resistance r, a very simple relation exists between 
the electromotive force e of the device and the difference of 
electric potential between its terminals. From the definition 
of electromotive force, the total electric power developed within 
the device when the current i flows through it, is ei; compare 
equation (5). Of this total power developed the amount ri^ 
is dissipated as heat; compare equation (4). The net electric 
power output is (by the definition of the potential difference v) 
equal to vij and this must be equal to the total electric power 
developed less that dissipated as heat, viz., vi = ei — rp. 
Dividing this equality by i gives 

V = e — ri (6) 

The same considerations applied to a receiver of electric energy 
in which the current i has a single path of resistance r, shows that 
the difference of potential v between the terminals of a receiver 
is equal to its electromotive force e plus the product of the cur- 
rent by the internal resistance of the receiver, viz., 

V = e + ri (6a) 
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In the case of a receiver of electric energy in which there is 
no electromotive J i,e., in which all the electric power supplied 
to it is dissipated as heat due to its resistance r, equation 
(6a) reduces to 

V — ri (66) 

which may also be written 

i = I (6c) 

r 

That is, for any receiver in which electric energy is converted into 
heat energy only, due solely to the electric resistance of the path 
of the current through it, the difference of potential between its 
terminals is equal to the product of its resistance by the intensity 
of the current through it. 

Hence, for a receiver in which there is no electromotive force 
and which has a constant resistance, the difference of potential 
between its terminals is directly proportional to the intensity of 
the current through it. Conversely, the intensity of the current 
through such a receiver is directly proportional to the value of the 
potential difference impressed across its terminals. * This relation, 
of which equation (66) or (6c) is the mathematical expression, is 
known as '* Ohm's Law,'' from the name of the scientist who first 
discovered it. 

The relations expressed by equations (6) and (6a) are of ex- 
actly the same form as the corresponding relations (equations 
(25) and (24) of Article 21) for a pump and hydrauUc motor 
respectively, the product ri in equations (6) and (6a) correspond- 
ing to the drop of pressure Vr due to the frictional resistance of 
the water passages of the pump or motor. 

The product of the resistance of any portion of the path of an 
electric current by the intensity of this current always represents 
a potential difference, whether this portion of the path contains 
an electromotive force or not. This product, viz., ri, is commonly 
referred to as the drop of potential due to the electric resistance 
of this portion of the path of the current, or briefly, as the 
''resistance drop" in this portion of the path. 

A resistance drop is also frequently referred to as the IR 
drop (pronounced I — R drop), and the power dissipated as 
heat in a device due to its electric resistance as the PR loss 
(pronounced / squared R loss). 
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A brief statement of the facts represented by equations (6) 
and (6a), viz., by the equations, 

(6) V = e — ri^ for a source of electric energy 

(6a) V = e + ri^ for a receiver of electric energy 

is then that the potential difference between the terminals of a 
source of electric energy is less than its internal electromotive 
force by an amount equal to the resistance drop through it, and 
the potential difference between the terminals of a receiver is 
greater than its internal electromotive force by an amount equal 
to the resistance drop through it. This relation, of which equa- 
tions (6) and (6a) are the mathematical expression, is sometimes 
referred to as the "Generalized Ohm's Law." 

From equation (6) it foUows that when there is no current 
through a source of electromotive force, the potential difference 
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Fig. 21. — Shunt generator and load. 

between its terminals is equal to its electromotive force. Sim- 
ilarly, from (6a), in the case of a receiver through which there is 
no flow of electricity, the potential difference between its termi- 
nals is equal to its electromotive force. Hence, the "open-cir- 
cuit " electromotive force of any device is the same as the poten- 
tial difference between its terminals when there is no flow of 
electricity through it. 

Problem 16. — Referring to Problems 12 and 13, what is the terminal vol- 
tage of the storage ceU there described: 

(a) When discharging at the rate of 20 amperes? (5) When charging at 
the rate of 20 amperes? (c) What is the resistance drop through the cell 
in each case? 

Answer. — (a) 1.77 volts. (6) 2.37 volts, (c) 0.3 volt. (Note. — As 
pointed out in the footnote to Problem 13, the internal resistance, and there- 
fore the internal resistance drop, will actually vary during charge and dis- 
charge due to changes in the concentration of the electrolyte.) 
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Problem 17. — A direct-current "shunt-wound" dynamo consists essen- 
tially of two sets of coils of insulated wire wound on iron cores. One set of 
coils and cores, called the " field," is stationary, and the other set of coils and 
core, called the "armature," is caused to rotate, being driven by an engine 
or motor of some kind. In virtue of the electromagnetic reactions between 
the armature and field windings, the mechanical power supplied by the 
driving engine is converted within the armature winding into electric energy. 
A diagramatic sketch of the two windings is shown in Fig. 21, in which are 
also shown a receiver, or external "load," and a transmission line (two 
parallel wires) connecting this load to the. generator. When the total cur- 
rent (la) supplied by the armature is 325 amperes, 100 horsepower of 
mechanical power is converted within the armature into electric power. 
The internal resistance of the armature between the two terminals A and B 
is 0.02 ohm, and the resistance of the field circuit between these same two 
terminals is 20 ohms. All the electric power supplied to the field circuit 
is converted into heat. 

(a) What is the electromotive force generated in the armature winding? 
(&) What is the resistance drop through the armature between the terminals 
A and B? (c) What is the difference of potential between the armature 
terminals? (d) What is the value of the current // in the field circuit? 
(e) How much electric power is supplied to the field circuit? (J) What is 
the value of the current (7) in each wire of the transmission line? (g) 
What is the value of the current through the load? {h) What is the elec- 
tric power output of the generator to the transmission line? (t) If the re- 
sistance of each of the two line wires is 0.03 ohms, how much electric power 
is dissipated as heat in these two wires? (f) How much electric power is 
supplied to the load? {k) What is the potential difference between the 
terminals of the load? 

Answer.— {a) 229.5 volts. (6) 6.6 volts, (c) 223.0 volts, (d) 11.16 
amperes, (e) 2.486 kilowatts. (/) 313.9 amperes, (g) 313.9 amperes. 
(h) 70.00 kilowatts, (i) 5.912 kilowatts. (/) 64.09 kilowatts. (Jc) 204.1 
volts. 

Problem 18. — ^If the "load" in Problem 17 is another shunt-wound dy- 
namo, identical in design with that used as the generator, but operating as a 
motor (i.e., converting electric energy into mechanical energy) : 

(a) What will be the current in the field circuit of this motor? (6) What 
will be the current through its armature? (c) What will be the resistance 
drop in its armature? (d) What will be the electromotive force in this 
armature? (e) How much mechanical power will be developed by this 
armature? (/) What percentage of the total power which is converted 
from mechanical to electric power in the generator is converted into mechani- 
cal power in the motor? 

Answer, — (a) 10.20 amperes. (6) 303.7 amperes, (c) 6.p74 volts, (d) 
198.0 volts, (e) 60.13 kilowatts or 80.60 horsepower. (J) 80.60 per cent. 
(Note. — In both a generator and in a motor there are in addition to the JR./' 
losses other losses, due to mechanical friction and to energy dissipated in the 
iron. Hence, more power must be developed by the engine than is con- 
verted into electric power in the generator, and the mechanical power avail- 
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able at the motor pulley is less than that converted into mechanical power 
in the motor. The overall efficiency from the engine shaft to the motor pul- 
ley under the conditions specified in this and the preceding problem is 
therefore actually less than 80.60 per cent.) 

41. Direction of a Potential Difference, of an Electromotive 
Force, and of a Resistance Drop. — The absolute pressure at the 
outlet of a pump is always greater than the absolute pressure at 
its intake^ and the absolute pressure at the intake of a hydrauHc 
motor is always greater than the absolute pressure at its outlet. 
From the similarity between hydrauUc pressure and electric 
pressure, or electric potential difference, the electric potential at 
that terminal of a source of electric energy at which the current 
leaves may be said to be higher than the electric potential at the 
terminal at which the current enters. On the basis of this con- 
vention, the electric potential at that terminal of a receiver at 
which the current enters must then be higher than the electric 
potential at that terminal from which the current leaves. 

In accord with this definition, then, through a source of electric 
energy there is always a rise of electric potential in the direction 
of the current, and through a receiver there is always a drop of 
electric potential in the direction of the current (compare with the 
pump and hydrauUc motor in Article 21). That terminal of a 
device which is at the higher potential is called the positive ter- 
minal, and that terminal which is at lower potential is called the 
negative terminal. The positive terminal of a source is then 
always the terminal from which the current leaves, and the posi- 
tive terminal of a receiver is always that terminal at which the 
current enters. 

The direction of the electromotive force in any device is taken 
as the direction through it from its negative to its positive ter- 
minal. Hence, in a source of electric energy the electromotive 
force and the current are always in the same direction, whereas 
in a receiver the electromotive force and current are always in 
opposite directions. This is in accord with the qualitative defi- 
nition of an electromotive force of a source of electric energy as 
that which produces, or tends to produce, a flow of electricity in 
the circuit of which it is a part, and the quaUtative definition of 
the electromotive force of a receiver as that which, other than 
its resistance, opposes the flow of electricity through it. 

Since the electromotive force of a receiver is in the opposite 
direction to that of the current through it, its electromotive force 
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is frequently referred to as a '^back," or "counter," electromotive 
force. 

The conductors forming the path of a current through any device 
are always receivers of electric energy to the extent to which heat 
energy is dissipated within them due to their electric resistance. 
Hence the product of the resistance of a device by the current 
through it, i.e., the product ri always represents a drop of electric 
potential through the device in the direction of the current 
through it, or a rise of potential through the device in the direc- 
tion opposite to that of the current through it. 

The fundamental equation (6) for a source of electric energy, 
viz., 

V = e — ri 

may then be read: The net drop of potential from the positive 
to the negative terminal of a source of electric energy through 
which a current is flowing is equal to the rise of potential through 
it due to its electromotive force, less the drop of potential through 
it due to its resistance. 

Similarly, the fundamental equation (6a) for a receiver of elec- 
tric energy, viz., 

V = e + ri 

may be read: The net drop of potential from the positive to the 
negative terminal of a receiver of electric energy through which 
a current is flowing is equal to the rise of potential through it due 
to its electromotive force, plus the drop of potential through it due 
to its resistance. 

Problem 18. — Referring to Problem 17: 

(a) Which is the positive and which the negative terminal of the genera- 
tor? (6) Which is the positive and which the negative terminal of the 
load? (c) In which direction is the drop of potential in the wire AC*^ (d) 
In the wire BDl (e) If the load is a motor, what is the direction of the 
electromotive force of the motor? (/) Draw a diagram showing the two 
windings of the motor, the transmission line and the two windings of* the 
generator, and indicate by means of an arrow alongside of each winding the 
direction of the electromotive force in this winding; mark these arrows E, 
with a suitable subscript in each case, (g) Show also by an arrow alongside 
of each winding and line wire the direction of the current in each; mark these 
arrows /, with a suitable subscript in each case. 

Answer. — (a) A is positive and B negative, (b) C is positive and D 
negative, (c) From A to C. (d) From D to B. 
6 
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42. Eirchhoff's Second Law for Networks. — ^Any network of 
conductors, such as shown in Fig. 22, no matter how complex, 
may always be considered as made up of individual sources and 
receivers of electric energy through each of which the current 
has the same value from one terminal to the other. The defini- 
tion of electric potential difference given in Article 40 may be 
extended to apply to any two points in such a network, whether 
or not they be the terminals of the same source or receiver of 
electric energy, by defining the difference of electric potential 
between any two points of such a network as the algebraic sum 
of the potential drops in the several branches through which a 
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Fig. 22. 



point must move in order to pass continuously from one of the 
given points to the other. In this definition an actual rise of 
potential in any branch in any given direction is considered as 
equivalent to a negative drop of potential in this same direction. 

Experiment shows that the difference of electric potential 
between two points, as thus defined, is independent of the path 
over which the moving point is assumed to pass from one fixed 
point to the other. This fact, namely, that the difference of 
electric potential between any two given points has at any instant 
one and only one value, and is equal to tfie algebraic sum of the 
potential drops in any path from one point to the other, is one 6f 
the fundamental ''laws" of electricity. This law is known as 
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Kirchhoflf's Second Law for Conducting Networks (see Article 
29 for Kirchhoflf's First Law). 

In order to illustrate the significance of this law, consider the 
network shown in Fig. 22. If the electromotive forces and cur- 
rents in this network are actually in the directions indicated by 
the arrows, and a point is imagined to move from A to C through 
the branches AB and BC, the potential of this moving point with 
respect to the potential of A will increase by an amount Ei as the 
point moves through the electromotive force Ei, will decrease by 
an amount ri/i as the point moves through the resistance ri, will 
decrease by the amount E2 as the point moves through the elec- 
tromotive force E2, and will increase by the amount rzli as the 
point moves through the resistance r2. The resultant decrease, 
or drop, in electric potential from A to C is then 

Vac = — ^1 + ^1^1 + ^2 — ^2/2 

Again, a point may move from A to C by passing through the 
branches AD and DC. The drop of potential from A to C is 
therefore also 

Vac = - rJi, + r^/s 

and similarly for any other path from A to C. 

A general mathematical statement of Kirchhoff's Second Law 
is that the drop of electric potential from any point A to any 
other point B is 

Vac = Sri - Se (7) 

where Sn represents the algebraic sum of the resistance drops in 
any path from A to B, and 2)6 is the algebraic sum of the elec- 
tromotive forces in this same path in the direction from A to B. 

This law may be stated in other ways (see Chapter III), but 
for the present the fundamental fact to keep in mind is that be- 
tween two given points the electric potential difference has at any 
instant one and only one value, irrespective of the number of 
branches connecting these points, and irrespective of the resist- 
ances and of the electromotive forces of the several branches. 

The fact that the difference of electric potential between two 
points has one and only one value is another instance of the 
analogy between electric potential and hydraulic pressure. 
JUst as at each point in a reservoir or system of pipes filled with 
water, the absolute pressure has at any instant one and only 
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one value, so also is each point in any systenpi of conductors char- 
acterized at each instant by a single-valued property, called its 
electric potential. For the present, it is not necessary to de- 
fine quantitatively the "absolute" value of the electric poten- 
tial at a point, for in any problena involving the generation, 
transmission or utilization of electric energy, it is always the 
difference of electric potential between two points which has to 
be considered, and not the absolute values of the potentials at 
the two points. 

Problem 19. — In the network represented by Fig. 22 the several resist- 
ances, electromotive forces and currents have the values: 

El = 10 volts, ri = 1 ohm, 7i = 2 amperes, 

E2 = 14 volts, r2 = 4 ohms, /2 = 4 amperes, 

ra = 3 ohms, h = 5 amperes, 

ffi = 0.5 ohm, . 

and the electromotive forces Ei and Ez and the currents /i, I2 and Iz have 
the directions indicated by the arrows. Determine: 

(a) The value and direction of the current in branch No. 5. (6) The 
value and direction of the current in branch No. 4. (c) The value and direc- 
tion of the current in branch No. 6. (d) The value and direction of the 
potential difference between A and D. (e) The value and direction of 
the potential difference between A and C. (/) The value and direction 
of the potential difference between D and C. (g) The value and direc- 
tion of the electromotive force in branch No. 5. (h) The resistance of 
branch No. 4. (i) The resistance of branch No. 6. 

Answer. — (o) 6 amperes from B to D. (6) 1 ampere from D to A. (c) 
1 ampere from C to A. (d) 25 volts drop from D to A. (e) 10 volts drop 
from C to A. (f) 15 volts drop from D to C. (g) 20 volts from 5 to D. 
{h) 25 ohms, (i) 10 ohms. 

43. The Voltmeter. — ^As a consequence of the fundanaental 
principle that the difference of electric potential between two 
points can have but a single value, it follows that when a conduc- 
tor is connected between any two points A and B of any circuit 
whatever, the drop of potential from a point A to the point B 
through this conductor will be exactly equal to the drop of po- 
tential from the point A to the point B through the conductors 
of the given circuit. 

From Ohm^s Law, equation (66), the potential drop through a 
conductor in which there is no electromotive force is equal to the 
product of the resistance of this conductor by the intensity of 
the current through it. Hence, by connecting the two points in 
question with a conductor of known resistance r, in which there is 
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no electromotive force, and measuring the current I through this 
conductor, the potential difference rl between the two points may 
be determined. This is the principle of the ordinary form of vol- 
tage measuring instrument, or electromagnetic voltmeter. 

In construction, the electromagnetic type of voltmeter is prac- 
tically identical with the corresponding type of ammeter, except 
that a high resistance is connected in series with the winding on 
the moving element, and the scale of the instrument is calibrated 
to read directly in volts instead of amperes. (This high resistance 
is made of an alloy having a high resistivity and practically negli- 
gible resistance-temperature coefficient, with the result that the 
indication of the instrument is practically independent of tempera- 
ture; see Article 62.) 

It should be particularly noted that unless the resistance of a 
voltmeter is relatively very large, the current taken by it may by 
sufficient to produce an appreciable change in the current in the 
main circuit, and therefore also in the original difference of poten- 
tial between the two points to which it is connected. Also, it 
should be noted that the contact electromotive forces (see Article 
70) at the junctions between the voltmeter leads and the circuit 
to which it is connected may, when the leads and the circuit are of 
different materials, cause an error in the reading of the instrument. 
In all ordinary measurements, however, this latter effect is 
negligible. 

44. Millivoltmeter and Shunt for Measuring Large Currents. — 
The current which can be sent through the movable element of 
the ordinary moving-coil ammeter is limited to about }io ampere, 
due to the fact that the springs necessary to carry a large current 
without overheating would be so large that their torsion would 
seriously affect the deflection of this element. In order to employ 
this type of instrument for measuring larger currents, it is neces- 
sary to "shunt" the major part of the current through a resist- 
ance which is connected in parallel with the movable element, as 
shown in Fig. 23. This is accomplished by designing the shunt 
so that it has a relatively low resistance (i.e., by making it of a 
relatively large cross-section), and by designing the winding of the 
movable coil so that it has relatively a very high resistance (i.e., 
by making it a coil of a number of turns of fine wire). In order 
to decrease still further the current which passes through the 
movable coil, a fixed coil of fine wire is also usually inserted in 
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series with it. The deflection of the movable coil then actually 
measures the potential drop through the shunt. 

The shunt may be contained within the case of the instrument 
or may be external to it as shown in the figure. The resistance 
of the shunt is usually such that the potential drop through it 
for the maximum current with which it is to be used is from 50 to 
100 millivolts. The movable coil and the fixed resistance then 
constitute a voltmeter having this same range. When the shunt 
is separate from the instrument, the instrument itself is called a 
millivoltmeter. Its scale in this case is usually marked to read 
directly in millivolts, and a proper multiplier is marked on the 
shunt whereby the indications of the instrument may be con- 
verted into amperes. 



Potential Terminal 



Shunt 




Potential Terminal 



Current to 
be Measured 



Millivoltmeter 
Fig. 23. — Millivoltmeter 'and shunt. 

The two ends of the shunt are usually made of heavy pieces of 
copper, between which are connected one or more strips of a 
high-resistance alloy. The major portion of the potential drop 
through the shunt is in these latter strips. Separate " potential " 
terminals, at a distance from the "current" terminals, are used 
for making the connection to the millivoltmeter, in order to 
avoid the possibility of error due to the contact resistance at the 
current terminals. 

The exact relation between the reading of a millivoltmeter and 
the total current in the line in which the shunt is connected, may 
be readily deduced from the fundamental principle that between 
two points the difference of potential at any instant has but one 
value. Let V be this reading in millivolts, r, the resistance, in 
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ohms, between the two potential terminals of the shunt, and r„ 
the resistance, in ohms, of the millivoltmeter and the leads 
between it and the shunt. Then the current through the shunt is 

V ' V 

rTTxx— , and the current through the instrument is tf^tztt-. The 
1000 r, ^ 1000 r» 

total current in the line is then 



7 = 



1000 
V 



<^^f) 



When the resistance of the shunt is negligible in comparison 
with the resistance of the millivoltmeter, the multiplier is then 

Trvr^ — , but when the resistance of the shunt is appreciable in 

comparison with the resistance of the millivoltmeter, say 0.1 per 
cent, of the latter or greater, the multiplier must be increased by 
this same percentage. 

In particular it should be noted that when a low-resistance 
millivoltmeter is used with a shunt, the resistance of the leads 
which connect the instrument to the shunt may produce an appre- 
ciable effect. For precise work the multiplier should be deter- 
mined for a given pair of leads, and these leads and no others 
should be used. 

46. The Potentiometer. — ^A voltmeter may be readily cali- 
brated in terms of the electromotive force of a standard cell by 
employing an arrangement of circuits known as a ''potentiom- 
eter." This apparatus may also be used to measure directly 
the dilBference of potential between two points, with a degree of 
precision of one part in 10,000, or better. The potentiometer 
method, like all other methods of comparing potential differences, 
is based upon the fundamental principle that between two points 
the potential difference at any instant can have but a single value. 

Referring to Fig. 24, B is a battery or other source of electromo- 
tive force which is connected to the two ends of a wire of uniform 
cross-section. To the end A of this wire is also connected a 
standard cell C, say a Weston cell, in series with a galvanometer 
G, a high resistance and a key K. The high resistance in series 
with the galvanometer is to prevent a large current from flowing 
through the cell while the adjustments are being made. The 
other end of this circuit is an adjustable contact S which can be 
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moved along the wire. The like terminals of the two batteries 
must be connected to the same end of the wire, and the electro- 
motive force of the battery B must be greater than the electro- 
motive force of the standard cell. 

The contact S is moved along the wire until the galvanometer 
shows no deflection when the key K is closed. (In the final 
adjustment the high resistance is to be short-circuited.) Let r, 
be the resistance of the wire between A and S, / the current in this 
wire, and E, the electromotive force of the standard cell. When 
there is no current through the galvanometer G there will be no 
current in the circuit from A to S through the galvanometer, 
and therefore the electromotive force E, in this branch must be 
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Fig. 24. — Potentiometer. 



equal to the resistance drop rj in the wire from A to S, viz., 
E. = rJ. 

The standard cell is then removed and the points M and N of 
the galvanometer circuit are connected to the two points between 
which the unknown potential difference V exists, and the sliding 
contact is moved until the galvanometer again shows no deflec- 
tion when the key K is closed, the current / being kept constant. 
Let X designate this new position of the sliding contact. The 
resistance drop rJ in the length of wire between A and X will 
then be equal to V, viz., V = rJ, But from the first relation 



/ = 



Whence, for a constant current through the wire, 






(9) 
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The resistance per unit length of a given wire of uniform cross- 
section is a constant for any given temperature (see Article 55) . 
Hence, if the wire AD is of uniform cross-section and the tem- 
perature remains the same during both measurements, the un- 
known potential differjence is also 

V=Y^Es (9a) 

whpre Ig and U represent respectively the lengths AX and AS, 

The potentiometer may also be used for comparing two re- 
sistances, say aiji unknown and a known resistance. It is only 
necessary to connect the two resistances in series and send a 
constant current through them, and to measure, as just described, 
the potential drop through each. Let Vi adn r2 be the two re- 
sistances, / the current through each, and Vi and V2 the potential 
drops through Vi and r2 respectively. Then Vi = rj and 
V2 = T2I; whence 

r* = r, ^^ (10) 

Or, letting h and h be the lengths of the potentiometer wire 
corresponding to the two settings of the sliding contact, 

r2 = n ^^ (10a) 

For further details in regard to the use of the potentiometer 
and its various appUcations, the reader is referred to any standard 
text-book on electrical measurements. 

46. The Wheatstone Bridge. — A more convenient arrange- 
ment of circuits for comparing two resistances, and one which is 
capable of as high a degree of precision as the potentiometer, 
provided neither of the resistances is relatively small compared 
with the "contact'' resistance at the junction points, is the so- 
called *' Wheatstone bridge.'' The principle here involved is 
likewise the fundamental one that between two points there can 
exist at any instant but one value of the. potential difference. 

The arrangement of circuits is shown in Fig. 25. JS is a battery 
of any kind, G a galvanometer, and ri, r2, n and r4 are the re- 
sistances of the branches between the points A and C, C and D, 
A and F, and F and D respectively. By varying any one or 
more of these four resistances the current through the galvanom- 
eter may be made zero, which will be indicated by the galvanom- 
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eter showing no deflection when the keys Ki and K are closed. 
When this condition is established there will be no resistance 
drop from F to C, and therefore C and F will be at the same 
potential. Hence, the resistance drop from A to C will be equal 
to that from A to F, and the resistance drop from C to D will be 
equal to that from F to D, namely, 

rJi = rslz 

But since there is no current through the galvanometer, /i 
= I2 and Is = ^4. Whence, 

r 1 ^ rs 

^2 Ta 




Fig. 25. — Wheatstone bridge. 

Hence, when the ratio of the two resistances ri and r^ is known, 

and the resistance rz is changed until there is no current in the 
galvanometer, which will be indicated by the galvanometer 
showing no deflection when the keys are closed, the resistance 
Vi can be calculated from the relation 



r2 
ri = -rs 



(11) 



In the simplest form of Wheatstone bridge, the resistances 
ri and r2 are formed by a continuous wire of uniform cross-sec- 
tion, and the resistance rz is a single standard resistance coil. 
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or several such coils in series. Instead of altering the resistance 
Tzj the galvanometer terminal C is moved along the wire until 
the galvanometer deflection becomes zero. The ratio of the two 
resistances Vi and rz is then equal to the ratio of the lengths of 
this wire between the points A and C and between C and D 
respectively. Call these lengths h and h respectively; then 
equation (11) may be written 

r4 = !-r3 (11a) 

By employing this so-called "slide-wire" type of Wheatstone 
bridge, it is therefore possible to determine by a very simple 
experiment the resistance of any conductor in terms of a single 
standard resistance. 

47. The Wattmeter. — In the case of direct currents, the electric 
power input to, or output from, any portion of a circuit may be 
readily determined by measuring by means of an ammeter, the 
current / in this circuit,^ and by measuring by means of a volt- 
meter, the difference of potential V between the terminals of 
this circuit. The power is then the product VI, When the 
current is measured in amperes and the potential difference in 
volts, this power is in watts. 

Instead of measuring the current and the potential difference 
separately by two different instruments, it is possible to measure 
the value of the product VI directly by means of a single instru- 
ment. Such an instrument is called a "wattmeter." The usual 
form of wattmeter is identical in principle with that of an elec- 
trodynamometer (see Article 33), and may be used to measure 
the average power, irrespective of whether the current and 
potential difference are constant or vary with time. 

When an electrodynamometer is designed for use as a watt- 
meter, the stationary coil d in Fig. 26, is made of a small number 
of turns of relatively large wire,, and the movable coil, C„, is 
made of a large number of turns of relatively fine wire, and a 
high resistance jB is connected in series with this latter coU. 
The instrument is connected to the circuit in which the power is 
to be measured as shown in Fig. 26, with the coil d in series with 
the load, and with the circuit formed by the coil Cv and the 
resistance R "shunted" across the load (i.e., across the portion 

^The word "circuit, " although meaning strictly a closed loop, is commonly 
used to designate any specified portion of a circuit. 
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of the circuit to which, or from which, power is supplied). 
The coil C» is therefore called the "current coil," and the coil 
Cv and the resistance R together is called the ''potential cir- 
cuit" of the instrument. 

An inspection of Fig. 26 will show that the current through the 
current coil C» is equal to the current taken by the load, and the 
current through the potential coil C„ is proportional to the differ- 
ence of potential between the points A' and B to which the 
potential circuit is connected. As shown in Chapter XI, the 
torque (t.e., mechanical moment) between two coils carrying 
currents of different intensities is proportional to the products of 
these two intensities (provided the reluctance of the magnetic 
circuit of the instrument is constant, see Article 88). Hence, 





Fig. 26. — Wattmeter connected to load. 

the torque tending to deflect the movable element of the instru- 
ment is proportional to the product of the voltage across its 
potential circuit, and the current through the current coil. 
Neglecting the voltage drop in the current coil (from A to A' in 
the figure), which is usually permissible, the torque acting on the 
movable element is then proportional to the power supplied to 
the terminals A and B of the load. 

If the opposing torque produced by the suspension of the 
movable element, or by a suitable spring attached to it, is pro- 
portional to the angular twist given the coil, its deflection will 
then be proportional to the power transferred to the circuit 
between these two points. A suitable pointer attached to the 
movable element and arranged to move over a suitably graduated 
scale will then indicate directly the value of the power. 
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DIRECT-CURRENT CIRCUIT CALCULATIONS 

48. Fundamental Principles Involved in Circuit Calculations. 

— An electric device usually contains two or more conductors 
in series or in parallel, or in series-parallel, and the device as a 
whole may form part of a more or less complex network of con- 
ductors and other devices. 

For example, a voltaic cell consists of two dissimilar metals 
and an electrolyte in series. Again, in a dynamo (see Problem 
17, Chapter II) the armature and field windings may be connected 
in parallel or in series, or a part only of one winding may be in 
parallel with the other. 

Again, in a power station it is common practice to connect two 
or more generators in parallel. This is usually done by connect- 
ing the positive terminals of the several generators, through 
suitable switches, to a common conducting bar, called the posi- 
tive ''busbar, " and the negative terminals in a similar manner to 
the negative busbar. A number of transmission lines, or feeders, 
may be run out from these busbars, and each transmission line 
may supply several loads connected to it at different points. 
The various feeders from one or more power stations, or sub- 
stations, may also be interconnected at various points, forming 
networks of a greater or less degree of complexity. 

The calculation of the currents in the several circuits of a 
machine, or* in the several branches of a network, when the 
electromotive force in, and the resistance of, each branch is 
known, is therefore one of the commonest problems in electrical 
engineering. But two fundamental principles are involved in 
such calculations, namely, (1) the total current coming up to any 
junction point A is equal at each instant to the current leaving 
that point, provided there is no change in the electric charge at 
that point (see Article 29), and (2) the difference of electrical 
potential between two given points A and B at any instant is 
equal to the algebraic sum of the resistance drops in any path 
from A to B, less the algebraic sum of the electromotive forces 

93 
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in this same path in the direction from A to B. As ah'eady noted 
(Articles 29 and 42), these two principles are known as Kirchhoflf's 
First and Second Laws for Conducting Networks. 

Throughout this chapter it will be assumed that there is no 
change in the charge on any part of the network, which assump- 
tion is strictly true in the case of direct currents, i.e., currents 
which do not vary with time (see Article 29), and is substantially 
true for variable currents, except for junctions which are ex- 
tended surfaces with a conductor on one side and a dielectric 
on the other. The two fundamental principles just stated may 
then be expressed mathematically, 

S^A = (1) 

Vab = Sn - Se (2) 

In the first equation St^ represents the algebraic sum of the cur- 
rents entering any junction point A, a current being considered 
as negative if its actual direction is away from A. In the second 
equation Sri represents the algebraic sum of the resistance drops 
in any path from any point A to any point B, and Se represents 
the algebraic sum of the electromotive forces in this same path, 
a current being considered as negative if its actual direction 
through the resistance r is from B toward A, and an electromotive 
force being considered as negative if its actual direction is from 
Bio A. 

The second relation may also be written 

Vba = Se — Sn (2a) 

where Vba represents the drop of potential from B to A, or, what 
amounts to the same thing, the rise of potential from A to B, 
the positive sense of both e and i as before being in the direction 
from A to B. 

It will avoid much confusion if the symbol Vab is always read 
"drop of potential from A to B," and the symbol Vba is always 
read "rise of potential from A to B," and similarly for any other 
pair of subscripts. 

Kirchhoff's Second Law applied to a closed loop in a conduct- 
ing network, i.e., to a path whose two ends A and B coincide, 
•becomes = Se — Sn, since no difference of potential can exist 
between two points which coincide. Hence for any closed loop in 
a network 

Se = Sn (26) 
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where 2)6 represents the algebraic sum of the electromotive forces 
acting around this loop, and 2!n represents the algebraic sum of 
the resistance drops in this loop. When applying this loop 
equation, the positive sense of each electromotive force and 
current must be taken in the same direction around the loop. It 
will avoid confusion to take always, the clockwise direction as the 
positive sense. An electromotive force or current in the counter- 
clockwise direction is then to be considered as a negative quantity. 

Equations (1) and (26) enable one to write down a set of simul- 
taneous equations for any given network, but it will be found that 
at least one of the current equations may be derived directly from 
the other current equations, and that at least one of the potential 
equations may be derived from the other potential equations. 
That is, the number of independent equations of each form will be 
at least one less than the number which it is possible to write 
down 

It should be particularly noted that it is frequently unneces- 
sary to write down formally all the possible independent equa- 
tionSi for many of the simpler problems can be solved by writing 
down two independent expressions for the potential drop between 
each pair of points and equating these two expressions. Also, 
it is frequently unnecessary to use separate symbols for all the 
currents, but from an inspection of thiB diagram the currents 
in certain branches may be written down immediately as the sum 
or difference of the currents in other branches. 

49. Resistances and Electromotive Forces in Series. — From 
Kirchhoff's Second Law it follows that when two or more con- 
ductors are connected in series, so that the same current flows 
through each, these several conductors are equivalent to a single 
conductor having a resistance equal to the arithmetical sum of 
the resistances of the several conductors, namely, to a resistance 

r = n + rz + rz + etc. (3) 

where ri, r2, ri, etc., are the resistances of the individual con- 
ductors. The heat dissipated in the single resistance r by a cur- 
rent / is also equal to the total heat dissipated in by this same 
current in the resistances ri, r2, ra, etc.; see equation (4), Chapter 

It also follows from Kirchhoff's Second Law that when two or 
more devices, through each of which the current has but a single 
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path, are connected in series, so that the same current flows 
through each, these several devices are equivalent to a single 
device having a resiatance equal to the sum of the resistances of 
the several devices (see equation (3)) and an electromotive force 
equal to the algebraic sum of the electromotive forces of the 
several devices, namely, an electromotive force 

E = Ei + E2 + Ez + etc. (4) 

where Ei, E^, Ez, etc. are the electromotive forces of the separate 
devices. In this expression all electromotive forces having the 
same direction as the cmrent are to be represented by positive 
numbers, and those electromotive forces which have a direction 
opposite to that of the current are to be represented by negative 
numbers. 

When the sum represented by equation (4) is a positive num- 
ber, the several devices are equivalent to a single source of elec- 
tric energy having an electromotive force niunerically equal to 
this sum. Where this smn is a negative number, the several 
devices are equivalent to a single receiver of electric energy 
having a bocfc electromotive force numerically equal to this sum. 

A battery of two or more voltaic cells in series is a common illus- 
tration of the relations just stated. When each of N identical 
cells are connected in series so that the positive terminal of each is 
connected to the negative terminal of the next in the series (e.^., 
carbon to zinc, in the case of dry cells), the total electromotive 
force of the battery is NE, where E is the electromotive force of 
each cell. Similarly the total internal resistance of the battery is 
Nr + Tcj where r is the internal resistance of each cell, and Tc is 
the total resistance of the connectors between the several cells. 
Should one cell in the chain be reversed, then its electromotive 
force would balance that of one of the other cells, and the result- 
ant electromotive force would be (iV — 2)E. 

Problem 1. — Six dry cells are connected in series. Five of these cells are 
old oneS) and each one has an electromotive force of 1.3 volts, and an inter- 
nal resistance of 0.5 ohm. The sixth cell is a new one, having an electromo- 
tive force of 1.5 volts and an internal resistance of 0.06 ohm. By mistake, 
when this new cell is connected in series with the others, its carbon terminal 
is connected to the carbon terminal of one of the other cells. The combined 
resistance of the connectors between the several cells, including the "con- 
tact'' resistance at the binding-posts, is 0.01 ohm. 

(a) What is the total electromotive force of this battery as connected? 
(6) What would be the electromotive force of this battery were the sixth 
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cell properly connected? (c) What is the total internal resistance of this 
battery as connected? (d) When the sixth cell is properly connected? (e) 
What is the maximum current which can be obtained from this battery as 
connected? (/) When the sixth cell is properly connected? (g) When 
the battery as connected supplies 1.5 amperes to an external circuit con- 
nected to its terminalsi what will be the terminal voltage, assuming the 
electromotive forces of the cells to remain unaltered? (h) What must be the 
resistance of this external circuit? 

Answer. — (a) 5.0 volts. (6) 8.0 volts, (c) 2.57 ohms, (d) 2.57 ohms, 
(e) 1.95 amperes. (/) 3.11 amperes, (g) 1.15 volts, (h) 0.76 ohm. 

Problem 2. — An electric motor consists essentially of a stationary mem- 
ber, called the field structure, and a rotating member, called the armature. 
There is a winding of a number of turns of wire on each of these two parts. 
In a ''series'' motor the armature and field winding are connected in series. 
Due to the electromagnetic action between the two windings, an electro- 
motive force is induced in the armature winding when the armature rotates 
(compare with the shunt dynamo described in Problem 17 of Chapter II). 




Field 



Armature 



Fia. 27. — Series motor. 

The total mechanical work done by the armature is equal to the product of 
this electromotive force by the current through the armature. A series 
motor is usually represented diagrammatically as shown in Fig. 27. 

Motors used for traction work are almost invariably of the series type. 
The ordinary trolley car motor is designed to operate normally when from 
500 to 600 volts are impressed across its terminals, this being the usual 
voltage maintained between the trolley wire and the track. In order to 
limit, to a safe value, the current taken by the motor at starting, a resistance 
is inserted in series with it, and as the armature speeds up this resistance is 
cut out of circuit. 

(a) The field winding of a given 500-volt series motor has a resistance of 
0.1 ohm and the armature winding a resistance of 0.2 ohm. When the two 
terminals of this motor are connected respectively to the trolley wire and 
track, how much resistance must be inserted in series with it, in order to 
limit the current, when the armature is at rest, to 300 amperes? (6) When 
this motor is developing a given amount of mechanical power, with the start- 
ing resistance completely cut out (short-circuited), the motor takes a current 
of 100 amperes. What is the valiie of the electromotive force developed in 

7 
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its armature? (c) How much mechanical power is developed? (d) What 
is the voltage drop through the field winding? (e) Through the armature? 
(J) If two such motors are connected in series and each develops the same 
amount of mechanical power, what will be the electromotive force of each 
when the current is 100 amperes and the voltage between the trolley and 
track is 500 volts? 

Anaioer. — (a) 1.37 ohms. (6) 470 volts, (c) 47 kilowatts or 63.0 horse- 
power, (d) 10 volts, (e) 20 volts. (J) 220 volts. 

50. Voltage Drop and Power Loss in a Transmission Line 
Supplying a Single Load. — A problem of frequent occurrence in 
engineering work is to determine the difference between the 
terminal voltage of a generator (or the voltage at the switchboard) 
and the voltage which exists between the terminals of a given 
load (such as lamps or motors) to which the generator supphes 
power, and also what will be the power lost {i.e., dissipated as 
heat) in the wires forming the transmission line (see Fig. 28). 
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Fig. 28. 



Let V = voltage between the terminals of the load. 
Vg = voltage between the generator terminals. 

P = the power, in watts, taken by the load, 
r = ri + fa = the total resistance, in ohms, of the transmission 

line, where ri and r2 are the resistances respectively of the 

two wires which form the transmission line. 

Then the total current through the load and line will be (see 
Artide40) 

From Ohm's Law (equation (66), Chapter II), the drop of 
potential from the positive terminal of the generator to the posi- 
tive terminal of the load will be rj, and similarly the drop of 
potential from the negative terminal of the load to the negative 
terminal of the generator will be r2l. Hence, the difference 
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between the terminal voltage of the generator and the voltage 
impressed on the load is 

F,-F=(ri + r2)/ = y . (6) 

The per cent, ratio of the voltage drop in the line to the voltage 
across the terminals of the load is then 

100 ^'^."^ (7) 

From Joule's Law (equation (4) of Chapter II), the total power 
loss in the two wires is 

P, = r/^ = ^ (8) 

The per cent ratio of the power lost to the power delivered to 
the load is 

m 

Note that for a constant amount of power P, delivered over a 
line of given resistance, both the per cent, voltage drop and the 
per cent, power loss vary inversely as the square of the voltage 
impressed on the load. In other words, doubling the impressed 
voltage, for a line of given resistance, reduces the loss in the line, 
for a given amount of power delivered, to one-fourth of its original 
value. 

Again, since the resistance of a conductor of given length and 
of given material (e.g., copper) is inversely proportional to the 
total weight of the conductor (see equation (16), next article), 
it follows that for a given amount of power delivered with a given 
allowable loss in the line, the weight of conductor required is 
inversely proportional to the square of the voltage impressed on 
the load* 

m 

The direct-current line voltages ordinarily employed in practice 
are 100 to 110 volts for incandescent lamps and small motors, 200 
to 250 volts for larger motors, and 500 to 600 volts for ordi ary 
railway motors. Direct-current voltages up to 5000 volts, how- 
ever, have of late been successfully employed in railway work. 
Higher voltages than those stated would of course result in a 
saving in the weight, and therefore in the cost, of the conductors 
required for the transmission line, but safety and economy in th$ 
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construction of the apparatus constituting the load in general 
more than offset any saving which would result in using voltages 
higher than the values stated (see, however, Article 53). 

It should also be noted, from equations (7) and (9), that for a 
given load and a given transmission line, the per cent, power loss 
and the per cent, voltage drop are equal. This relation, how- 
ever, does not hold only alternating currents; see Chapter XV. 

Problem 3. — ^A 250-volt, SO-horsepower motor in a factory is supplied 
with electric power from a generator which is 400 feet away. Each wire of 
the transmission line connecting the generator and motor has a resistance of 
0.06 ohm. The motor has an efficiency of 90 per cent, and develops 50 
mechanical horsepower when ft pressure of 220 volts is maintained across its 
terminals. 

(a) What is the current in each line wire? (6) By how many volts does 
the generator voltage exceed the voltage impressed on the motor? (c) 
What is the per cent, voltage drop in the line? (d) What is the per cent, 
power loss in the line? (e) What is the total generator output under these 
conditions? (f) What is the efficiency of transmission (i.e., percentage 
r&tio of the input to the load to the output of the generator) ? 

Ansioer. — (a) 188 amperes. (6) 22.6 volts, (c) 10.27 per cent, (d) 
10.27 per cent, (c) 45.7 kilowatts. (J) 90.7 per cent. 

Problem 4. — A motor is to be supplied with power from a generator which 
is 300 feet away. The maximum power developed by the motor is 25 horse- 
power, and at this load the efficiency of the moto irs 92 per cent. The volt- 
age at the generator terminals is 120. What must be the resistsfnce per 
1000 feet of each wire of the transmission line, in order that the power lost 
in the line shall not exceed 10 per cent, of the power delivered to the load? 

Answer. — 0.0977 ohm. per 1000 feet (see also Problem 10 of Article 61). 

Problem 5. — Using the notation given at the beginning of this article: 

(a) Prove that for a given voltage Vg at the generator the voltage at the 
load is 



l^.['W '"-??] 



''-2 

(&) What is the significance of the double sign before the radical?, (c) 
What is the maximum power which can be transmitted over a line of resist- 
ance r when the impressed voltage at the sending (or generator) end is Vg? 
(d) What is the ratio of the power lost in the line to the power delivered to 
the load under these conditions? 

Answer, — (6) For a given amount of power delivered there are two possi- 
ble lo^ voltages, one greater than half the generator voltage and one less 
than half this voltage. In the first case the efficiency of transmission is 

V * 
greater, and in the second case less, than 50 per cent, (c) P^ — -r~' W 

The power lost in the line is equal to the power delivered to the load. 
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61. Resistances and Electroniotiye Forces in Parallel. — From 
Kirchhoff 's two laws it follows that when any number of resist- 
ances Ti, Vi, r«, etc., are connected in parallel between two points 
A and B (Fig. 29) , and there are electromotive forces Ei, E^, Et, 
etc. in these respective branches, the drop of potential Vab from 
AtoB must be the same for each branch, and the total current / 
entering the junction A (or leaving the junction B) must be equal 
to the algebraic sum of the currents 7i, h, Iz, etc. in the several 
branches. 

The mathematical expression of these relations is that 



/ = Ii + /* + /» + etc. 


(10) 


Vab = Till - El 


(11) 


= rJi "" E2 


(Uo) 


= rj, - Ei 


(116) 


— etc. 





^E^ 




Fig. 29. 

Note that in these expressions the positive sense of the potential 
drop, and of each current and electromotive force in the section 
of the circuit under consideration, are taken as the direction from 
A to B. From these equations the unknown quantities may be 
calculated when the number of independent equations do not 
exceed in niunber the nmnber of branches. 

In general, it is not possible to consider two or more parallel 
circuits equivalent to a single circuit. In the special case, how- 
ever, when the electromotive forces in the several branches are equal 
and in the same direction (with respect to the potential drop from 
A to B), the several branches may be considered as equivalent to 
a single circuit having a resistance r, where 



l = L+L+l+etc. 
r Ti r^ rz 



(12) 
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and an electromotive force equal to that of each branch. 

This relation follows immediately from the equations just 
given when Ei, E2, Ez, etc., are put equal to E, for then 

/i = I- {V^B + E) 

I2=~{Vab-^E) 

Iz = I {V^B + E) 
Tz 



etc. etc. 



Whence 



/ = /3 + J2 + Za + etc. 
= (-+- + -) {Vab + E) 



which is identical with the relation which would hold for a single 
circuit having the resistance r, as given by equation (12). and, 
an electromotive force E. 

In terms of the total current, the currents in the several 
branches may then be written 

h = ~ /, /2 = f /, /a = f /, etc. (13) 

Ti r2 rz 

That is, when the electromotive forces in the several branches 
are equal and in the same direction^ or when there is no elec- 
tromotive force in any one of the branches, the total current 
divides among the several branches inversely as their resistances. 
Also note that when the electromotive forces in the several 
branches are equal, the total power dissipated as heat is 

Pk = ri7i2 + r2/2^ + rzlz^ + etc. 



= (r + r + r) (^^B+^)^=r7^ 



<ri r2 7-3 

which is the same as would be dissipated in a single conductor 
having the resistance r (equation (12), and carrying a current ,L 
In the special case of but two branches in parallel, and each 
containing equal electromotive forces in the same direction, or 
when there is no electromotive force in either branch, equation 
(12) for the equivalent resistance may be written 

r =-^^ (I4) 

ri + r2 
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An extremely useful deduction from equations (3) and (12) is 
that the resistance of a straight wire of a given material and of 
uniform cross-section throughout its length is directly propor- 
tional to its length and inversely proportional to its cross-section. 

Let I be the length of the given wire W and let S be its. cross- 
section, and let h be the length and Si the cross-section of any 

other wire Wi of the same material. The wire W may then be 

IS 
considered as made up of r-^ wires identical with Wi, so arranged 

fclOi 

that they form ^ parallel paths and each of these paths may 

Ol 

be considered as made up of t- wires in series, each of the same 

length and cross-section as Wi. 

Let ri be the resistance of the wire TTi. Then the resistance 

I S 

of each of these parallel paths is j-^u and the resistance of «- 

such p.tb. in parallel, i, '' '' 



Whence 



"hS'' 



;.-s-l' "'> 



That is, the resistance of the wire W is to the resistance of the 
wire Wi directly as the length of these two wires and inversely as 
their cross-sections. 

The argument just given also leads to the conclusion that the 
current through any area Si of the total cross-section /S of a 
given straight wire which has a uniform cross-section throughout 
its length, is directly proportional to the area 8i (see equation 
(13)). That is, the current density in a straight wire, of uniform 
cross-section throughout its length, has the same value at every 
point of the wire, provided the electromotive forces, if any, in 
the various possible parallel paths through the wire are equal. 
In other words, under the conditions specified, the current density 
is uniform throughout the wire; see however Article 54. 

The above deductions in regard to the variation of the re- 
sistance of a wire with its length and cross-section and in regard 
to the current density in the wire, also hold for a wire, rod or 
bar bent into a curve {e.g., wound into a coil), provided the radius 
of curvature of this curve is large compared with the diameter 
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of the conductor, or with that dimension of the conductor which 
is in line with this radius of curvature. 

The variation of the resistance of a conductor with the di- 
mensions, material, and shape of the conductor is treated in 
greater detail in Chapter IV, as is also the eflfect of temper- 
ature on resistance. 

When unequal electromotive forces exist in the several parallel 
branches between any two points A and B (e.g., when one of two 
parallel branches contains an electromotive force and the other 
does not), equations (12) and (13) do not hold. For example, 
consider two branches, each containing a source of electromotive 



JS7,j 




]e, 



Fig. 30. 

force, as shown in Fig. 30. This arrangement is quite common 
in practice; e.g., two batteries in parallel or any two electric 
generators in parallel, supplying a total current / to some external 
load. When this total current I and the electromotive forces 
El and E^ and the resistances ri and r2 of the two branches 
are known, the currents ii and 1 2 in two branches and the ter- 
minal voltage Vab of each may be found from the three equations 

I = L + h 
El — fj/j = E2 — T2I2 
Vba = Ei- r,/, 



The solution of these three equations is 
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Ei — E2 



n + rj 



rj + r2 ri + r2 

Tl y El — E2 



ri + r2 ri + r^ 

The total power dissipated as heat in the two branches is then 
P» = r,7i« + rtii* 

- CtTT^' + <- + -) (TT^r 

An inspection of Fig. 26 shows that the term — -jr — , which 

enters into these equations, is equal to the current, in the direc- 
tion of Ely which would exist in the closed loop formed by the 
two parallel branches were there no current supplied to the load, 
1.6. , were / equal to zero. This current 

J' = ^-f (16) 

Ti -T T2 

may be called the "circulatory current" between the two 
branches. This circulatory current represents a transfer of 
energy from one branch of the circuit to the other, but no transfer 
of energy to the load. 

Put 

r = i^ (17) 

Ti + r2 

Then, from the relations just deduced, the currents in the two 
branches are respectively 

/i = ~ / + /c (18) 

Ti 

h^-I-Ic (18a) 

r2 

The rise of potential from A to J5 is 

Vba ^ Ei-rl - rJa (19) 

and the total power dissipated as heat in the two branches is 

Pa = rP + (n + r2)/c^ (20) 

Comparing these relations with those which would hold were 
the electromotive forces in the two branches equal and in the same 
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direction^ it is seen that, due to the inequality in the two elec- 
tromotive forces: 

(a) The current in one branch is increased and the current in 
the other decreased. 

(b) The terminal voltage is decreased by an amount equal to 
the resistance drop of the circulatory current in the branch con- 
taining the larger electromotive force. 

(c) The power dissipated as heat is always more than it would 
be were the electromotive forces in the two branches equal. 

Problem 6. — Three identical coils are first connected in series and then in 
parallel. What is the relative resistance of the series and parallel arrange- 
ment? 

Answer. — ^The coils in series will have 9 times the resistance of the coils 
in parallel. 

Problem 7. — ^A copper wire 1 foot long and 0.001 inch in diameter has a 
resistance at 20°C. of 10.4 ohms. What will be the resistance, at this same 
temperature, of a coil of copper wire having 200 turns, if the diameter of the 
wire is 0.1 inch and the mean length of each turn in the coil is 22 inches (mean 
diameter 7 inches) ? 

• Answer, — 0.381 ohm. 

Problem 8. — ^When voltage is impressed, from some external source, across 
the terminals of a shunt dynamo (see Problem 17 of Article 40), the machine 
will run as a motor, and its armature will do mechanical work. The arma- 
ture, of course, does mechanical work only when it is actually rotating. In 
a certain shunt motor the resistance of the field winding is 20 ohms and the 
resistance of its armature is 0.02 ohm. The maximum current which can 
flow through the armature without damaging it is 1000 amperes. 

(a) If the armature is at rest and 220 volts are impressed across its termi- 
nals, what wiU be the current through the field winding and through the 
armature winding? (6) How may the armature current at starting be 
limited to a safe value? (c) How much resistance would have to be placed 
in series with the armature at starting to Umit the armature current to 1000 
amperes? (d) When the motor is developing a given amount of mechani- 
cal power, the total current taken by it when 220 volts are impressed on its 
terminals, is 300 amperes, the starting resistance all having been cut out. 
What is the current through its armature? (e) What is the back electro- 
motive force developed in its armature under these conditions? (f) How 
much mechanical power is developed by the motor under these conditions? 

Answer, — (a) 11 amperes through the field and 11,000 amperes through 
the armature. (6) By inserting a resistance in series with the armature, 
(c) 0.2 ohm. (d) 289 amperes, (e) 214.22 volts. .(/) 83.2 horsepower. 

Problem 9. — Two batteries which have internal electromotive forces of 
48 and 50 volts, and internal resistances of 0.025 and 0.075 ohms respectively, , 
are connected in parallel and together supply a current of 100 amperes. 
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(a) What is the terminal voltage of each battery? (6) How much current 
is supplied by each? (c) How much power is developed as heat in the two 
batteries? 

Answer, — (a) 46.625 volts. (6) The battery which has an electromotive 
force of 50 volts supplies 45 amperes and the other 55 amperes, (c) 227.5 
watts. 

Problem 10. — K the electromotive force of the second battery in Problem 
9 were equal to that of the first battery, namely, 48 volts: 

(a) Whatwouldbe the terminal voltage of each battery? (6) How much 
current would be supplied by each? (c) How much power would be dissi- 
pated as heat in the two batteries? 

Answer, — (a) 46.125 volts. (6) 75 amperes from the battery having the 
lower resistance and 25 amperes from the other, (c) 187.5 watts. 

Problem 11. — In Fig. 31, A and B represent two substations which 
together supply electric power to such cars as may be on the section of track 
between them. The trolley wire at each substation is connected to the 
positive busbar, and the two track rails (in parallel) at each substation are 

Trolley Wire 




Car 




Track 



FlQ. 31. 



connected to the negative busbar. The voltage between the positive and 
negative busbars at A is 600, and the busbar voltage at B is 605. The dis- 
tance between A and 5 is 5 miles. At a given instant there is but one car 
between A and B, and the distance of this car from B is twice its distance 
from A. The trolley wire has a resistance of 0.05 ohm per 1000 feet, and 
each track-rail has a resistance of 0.02 ohm per 1000 feet. At the given in- 
stant the car is taking a current of 150 amperes. 

(a) How much current is supplied by each substation? (6) What is the 
voltage at the car between the trolley and the track? 

Answer. — (a) 96.8 amperes from A and 53.2 amperes from B. (6) 548.9 
volts. 

62. Single Transmission Line Supplying Two or More Loads. — 

It frequently happens that it is both convenient and economical 
to connect several separate loads to a single feeder from a power- 
hdnse or substation, as shown diagrammatically in Fig. 32. When 
the currents taken by these severaljoads, the resistances of the 
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various sections of the feeder, and the voltage at the far end of 
the feeder are known, then the voltage across the various loads, 
the total current taken by the feeder, and the busbar voltage may 
be readily calculated. As in the preceding circuit calculations, 
the only fundamental principles involved are Eirchhoff 's Laws. 

For example, referring to Fig. 32, let Vb be the voltage across 
the load B, Ib the current taken by this load, I a the current 
taken by the load A, and ri and r% respectively the resistances of 
the feeder between the power-house and load A and between 
load A and load B. ri and r2 represent the resistances of both of 
the wires which form the respective sections of the feeder. 

Then the current in the section of the feeder between A and B 
is Ibj and the current in the section of the feeder between the 
power-house and A is 




Fig. 32. 
Ii = Ia + Ib 

The voltage at the load A is then 

Va^Vb + tJb 
and the voltage at the power-house busbars is 

7p = Fa + ri/i 
or 

Vp^Vb + nih + Ib) + vJb 
The total power lost in the line is 

Ph = ri/i^ + r2lB^ 
or 

Ph = ri(Jx + Ib)' + vJb'. 

In a similar manner, the required generator voltage, the total 
power lost in the line, and the voltages at the various loads, may 
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be calculated for any number of loads on the feeder, provided 
the resistances of the various sections of the feeder and the voltage 
at the far end of the line are known. 

Problem 12. — The trolley cars on a certain section of track are supplied 
with power from a single substation, the trolley wire being connected to the 
positive busbar of the substation, and the two rails in parallel being con- 
nected to the negative busbar of this substation. At a given instant there 
are two cars on this section of track. One car is at a distance of 0.5 mile 
from the substation and takes a current of 100 amperes. The other car is at 
a distance of 2 miles from the substation and takes a current of 50 amperes. 
At the further car the voltage between the trolley and track is 500. The 
resistance of the trolley wire per 1000 feet is 0.05 ohm, and the resistance of 
each rail per 1000 feet is 0.02 ohm. 

(o) What is the voltage between the trolley and track at the car nearer 
the substation? (h) What is the busbar voltage at the substation? (c) 
What is the total power lost in the trolley and track? (d) What is the 
difference between the potential of a point on the rail directly opposite the 
power-house and a point on the rail directly under the further car? (c) 
What is the direction of the drop of potential in the rail? (/) What is the 
ratio of the total voltage drop in the track to the total voltage drop in the 
trolley wire? 

Answer, — (a) 523.8 volts. (6) 547.5 volts, (c) 4.75 kilowatts, (d) 
7.92 volts, (e) The drop is from the far end of the line toward the substation. 
if) 20 per cent. 

63. Three-wire System of Distribution. — As noted in Article 
52, the weight, and therefore the cost, of the conductors required 
to transmit a given amount of power with a given efficiency of 
transmission (or with a given difference between the voltages at 
the sending and receiving ends of the line) is inversely propor- 
tional to the square of the voltage maintained between the two 
wires of the line. On the other hand, experience has shown that 
the most satisfactory voltage for incandescent lamps for interior 
use is from 100 to 120. To secure the advantage of a higher 
transmission voltage, and at the same time keep the required 
lower voltage on the lamps, the three-wire system of distribution, 
as shown schematically in Fig. 33, is commonly used. 

At the generator end a voltage slightly greater than the 
required lamp voltage is maintained between each of the outside 
wires and the middle, or neutral, wire. Various methods for doing 
this are in use, the simplest (though seldom used) method is to 
connect two generators in series, and to connect the neutral wire 
to the junction between the two generators. The voltage im- 
pressed across each lamp load is then maintained equal, to a 
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close approximation, to the rated voltage of the lamps, for exam- 
ple, 110 volts. The same line may also be used to supply 220- 
volt motors, by connecting the motors, as shown, between the 
two outer wires, thereby making possible the use of more eco- 
nomical motors. 

Were the lamp loads on the two sides of the system connected 
to the neutral wire at the same point, then the current carried by 
this wire would be only the difference between the currents taken 
by the two lamp loads. The maximum value of this current 
would then never exceed the current taken by the larger of the 
two lamp loads, and therefore the neutral wire need not be larger 
than each outside wire. When the various lamp loads are sepa- 
rated, as shown in the figure, the currents in the various sections 
of the neutral wire will have diflFerent values (and may also have 
different directions), but at no point will this current exceed in 
value the larger of the currents in the two outer wires where the 
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Fig. 33. — Three-wire system. 

latter are connected to the generators. In practice, therefore, 
the three wires are usually all of the same cross-section. 

When the currents taken by the several loads, the electromo- 
tive forces of the generators, the resistances of the various sec- 
tions of the wires, and the internal resistances of the generators 
are known, then the current in each section of wire, the voltage 
across each load, and the terminal voltage of each generator may 
be calculated by applying KirchhoflF's Laws. Such calculations 
may be greatly simplified by using the fewest symbols possible. 

For example, referring to Fig. 33, instead of introducing sepa- 
rate symbols for the currents in the several sections of the wires, 
note that the current from C to D and from K to F ]& I^, the 
current from S to C is (72 + /4), the current from L to ff is I%j 
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the current from H to M ib {I2 — I9), the current from F to (? is 
{Is + li), the current in the generator from G to J is also (/a + 
74), the* current from JIf to / is (Ji + /2 — Is), the current in 
the generator from J to A is (Zi + /2 + 1 a), and the current 
from A to B is also (Ji + /2 + Ia)- 

It should also be noted that any change in the lamp load on 
one side of the system will change only slightly the voltage across 
the lamps on the other side, provided the neutral wire is connected 
to the junction between the two generators (or other source of 
power). Were the neutral not so connected, then the two sides 
of the system would be in series and would therefore take the 
same current. As a consequence, the voltages across the loads 
on the two sides of the system would be directly proportional to 
the equivalent resistances of these loads. For example, were the 
voltage between the outer wires 220, and were 5 lamps connected 
to one outer wire and 100 equal lamps (in parallel) connected to 
the other outer wire, the voltage across the 5 lamps would be 

zTTT^ X 220 = 209.5 and the voltage across the 100 lamps would 

5 
be jTTz X 220 = 10.5. The result would be that the 5 lamps 

would burn out, which in turn would interrupt the current 
through the other lamps. 

Problem 13. — ^Two loads of equal resistance are connected in series and are 
supplied with power over a two-wire transmission line. The voltage across 
each load is to be V volts, and each load takes P watts. The permissible 
power loss in the transmission line is q per cent, of the total power delivered 

to the two loads. 

qV* 
(a) Prove that the resistance of each line wire must be rt = Tqap' W 

Prove that, were the two loads connected in parallel and supplied at the 

voltage V over a two-wire line, with the same total power loss as before, 

qV* 
the resistance of each line wire would have to be rj = ttxTTd* (c) What 

would be the relative total weights of wire in these two cases? (d) If the 
two loads were suppUed over a three-wire system, with a neutral wire of the 
same size as each outer, what would be the total weight of wire required, 
as compared with the total weight of conductor required to transmit the 
same total amount of power, at the same efficiency, over a two-wire system 
with the same voltage between wires as between each outer and the neutral 
in the three-wire system? (e) What would be the object of using the neu- 
tral wire with two equal loads in series? 

Answer, — (c) The weight of wire required with the loads in series is only 
25 per cent, of that required with the loads in parallel, (d) 37.5 per cent, 
(e) To ''balance'' the load voltages when the two loads are unequal. 
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Problem 14. — In a three-wire system in which the loads are distributed as 
shown in Fig. 33, the currents taken by the loads are: 

/i = 20 amperes, /j = 40 amperes,* 

/j = 50 amperes, 74 = 30 amperes. 

The resistances of the various sections of the wires are : 

AB = 0.05 ohm, FK = 0.09 ohm, 

BC = 0.12 ohm, JM = 0.05 ohm, 

CD = 0.03 ohm, MH = 0.04 ohm, 

GF = 0.11 ohm, HL = 0.08 ohm. 

The internal resistance of each generator is 0.1 ohm. The terminal voltage 
of each generator is 120 volts. 

(a) What is the value and direction of the current in each section of the 
wires? (6) What is the voltage across each load? (c) What is the current 
supplied by each generator? (d) What must be the electromotive force 
of each generator? (e) What is the total power dissipated as heat in the 
line wires? 

Answer. — 100 amperes from A to B; 80 amperes from B to C; 30 amperes 
from C to Z) to X to F; 70 amperes from F to G; 50 amperes from LtoH; 
10 amperes from £r to M; 30 amperes from M to J, (b) 113.5 volts from 
B to M; 99.5 volts from C to L; 114.2 volts from H to F; 214.1 volts from D 
to K, (c) 100 amperes from generator a and 70 amperes from generator &. 
id) 130 volts for generator a and 127 volts for generator h, (e) 2.164 
kilowatts. 

[Note: In practice, the transmission line wires are usually of sufficiently 
low resistance to keep the voltages across the several lamp loads equal to 
within 2 or 3 per cent.] 

Problem 16. — If the equivalent resistances of the four loads in Fig. 33 
were respectively: 

ri = 4.92 ohms, rg = 10.1 ohms, 

r2 = 11.7 ohms, r^ — 7 ohms, 

and the other resistances as given in Problem 14, and the terminal voltages 
of the generators each 120 volts :^ 

(a) What would be the voltage across each load? (6) How much power 
would be supplied to the transmission line by each generator? 

Answer, — (a) 115.7 volts from B to M; 110.1 volts from C to L; 116.2 
volts from H to F; 223.2 volts from D to K, (6) 7.78 kilowatts from gen- 
erator a and 5.21 kilowatts from generator b, 

^Problems of this kind are most readily solved by the use of determinants; 
see the article on "Equations'* in Pender's Handbook for Electrical 
Engineers. 



IV 
RESISTANCE AND CONDUCTANCE 

THEIR DEPENDENCE ON THE MATERIAL, DIMENSIONS, SHAPE 
AND TEMPERATURE OF THE CONDUCTOR 

64. General. — ^As noted in Article 51, the resistance of a 
straight wire of uniform cross-section is proportional to its length 
and inversely proportional to its cross-section, and also depends 
upon the nature of the material of which it is made and its 
temperature. The proportionality between the resistance and 
the length of a conductor, and the inverse proportionality be- 
tween the resistance and the cross-section of a conductor, hold 
only when (1) the two end surfaces of the conductor are parallel, 
(2) the cross-section of the conductor is of the same shape and 
dimensions throughout, and (3) the electromotive force, if any, 
within the conductor has the same value in every path through 
it. Under these conditions the flow of electricity through the 
conductor is along lines parallel to its axis, each of these lines 
of flow has the same length, and the intensity of the current 
through each unit area in the cross-section of the conductor has 
the same value. 

When any one of the three conditions stated is not fulfilled, 
the flow of electricity through the conductor may not be along 
parallel lines, and th^ quantity of electricity which flows through 
equal areas in any cross-section will in general be different. 
The lines of flow may be divergent or convergent, either straight 
or curved, and either of the same or of unequal lengths. The 
particular shape and distribution of these lines of flow, or ''stream 
lines,'' depend upon both the shape of the conductor and upon 
the location of the terminals at which the current enters and 
leaves it. 

56. Resistivity or Specific Resistance. — Consider first the case 
of a wire or bar of length I and of the same cross-section through- 
out its length, and with parallel end surfaces. Then, as shown in 
Article 51, when all parts of each end-surface are respectively 
at the same electric potential, and when there is no electromo- 
s 113 
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tive force in the wire, the resistance r of the wire is directly 
proportional to its length I and inversely proportional to its 
cross-sectional area S, namely, 

r = f>l (1) 

where p is a factor of proportionality. This factor p is called the 
"resistivity," or ''specific resistance," of the wire. 

The resistivity of a conductor depends (1) upon the material 
of the conductor and (2) upon its temperature. The numerical 
value of the resistivity, namely, the numerical value of the factor 
p in equation (1), also depends upon the units in which the re- 
sistance r, the length I and the cross-section S are expressd. 

From equation (1) it follows that the resistivity of a conductor 
is numerically equal to the resistance of a wire, or bar, which has 
unit length and unit cross-sectional area, provided the stream 
lines of the current through this bar are all parallel to its axis, and 
the end-surfaces of the bar are parallel "equipotential" surfaces. 

In particular, when the centimeter is used as the unit of length, 
the square centimeter as the unit of area, and the ohm as the 
unit of resistance, the resistivity is equal to the resistances in 
ohms of a cube of the material each edge of which is 1 centimer 
ter long. The unit of resistivity when expressed in these units 
is therefore often called the "ohm per centimeter-cube." In 
order, however, to prevent the misconception that the resistance 
of a given mass of conductor is proportional to its volume, it is 
preferable to use the name " ohm-centimeter" for this unit. This 
signifies that the "dimensions" of resistivity are the same as 
the product of ohms by centimeters, i.e., 

(ohms) X (centimeters) 2 , , x v. / ^- x x 
resistivy = ^^ p — r — = (ohms) X (centm^ieters) 

When the c.g.s. system of units is employed, the resistivity of 
metals is usually expressed in microhm-centimeters, instead of 
ohm-centimeters, in order to avoid the use of small decimal frac- 
tions. For example, the resistivity of ordinary copper wire 
at 20^*0. is 1.72 microhm-centimeters (= 0.00000172 ohm- 
centimeter). The resistivity of good insulators is expressed in 
megohm-centimeters; for example, the resistivity of glass is 
approximately 10* megohm-centimeters (= 10^^ ohm-centi- 
meters). 
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Resistivity is also frequently expressed in ohm-inches (ohms 
per inch-cube), microhm-inches (microhms per inch-cube), or 

megohm-inches (megohms per inch-cube). Note that a resis- 

.... . 1 

tivity of 1 ohm-centimeter is the same as a resistivity of k~~k7 

ohm-inch. This follows from the fact that the numerical value 
of resistivity is proportional to the first power of the length of 
the edge of the unit cube, and not to the cube of this length. 

It is customary in English-speaking countries to specify the 
length of a* wire in feet and the cross-section in "circular mils." 
By a circular mil is meant the area of a circle which has a diameter 
of 0.001 inch, i.e., a diameter of 1 "mil." Since the area of a 
circle varies as the square of its diameter in mils, this unit of area 
is therefore very convenient for expressing the area of the cross- 
section of a circular wire, for its use eliminates the factor r. 
For example, a circular wire having a diameter of 0.6 inch, has 
an area of (500)^ = 250,000 circular mils. 

, When, in equation (1), r is expressed in ohms, I in feet, and S 
in circular mils, the factor p is the resistance in ohms of a wire 
1 foot long and 1 circular mil in cross-section. ^ This unit of 
resistivity is called the "ohm per mil-foot." Note that 

1 ohm per mil-foot = 0.1662 microhm-centimeter 

= 0.06545 microhm-inch. 

Equation (1) is directly applicable to the calculation of the 
resistance of a wire of uniform cross-section when its specific 
resistance is given, but care must be employed to express all the 
quantities entering into the formula in the same system of units. 
For example, the resistance in ohms of a wire which has a re- 
sistivity of 1.6 microhm-centimeter, a length of 1000 feet and 
a cross-section of J^ square inch, is 

r = 1.6 X 10- X ^^^x^(2^ ^ = 0.0302 ohm. 

Or, since a resistivity of 1 . 6 microhm-centimeter is equivalent 
to a resistivity of ^^ = 0.630 microhm-inch, 

1000 V 12 

r = 0.630 X 10-« X q 25 " ^'^^^^ ^^^' 

Or again, since a resistivity of 1 . 6 microhm-centimeter is equiva- 

1 fi 
lent to a resistivity of ^ ■:|.ao = 9.63 ohms per mil-foot, and 
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4 
since 0.25 square inch = - X 0.25 X 10* = 318,000 circular mils, 

r = 9.63 X glg^Q = 0.0302 ohm. 

The resistance of a given length of wire of uniform cross-section 
is independent of the shape into which the wire is bent, provided 
the diameter of the wire is small compared to the radius of cur- 
vature of the curve into which it may be bent, i.e., provided the 
stream lines of the current are all of the same length. This con- 
dition is almost always realized in practice, and consequently 
equation (1) is in general directly applicable to the calculation 
of the resistance of a wire, whether the wire be straight, or 
curved, or wound into a coil of any shape. 

The three metals used commercially for conductors are copper, 
aluminum and iron (in the form of steel). The resistivity of cop- 
per at 20°C. is 1.7241 microhm-centimeters. (This is for so- 
called 100 per cent, conductivity copper; see Article 59.) The 
only metal which has a resistivity less than copper is silver, 
the resistivity of which is 1.59 microhm-centimeters at 20°C. 

Aluminiun has a resistivity about 60 per cent, greater than 
that of copper, but, due to its lower specific gravity, the weight 
of aliuninum required for a transmission line of given length and 
given resistance is less than the weight of copper required for a 
line of the same length and resistance. 

Steel wire has a resistivity about twelve times that of copper. 
Steel rails have a resistivity from eight to twelve times that of 
copper, depending upon the chemical composition and previ- 
ous heat treatment of the rails. For numerical values of the 
resistivity of various substances see any electrical engineers' 
handbook. 

Any impurity in a metal increases its resistivity. All alloys 
have a greater resistance than that of the best conductor in 
them. For certain purposes, particularly in the construction of 
resistance boxes and rheostats, a high specific resistance is 
desirable. Various alloys are made for this purpose, the specific 
resistances* of which can be found in any electrical engineers' 
handbook. 

A conductor which is used on account of its high resistivity is 
sometimes called a "resistive conductor.*' A coil or grid, or an 
assembly of coils or grids, made of resistive conductors, is called 
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a "resistor/' A resistor which is provided with means for vary- 
ing the resistance between its terminals (e.g., a contact dial and 
handle) is called a "rheostat.'' An assembly of small coils of 
known resistance arranged so that two or mol-e of these coils 
may be connected in series or in parallel is called a "resistance 
box." The coils of a resistance box are designed to carry only a 
very small current, usually but a small fraction of an ampere. 

Problem 1. — (a) What is the resistivity of copper in ohms per mil- 
foot at 20°C? (6) What is the cross-section in circular mils of a wire 
which has a diameter of 0.1 inch? (c) What is the resistance at 20°C. of 
1000 feet of copper wire having a diameter of 0.1 inch? 

Ansioer. — (a) 10.37 ohms per mil-foot. (6) 10,000 circular mils, (c) 

1.037 ohms. 

1 
Problem 2. — Prove that the resistance of 1 pound of copper wire wf^ inch 

in diameter is sixteen times that of 1 pound of copper wire t^ inch in 

diameter. 

Problem 3. — No. 12 steel wire (American Steel Wire Gage) has a diameter 
of 0. 1055 inch. Its specific gravity is 7.78 and its resistivity is 13.8 microhm- 
centimeters at 20°C. 

(a) What will be the length of this wire, in feet, required to make a coil 
which will absorb 5 kilowatts at 20°C. when connected across 110-volt mains? 
(6) How many pounds of wire will be required? 

Answer. — (a) 325 feet. (6) 9.59 pounds. 

66. Ohms per Meter-gram. — A method of expressing the 
resistivity of a conductor, which was formerly much used, and is 
still employed sometimes in wire specifications, is the following: 
The cross-sectional area of a bar or wire of uniform cross-section is 
equal to the volume of the bar divided by its length, and the volume 
of the bar is in turn equal to its mass divided by the density of the 
material of which it is made. Hence, using the same symbols as 
in the last article, and in addition calling m the mass of the con- 
ductor and 8 its density, or specific gravity, 

A m 

For a given material at a given temperature pb is constant. Hence 

r = fc - (2) 

m 

where fc is a constant (equal to pS) for a given material at a given 

temperature. 

The resistivity of a conductor may then also be expressed indi- 
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rectly in terms of the factor k in equation (2) . When r is expressed 
in ohmS; { in meters and m in grams, this factor k is equal to the 
resistance of 1 gram of the conductor made into a wire of uniform 
cross-section and 1 meter in length; this factor k is therefore called 
the resistivity of the conductor in "ohms per meter-gram.'' 

• 

It should be noted that this method of expressing the resistivity 
of a conductor involves the specific gravity of the conductor, 
while the other methods do not. However, the determination of 
the resistivity of a conductor in ohms per meter-gram does not 
require a determination of the specific gravity, but merely the 
measurement of the resistance, length and mass of a given wire 

of the conductor, for k = -j^- A knowledge of the specific 

gravity is necessary only when it is desired to convert ohms per 
meter-gram into microhm-centimeters, microhm-inches or into 
ohms per mil-foot. 

The relation between resistivity in ohms per meter-gram and 
the other units of resistivity are as follows: 

102 
1 ohm per meter-gram = -y- microhm-centimeters 



8 
39.37 

8 
601.5 



microhm-inches 



ohms per mil-foot 



where 6 is the specific gravity of the conductor. 

Problem 4. — The resistivity at 20°C. of certain samples of copper, alumi- 
num and iron are respectively 1.72, 2.78, and 21.6 microhm-centimeters. 
The specific gravities are respectively 8.89, 2.70 and 7.8. What are the 
corresponding resistivities in microhm-inches, ohms per mil-foot, and ohms 
per meter-gram? 

Answer. — 



1 Copper 


Aluminum > 


Steel 


Microhm-inches 

Ohms per mil-foot 


0.677 
10.34 


1.094 
16.71 
0.0751 


8.51 

129.9 


Ohms per meter-gram 


0.1529 


1.686 









Problem 6. — To determine the resistivity of a bar of copper of uniform 
crossHsection the following measurements were made: Current through bar, 
10 amperes, voltage drop between two points A and B on the bar, 1.15 
millivolts, distance between A and B, 83.4 centimeters. Total length of 
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bar, d2.5 centimeters. Total weight of bar, 1078 grams. What is the 
resistivity of the bar in ohms per meter-^ram? 

Answer, — 0.1606 ohm per meter-gram. 

67. Direct-current Conductance. — The reciprocal of the direct- 
current resistance of a conductor is defined as the "direct-cur- 
rent conductance" of this conductor, i.e., the direct-current 
conductance corresponding to a direct-current resistance r is 

From Ohm's Law, Article 35, the potential drop produced by a 
current J in a conductor of resistance r, when there is no electro- 
motive force in this conductor, is V = rl. Whence, the current 
established by a potential difference F impressed across the termi- 
nals of a conductor of conductance g, when there is no electro- 
motive force in this conductor, is 

I = gV (4) 

Again, from Joule's Law, Article 35, the power dissipated as 
heat in a conductor of resistance r when a current J is established 
in it is Pa = rP. Whence, the power dissipated as heat in a 
conductor in which there is no electromotive force, when a 
potential difference V is impressed across its terminals is 

P^= - = OV' (5) 

The unit of conductance has the same dimensions as the recip- 
rocal of the unit of resistance. This has led to the adoption 
of the term "mho" as the' name for the practical unit of conduct- 
ance, the word "mho" being the word "ohm" written back- 
wards. The c.g.s. electromagnetic unit of conductance is then 
called the abmho. A conductance of 0.000,001 mho is called a 
micromho. Note that a conductance of 1 micromho is equivalent 
to a resistance of 1 megohm. 

Problem 7. — The insulation resistance between the conducting core and 
the lead sheath of a cable is 5 megohms. A non-varying potential difference 
of 11,000 volts is maintained between the core and the sheath. 

(a) What is the conductance of this insulation? {h\ How much power 
is dissipated as heat in this insulation? 

Anawer, — (a) 0.2 micromho. (6) 24.2 watts. 

The " effective" conductance of a circuit to an alternating 
current is not the reciprocal of its resistance, although the rela- 
tion Ph = gV^ does hold (see Chapter XV). 



120 ELECTRICITY AND MAGNETISM FOR ENGINEERS 

68. Conductivity or Specific Conductance. — Combining equa- 
tion (3) with equation (1) shows that the conductance of a wire 
or bar of length Z, of the same cross-section S throughout its 
length, and having parallel end-surfaces, is 

That is, the conductance of a straight wire or bar is directly pro- 
portional to its cross-section and inversely proportional to its 
length, and directly proportional to the reciprocal of its resistivity. 

The reciprocal of the resistivity of a substance is called the 
'* conductivity,'' or ''specific conductance," of the substance, and 
is usually represented by the symbol 7. That is, the conductivity 
corresponding to a resistivityp is 

7 = ^ :(7) 

In terms of its conductivity the direct-current conductance of a 
wire or bar is then 

(/ = 7f (8) 

69. Per Cent. Conductivity. — ^Annealed Copper Standard. — 

In 1862 Matthiessen found that the resistivity of the purest cop- 
per at that time obtainable was 0.141729 ohm per meter-gram at 
0°C. Later determinations (1911) of the resistivity of a number 
of samples of commercial annealed copper wire by the Bureau of 
Standards gave a mean resistivity of 0.15328 ohm per meter- 
gram at 20**C., which, allowing for the 20° difference in temper- 
ature, agrees very closely with Matthiessen's value of 0.141729. 
Up until 1912 Matthiessen's value of 0.141729 ohm per meter- 
gram was adopted as the ''standard'' of resistivity, and the 
corresponding conductivity as the standard, or 100 per cent., 
conductivity. This standard of conductivity is known as Mat- 
thiessen's Standard. 

The standard, or 100 per cent., conductivity now in general 
use is the so-called "Annealed Copper Standard" adopted by the 
International Electrotechnical Commission in 1914. This stand- 
ard is defined as follows: 

1. At a temperature of 20°C., the resistance of a wire of stand- 
ard annealed copper 1 meter in length and of a uniform section 

of 1 square millimeter is .-^ ohm = 0.017241. . . .ohm. 
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2. At a temperature of 20°C., the density of standard annealed 
copper is 8 . 89 grams per cubic centimeter. 

3. As a consequence, it follows from (1) and (2) that, at a 
temperature of 20^C. the resistance of a wire of standard annealed 
copper of uniform section, 1 meter in length and weighing 1 gram 

is Q^ X 8.89 = 0.15328 ohm. 

By the per cent, conductivity of a conductor is meant 100 times 
the ratio of its conductivity to the conductivity corresponding 
to the Annealed Copper Standard. Therefore, the lower the 
per cent, conductivity the higher the resistivity of a conductor. A 
conductivity of P per cent, is equivalent to 

15.328 , 

— p — ohms per meter-gram 

-p - microhms per centimeter-cube 

67.892 . , • u u 

— p-- microhms per mch-cube 

1037.3 , ., - ^ 

p ohms per mil-foot 

For example, a conductivity of 60 per cent, is equivalent to a 
resistance of 17.29 ohms per mil-foot. 

The Bureau of Standards recommends that whenever the con- 
ductivity of a sample is expressed as a percentage, the measured 
resistivity or conductivity be corrected to reduce it to the value 
it would have at 20°C. (see Article 62). 

It is of interest to note that annealed copper, when very pure, 
may have a conductivity greater than 100 per cent. Ordinary 
annealed copper wire usually has a conductivity between 98 and 
100 per cent., and hard-drawn copper wire a conductivity between 
96 and 98 per cent. Commercial aluminum wire has a conduc- 
tivity of about 62 per cent. 

60. The American Wire Gage. — In this country, wires for elec- 
trical purposes, when less than 3^ inch in diameter, are usually 
specified in terms of a wire gage introduced by the Brown and 
Sharpe Manufacturing Co. This gage is now known as the 
American Wire Gage, and is abbreviated A. W. G. The older 
abbreviation B. and S. is also used to designate this gage. Wires 
3^ inch in diameter, or larger, are usually specified in terms of 
their cross-section in circular mils. 
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The diameter of the wires corresponding to successive numbers 
on A. W. G. gage are so chosen that they differ by a constant per- 
centage. A solid wire 460 mils in diameter is called a No. 0000 
wire and a wire 5 mils in diameter is called a No. 36 wire. The 
next smaller size to a No. 0000 wire is No. 000, the next smaller 
size No. 00, the next No. 0, the next No. 1 and so on up to No. 

36. The ratio of the diameters of No. 0000 and No. 36 is -^ = 92, 

o 

and the ratio of the diameters of successive sizes is constant; 
this constant is therefore equal to the thirty-ninth root of 92. 
The thirty-ninth root of 92 is approximately equal to the sixth 
root of 2; hence the following approximate relations (since the 
cross-section varies as the square of the diameter and the cube 
root of 2 is approximately 1.26) : 

1. The ratio of the cross-sections of wires of successive sizes on 
the A. W. G. is equal to 1.26, the larger number on the gage cor- 
responding to the smaller cross-section. This same relation holds 
for the weights of successive sizes for a given length. 

2. The ratio of the resistances of wires of successive sizes on the 
A. W. G. is equal to 1.26, the larger number on the gage cor- 
responding to the larger resistance. 

3. An increase of 3 in the gage number halves the cross-section 
and weight, and doubles the resistance. 

4. An increase of 10 in the gage niunber divides the cross- 
section and weight by 10 and multiplies the resistance by 10. 

The cross-section of a No. .10 wire is approximately 10,000 cir- 
cular mils, its resistance is approximately 1 ohm per 1000 feet 
at 20°C., and its weight is approximately 31.5 pounds per 1000 
feet. From the above relations the resistance, cross-section and 
weight of any size of wire may be calculated approximately with 
but little effort. The resistance of a No. 10 aluminum wire is 
approximately 1.6 ohms per 1000 feet at 20°C. and its weight 
approximately 9.5 pounds per 1000 feet. 

The above relations are for solid wire. The gage number of a 
stranded wire corresponds to the cross-section of the metal in it, 
and not to its overall diameter. The diameter of a concentric 
strand is approximately 15 per cent, greater than that of a solid 
wire of the same number; its weight and resistance are from 1 to 2 
per cent, greater, depending upon the number of twists per unit 
length and the number of wires in the strand. 
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Complete wire tables, giving diameters, cross-sections, weights 
(usually pounds per 1000 feet or per mile), and resistances (ohms 
per 1000 feet or per mile), will be found in any electrical engineers' 
handbook. The student should familiarize himself with these 
tables, for he will have frequent occasion to refer to them. 

Problem 9. — Construct a complete wire table for solid copper wire, from 
No. 0000 to No. 40, using the approximate relations above given, and com- 
pare with the exact wire table given in your handbook. The approximate 
table is to be made up of five columns, giving respectively the gage number, 
diameter in mils, cross-section in circular mils, pounds per 1000 feet, and 
ohms per 1000 feet. State the maximimi error, in per cent., in the numbers 
in each of the columns, as compared with the numbers given in your 
handbook. Note particidarly the temperature and per cent, conductivity 
for which the table in the handbook is constructed. 

61. Size of Wire Required for Direct-current Distribution 
Circuits. — ^The simplest method of determining the size of wire 
required to transmit a given amount of direct-current power 
under specified conditions, is to calculate the resistance per 
1000 feet or per mile, as explained in Chapter III, and then to 
find in the wire table the size of wire nearest to the calculated size. 
It is usual to select the size which has a resistance less (smaller 
gage number) than, that calculated, unless the calculated resist- 
ance is very nearly equal to the resistance of a gage niunber. 

A wire of a size other than that corresponding to a gage 
number cannot be purchased from stock, and the cost of a special 
size would, as a rule, be greater than the cost of the nearest 
standard size. It should also be noted that wires corresponding 
to odd gage numbers higher than No. 6 are practically never 
carried in stock, and therefore when the calculated resistance 
is greater than that of a No. 6 wire, the nearest even gage number 
having a resistance less than the calculated value is usually 
employed. 

When insulated wires are used, the limiting factor in determin- 
ing the size of the wire is frequently the temperature rise of the 
insulation, caused by the heat developed by the current in the 
wire. In the case of house wiring, except for very long runs of 
wire, this temperature rise is practically always the controlling 
factor. 

The limiting current-carrying capacities generally adopted in 
this country for interior wiring are those given in the National 
Electric Code, issued by the National Board of Fire Under- 



124 ELECTRICITY AND MAGNETISM FOR ENGINEERS 

writers. This code, which covers various other requirements 
in regard to house wiring, is revised every 2 years. Copies may 
be obtained gratis upon application to any municipal electrical 
inspection bureau. Abstracts of this code, including the va- 
rious tables, etc., are also usually given in electrical engineers' 
handbooks. 

Problem 10. — (o) What is the size of wire required to transmit the load 
specified in Problem 4 of Article 60 under the conditions stated? (6) If 
this wire is rubber-cdvered and installed in-^loors, will it be of sufficient size 
to meet the requirements of the National Electric Code? (c) What size 
wire would be necessary to meet these requirements? {d) With this size 
of wire, what will be the voltage across the terminals of the motor at max- 
imum load, the generator terminal voltage being 120? (e) What will be the 
power lost in the transmission line, expressed as a percentage of the power 
delivered to the motor? 

Answer,^— (a) No. 0. (6) No. (c) Np. 0000. (d) 114.8 volts, (e) 
4.53 per cent. 

Problem 11. — Make up a table of the volts drop per 1000 feet correspond- 
ing to the current-calling capacities given in the National Electric Code, 
for both rubber and "other'* insulations, for all the wire sizes listed between 
No. 18 and 2,000,000 circular mils. This table will be found useful in deter- 
mining, in any specific case, whether the current-carrying capacity or vol- 
tage drop is the limiting factor in fixing the size of wire to be used. 

62. Temperature Coefficient of Electric Resistance. — ^As 

already noted, the resistance of a. conductor depends upon the 
temperature of the conductor. Experiment shows that in the 
case of metal conductors this variation of resistance with tem- 
perature may, for all ordinary temperature changes (for ex- 
ample, from — 50°C. to + 200°C.), be expressed by the formula 

r = n [1 + ai(t- h)] (9) 

where ri is the resistance at the temperature ti, r the resistance 
at the temperature tj and ai is a factor whose value depends upon 
(a) the nature of the conductor, (6) the value of the temperature 
hj and (c) the units in which the resistances and temperatures are 
expressed. This factor ai is called the resistance temperature 
^ coefficient of the conductor at the temperature ti. 

The temperature of conductors is almost invariably expressed 
in degrees centigrade. When tx is taken as 0°C., equation (9) 
becomes 

r = ro (1 + ajt) (9a) 

^ See p. 1850 of Pender's Handbook fok Electrical Engineers for wire 
table, and p. 1908 for table of current-carrjdng capacities. 
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where r© is the resistance of the conductor at 0°C. The coeffi- 
cient tto, which corresponds to a reference temperature of 0®C., 
is called the zero-degree temperature coefficient of resistance. 

From equation (9a) the resistance ri at <i°C. may then be 
written 

ri = ro (1 + aA) (96) 

By combining the three equations (9), (9a) and (9&), the relation 
between ai and ««, is found to be 

cci = .r—^ (10) 

1 + aJi 

To prove this, substitute (9a) for the left-hand member of (9) 
and for ri in the right-hand member of (9) substitute (96), and 
divide through by ro. This gives 

1 + ao< = (1 + aoh) [1 + ai(t - h)] 
whence 

l + a4 = l + aoti + (l + ajti) ai {t - h) 

and therefore • 

oto{t - h) = (1 + aj;,) ai{t -- ti) 

The cancellation of {t — h) from both sides of the last equation 
gives equation (10). 

The resistance temperature coefficient of a commercially pure, 
metal is found to depend upon its degree of purity. 100 per cent, 
conductivity copper (Annealed Copper Standard) has a resist- 
ance-temperature coefficient equal to 0.00393 per degree centi- 
grade at 20**C. (This is the value adopted as standard by the 
International Electrotechnical Commission.) The corresponding 
zero-degree temperature coefficient is 0.00427.^ Copper of any 
other per cent, conductivity has a resistance temperature coeffi- 
cient porportional to its conductivity. 

The temperature coefficient of other commercially pure metals, 
except the magnetic metals (iron, nickel, and cobalt), is approxi- 
mately the same as that of copper. For actual values see 
any electrical engineers' handbook. 

The temperature coefficient of carbon is negative, and is 
constant over only a comparatively small range of temperature. 
The negative character of the temperature coefficient of carbon 

^ Prior to the year 1914, the value 0.0042 for the zero-degree temperature 
coeffiicient of copper was adopted as standard by the American Institute of 
Electrical Engineers. 
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is strikingly shown by the large decrease in the resistance of an 
ordinary carbon lamp when the filament is incandescent, as 
compared with its resistance when the filament is cold. In the 
case of a 110-volt^ 16-candlepower lamp, the resistance changes 
from about 700 ohms when the lamp is cold to about 200 ohms 
when the lamp is burning. 

Electrolytic solutions (see Article 27) also have a negative 
temperature coeflGicient, which is usually several times larger than 
that of metals. 

The resistance of most insulating substances likewise decreases 
rapidly with temperature. For such substances an equation of 
the form of (9) is not generally appKcable. 

In the particular case of the rubber compounds used for cable 
insulations, the decrease of resistance per degree change in tem- 
perature at any temperature t is found to be approximately pro- 
portional to the resistance r at this temperature. This relation 
may be expressed mathematically by the equation 

dr , 

where A; is a constant. This equation may also be written 

r 

The integration of the two sides of this equation between the 
limits ri and r and h and t respectively, gives 

log . - = - fc (< - h) 
or 

r = n €-*('»-') (11) 

where t is the base of the natural logarithms. 

For example, for an average grade of rubber insulation k — 
0.045 when temperatures are expressed in degrees centigrade. 
Hence, if the insulation resistance of a rubber-covered cable is 
found to be 10 megohms at 20^C., its insulation resistance at SO^'C. 
will be 

rso = 106 -^-^^ ^ ^=0.672 megohms, 

which is a decrease of resistance of approximately 93 per cent. 
In the case of paper and varnish cloth insulations the eflFect of 
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temperature changes on the insulation resistance is even greater 
than in the case of rubber. 

The temperature coeflBicient of alloys depends largely upon their 
constituents. It is possible to make alloys for which the tempera- 
ture coeflGicient is zero over a considerable range of temperature. 
Such alloys are extremely useful in the construction of standard 
resistance coUs. The resistance of a coil made of such an alloy 
remains constant for any ordinary variation of temperature, and 
consequently does not have to be ''corrected'' for temperature. 
For values of the temperature coeflGicient of alloys see any electri- 
cal engineers' handbook. 

Problem 12. — (a) What is the percentage increase in resistance of copper 
per degree increase in temperature, referred to the resistance at 0*^? (6) 
How many degrees increase in temperature is required to increase the resist- 
ance of copper 1 per cent. ? 

Answer, — (a) 0.427 per cent. (6) 2.34° for 1 per cent, increase in 
resistance. 

Problem 18. — The resistance of the field winding of a certain shunt motor 
is 17.4 ohms when the machine is at the temperature of the surrounding 
air, which is 21.3°C. After the machine has been running for 6 hours the 
average temperature of this winding is 82.1°C. The voltage impressed on 
the field is maintained constant at 220 volts. 

(a) What will be the field current when the motor is first started up and 
what will be field current when the temperature of the winding is 82.1''C.? 
(6) What will be the percentage change in the field current, referred to its 
initial value? 

Answer, — (a) 12.63 amperes at the start and 10.22 amperes at end of 6 
hours. (6) The field current decreases by 19.1 per cent. 

• 

63. Deteraunation of the Temperature Rise of Conductors by 
the Change in Their Resistance. — The change in the resistance 
of copper with temperature is commonly used as a means of 
determining the average rise of temperature of the copper wind- 
ings of electric machines. When the calculations are made with 
a slide rule, the most convenient formula to use is that obtained 
by dividing (9a) by (96) and putting 

To = — = — - 20 (12) 

ao 0520 

The ratio of the resistance at the temperature h to the resistance 
at the temperature t may then be written 

n _ To + ty ..«. 
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The quantity To has such a value that, were the expression 
r =» ro(l + ajt) applicable for all temperatures down to those 
approaching the absolute zero (— 273**C.), the resistance of the 
conductor at a temperature of — TJ^C would be zero. Actually, 
however, the resistance of a conductor at a temperature equal to 
the negative of the reciprocal of its zero-degree -temperature coeffi- 
cient is not zero. For all commercially pure metals To, as defined 
by equation (12), is less than 273. For example, for 100 per 
cent, conductivity copper cxso = 0.00393 therefore To = 234.5. 
The quantity — To, where To is defined by equation (12), is called 
the "inferred" absolute zero of the conductor. 

For copper of 100 per cent, conductivity, which is very closely 
that of ordinary annealed copper wires, equation (13) becomes 

In slide-rule calculations, the figure 234, instead of 234.5, is 
sufficiently accurate. 

The operation expressed by this equation may be readily per- 
formed by one setting of a slide rule, when a special temperature 
scale is marked off on the lower scale of the slide, with 234 as 0*^, 
244 as 10^ 254 as 20^, etc. If the resistance at 25*^ is 3 ohms, say, 
the resistance at any temperature, say 60^, is then found by set- 
ting 25 on this new scale opposite 3 on the lower scale of the 
rule, and reading off on the lower scale the number corresponding 
to 60 on the new scale, i.e,, 3 .41 ohms. 

When the two resistances ri and r2 and the room temperature 
t are known, the value of ti may be readily calculated by the 
reverse process. For example, if the resistance of a coil at 20^C. 
is found to be 5 ohms and its resistance when heated, 6 ohms, 
then by setting 20 on the temperature scale of the slide rule oppo- 
site 5 on the lower scale, the value of <iis given on the temperature 
scale opposite 6 on the lower scale, namely, 71°C. The average 
rise of temperature of the coil is then 71 - 20 = 51°. 

64. Resistance of Non-linear Conductors. — Equation (1) 
for the relation between the resistance and the dimensions of a 
conductor applies only under the specific conditions stated in 
Article 54. When the lines of flow of the electric current through 
a conductor are not straight, parallel and uniformly distributed, 
equation (1) is not directly applicable. However, by using the 
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relation expressed by equation (1) as a starting point, formulas 
can be derived which are applicable irrespective of the shape of 
the conductor and of the points at which the current enters 
and leaves it, as will now be shown. • 

A surface every point of which is at the same electric potential, 
i.e., between any two points of which no difference of electric po- 
tential exists, is called an "electric equipotential surface." Be- 
tween any two equipotential surfaces between which a finite 
difference of potential exists, there must exist an infinite number 
of equipotential surfaces, each separated from the next by an in- 
finitesimal distance and differing in potential therefrom by an 
infinitesimal amount. Since the electric potential at any point 




can have but a single value, no two of these equipotential surfaces 
can intersect each other. 

Imagine two equipotential surfaces which are infinitely close 
together, and let dl be the perpendicular distance between these 
two surfaces at any point P. Let dv be the difference of potential 
between the two surfaces. Then the quotient 

dv 
dl 

is called the "electric potential gradient" at the point from which 
dl is drawn. 

The potential drop along a given distance divided by this dis- 
tance is equal to the potential drop per unit length; hence, the 
potential gradient at any point may be defined in words as the 
drop of potential per unit length at this point, it being Understood 
that the length is infinitely small and is perpendicular to the 
equipotential surface^through this point. 

9 
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Experiment justifies the assumption that the flow of electricity 
past any point in a body is always perpenducular to the equipo- 
tential surface through that point. A line drawn in a body 
tangent at each point to the direction of the flow of electricity 
past that point, is called a "line of flow*' of electricity, or briefly, 
a "stream line" of the electric current. The stream lines of an 
electric cuirrent and the electric equipotential surfaces are there- 
fore always mutually perpendicular. In Fig. 35 are shown, in 
two dimensions only, the electric equipotential surfaces (dotted) 
and the stream lines in a carbon block, when the current is led 
into and out of the block through two small terminals located 



.-L 



• 


D E F G H I J K 


c 


' i 1 1 i i 1 ! ' 






/\ ^i-H r 8 i i 1 j >\ /''\ 


B 


■■"p-y^^^v-'-V — \ [i \ \ ] i — V-^'V"V' 


A 


..\,4-/>V--"-\ — V i 5 i i i ^f !'^"?'-<\V-/- 




^Ttriizir i lei i i 1 Tir^^i(\ 




"Y""{ v>-sLJ_ ; t I I  l_i_---r'V1/ /''V' 




- V" x/^^^T^-^iL^L 8 i 1 _L-4-^T^^>/ -7- 




V/'' ^s^-^x^i 9 1 1 i— u^v^ '^y 


• 


y ^^^-i—L i 10 i i 1 A—X-^ \ 




^ 1 1 1 1 1 1 ' 



u 

N 



Fig. 36. — Stream lines and equipotential surfaces. 

at the black dots in the figure. The equipotential surfaces were 
actually determined experimentally by means of a potentiometer. 

The "density" of the current at any point in a conductor is 
defined as the current per unit area which flows through an ele- 
mentary area at this point taken normal to the direction of the 
stream line through this point. Such an area is part of an equi- 
potential surface. Let dS be such an area at any point P in a 
conductor, and let di be the current through this area, then the 
current density at the point P is 

di 



a = 



ds 



(14) 



The distribution of the current in a conductor may be con- 
veniently represented graphically by drawing in this conductor 



RESISTANCE AND CONDUCTANCE 131 

such a number of stream lines that their nimiber per unit area 
normal to their direction is equal, for each such area in the con- 
ductor, to the current density at this area. The stream lines 
shown in Fig. 36 are so drawn. 

Any region in which a potential gradient exists may be thought 
of as divided into cells (like a honeycomb) whose ends are formed 
by equipotential surfaces and whose side walls are formed by sur- 
faces perpendicular to the equipotential surfaces, and therefore 
parallel to the direction of the electric current, if any, in these 
cells. These cells may be thought of as being as small as one 
wishes, and in the limit each cell may be considered a right cylin- 
der with its axis perpendicular to the equipotential surface which 
forms either end. Each of these infinitesimal cells then satisfies 
the conditions necessary for the application of equation (1), 
Article 55. 

Consider any such infinitesimal cell at any point P in a con- 
ductor, and let dl be its length and dS its cross-section, and let p be 
the resistivity of the conductor at this point. Then the resistance 
of this cell is 

dl 
'^'dS 

. Let 0- be the current density at the point P. Then the current 
through this cell is 

di = trdS 

Hence the drop of potential through this cell, due to its resist- 
ance, is 

dvr = Tdi = pudl 

The resistance drop per unit length at the point P is then 

dvr 



dl 



= fxr 



and its direction coincides with. the direction of the current, or 
flow of electricity, at this point. 

Note that drop of potential has the dimensions of work per 
imit quantity of electricity, or work per unit charge, and work has 

the dimensions of force times distance* Consequently, the re- 

dv 
sistance drop per unit length, namely, pa = ^, has the same 

dimensions as force per unit charge. The resistance drop per 
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unit length at any point is therefore equal to the force per unit 
charge which acts on the electricity at this point, tending to 
move it through the medium in which this point is located. 
This force per irnit charge is called the 'intensity of the electric 
field," or briefly, the "electric intensity," at this point. The 
electric intensity (i.e., the intensity of the electric field) at any 
point maybe represented by the symbol F, The electric intensity 
at any point is then, by definition, 

F = per (15) 

where a is the current density at this point and p is the resistivity 
of the medium at this point. ^ 

The direction of the electric intensity at any point is defined 
as the direction of the flow of electricity at this point, i. e,, the 
electric intensity at a given point has the direction of the stream 
line of the current through that point. 

From the relations just established it is evident that when 
the current density at each point in a conductor is known, or 
can be calculated, the resistance of this conductor between any 
two equipotential surfaces A and B can be readily expressed. 
For, if (T is the current density and p the resistivity at any point, 
the resistance drop in a length dl of the stream line of the current 
at this point is 

dvr = Fdl = padl 

Therefore the total resistance drop from the equipotential sur- 
face A to the equipotential surface B is 

nB /*B 

Vr=\ Fdl= I fxrdl (16) 

Ja JA 

Hence, calling i the total current in the section of the conductor 
between these two equipotential surfaces, the resistance of this 
section of the conductor is 



' In this definition <r is the density of the conduction current at the given 
point; the disptocemew^ current is not included (see Article 137). 



RESISTANCE AND CONDUCTANCE 133 

Problem 14.— The carbon block shown in Fig. 35 is 45i inches long, 2.8 
inches wide, and J^ inch thick. The total current through the block was 
5 amperes, and each stream line therefore represents 0.5 ampere. The 
total drop of potential between the two terminals was 30 millivolts, and the 
equipotential surfaces are so drawn that they are 2 millivolts apart. Each 
terminal (each black dot) may be considered an equipotential surface. 

(a) What is the current density at the center of the block? (6) What is 
the current density at the equipotential surface A where it intersects the two 
central stream lines? (c) What is the potential gradient at the center of the 
block? (d) What is the average potential gradient along the center line 
of the block between one terminal and the equipotential surface next to it? 
(e) What is the average potential gradient along the center line of the block 
between the two equipotential surfaces A and B? (f) What is the resistivity 
of the block? (g) What is the total resistance of the block between the two 
terminals? {h) What would be the resistance of the block between two 
parallel troughs of mercury, perpendicular to the axis of the block and ex- 
tending all the way across it, and at the same distance apart as the round 
terminals shown? (Note. — The calculated resistances in (g) and (h) are the 
resistances of the carbon itself, and not the total resistance between 
terminals, which latter includes the "contact" resistance between the mer- 
cury and the carbon.) (i) What would be the shape of the stream lines 
and equipotential surfaces in (A)? 

Answer, — (a) 2.38 amperes per square inch. (6) 8.3 amperes per square 
inch, (c) 6.2 millivolts per inch, (d) 25 millivolts per inch, (e) 14 
millivolts per inch, (f) 0.0026 ohm-inch, (g) 0.0060 ohm. (h) 0.0045 
ohm. (i) The stream lines would be straight lines parallel to the axis of 
the block, and the equipotential surfaces would be planes perpendicular to 
these lines. 

65. Insulation Resistance of a Single -conductor Cable. — By 

making use of the relations developed in the last article, the resist- 
ance of non-linear conductors of certain symmetrical shapes may 
be readily calculated. For example, the insulation resistance of a 
single-conductor cable, shown in cross-section in Fig. 36, may 
be expressed in terms of the diameter d of the conducting core, 
the external diameter D of the insulation around it, the resist- 
ivity p of this insulation, and the length I of the cable. The in- 
sulation of such a cable is frequently covered with a lead sheath 
as shown. When such a sheath is not provided, the insulation 
resistance is tested by immersing the cable in water, which 
latter may then be considered as forming a conducting sheath 
around it. 

Let V be difference of potential established between the core 
and the sheath which surrounds the insulation, and let Ii be the 
current, in amperes, which flows through the insulation from the 
core to the sheath. This current is usually referred to as the 
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"leakage" current, and is not to be confused with the main cur- 
rent which flows through the core to the load to which the cable 
may be connected. 

Due to the high conductivity of the core, the drop of potential 
along it will be negligibly small in comparison with the drop of 
potential through the insulation, and therefore the surface of 
the core may be considered an equipotential surface. In the 
sheath there will be no other current than the leakage current, 
and due to the relatively high conductivity of the sheath, the 
external surface of the insulation may likewise be considered an 
equipotential surface. 

The stream lines of the leakage current through the insulation 
must therefore be perpendicular to both the surface of the core 
and to the external surface of the insulation, and when the insu- 




FiQ. 36. 

lation is of uniform thickness, must, from symmetry, be equally 
spaced radial lines. Hence the current density at any point in 
the insulation at a distance x from the center of the wire is equal 
to the total leakage current h, divided by the area of the cylin- 
drical surface which passes through this point and which is con- 
centric with the wire, viz., 

ii 



a = 



2>r X I 



Whence, from equation (16), 



V = 



pli 




J^ I dx pli , /D\ 



d 
2 
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Therefore, the insulation resistance of the given length of cable is 

Note that the insulation resistance varies inversely as the length. 
This is evidently true when it is remembered that each elementary 
length of the insulation of the cable (measured along its axis) is 
in parallel with all the other elementary lengths. 

In equation (18) the length I must be expressed in centimeters 
when p is expressed in ohm-centimeters, in order that 12 be in 
ohms. The two diameters D and d may be expressed in any 
unit of length, provided both are expressed in the same unit, for 
it is their ratio only which enters into the formula. 

Cable manufacturers usually express the resistivity of cable 
insulation in terms of the constant K defined by the equation 

Beo = K logio Q (18a) 

where j^eo is the insulation resistance, in megohms at 60^F., of a 
cable 1 mile long, and D and d are respectively the external diam- 
eter of the insulation and the diameter of the core. 

Note that Rm megohms is equal to lO^R^o ohms, 1 mile = 
2.54 X 12 X 5280 = 1.609 X 10^ cm., and log. = 2.303 logio. 
Hence, from equation (18), if p is the resistivity in ohm-centi- 
meters, then 



o p X 2.303 



Iog,o (f ) 



2t X 1.609 X 10« X 10« 

= 2:28 X 10-1 V logio (5) 

Whence 

K = 2.28 X 10-" p (19) 

For ordinary rubber insulation K usually has a value between 
3000 and 8000, for impregnated paper K usually has a value 
between 1000 and 2000, and for varnished cambric K usually 
has a value between 700 and 1200. These values of K corre- 
spond to the ohmic, or direct-current, resistance of the insulation. 
The "effective" alternating-current resistance is usually much 
less (see Chapter XV). 
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Problem 16. — ^Two single-conductor lead-covered rubber-insulated cables 
placed side by side (with their sheaths in contact) are used to supply direct- 
current electric energy from a power-house to a substation 10 miles away. 
The conductor in each cable is stranded and has a cross-section of 250,000 

circular mils (mean diameter 575 mils) and the thickness of the insulation 

9 
is gT inch. The average line voltage between the conductors in the two 

cables is 3000. The value of K for the insulation is 5000 Cat 60°F.) and the 
average temperature of the insulation is lOO^F. The rate of decrease of the 
insulation resistance with temperature is 0.025 ohm per degree Fahrenheit 
per ohm resistance (see equation (11), Article 62). 

(a) What is the insulation resistance of each cable? (6) What will be 
the total leakage current through the cable insulation? (c) What will be 
the total power dissipated as heat in the cable insulation? (d) What is the 
resistivity of the cable insulation at 60®F. and at lOO^'F.? 

Answer, — (a) 31.9 megohms at 100°F. (6) 0.047 milUampere. (c) 
0.141 watt, id) 2190 X 10" ohm-centimeters at 60**F., and 805 X 10" 




Fig. 37. 

ohm-centimeters at 100°F. (Note. — The values given in this problem are 
typical of practical conditions, and bring out strikingly the negligible magni- 
tudes of the leakage current and loss occasioned thereby, as compared with 
the load current and power delivered over a line used for power transmission. 
In telephony and telegraphy, however, the leakage current is by no means 
negligible, for the line current in a telephone or telegraph line is itself usually 
but a fraction of a milliampere, or at most but a few milliamperes.) 

Problem 16. — ^Prove that the resistance of a uniformly tapered wire of 
circular cross-section (i.e., a wire whose diameter changes by a constant 
amount per unit distance measured along its axis) is 

r = p ""TT" ohms, 

T Oia2 

where p is the resistivity of the wire in ohm-centimeters, I its length in centi- 
meters and di and d2 the diameters, in centimeters, of its cross-section at its 
two ends. State what assumption is made in regard to the stream lines and 
equipotential surfaces, and justify this assumption. 

Problem 17. — ^Fig. 37 represents a conductor of rectangular cross-section 
bent to form half a circular ring. The internal radius of the ring is a, the 
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1 

width of the ring is w^ and the thickness of the ring t, all in centimeters. 
Let p be the resistivity of the conductor in ohm-centimeters. 

(a) Prove that the resistance of this ring, when its two end-surfaces A and 
B are equipotential surfaces, is 



r = p 



lo«.(l+3 



I 

(b) Prove that, were the formula r ^ p-^ assumed to be applicable to such a 

ring, when for I is taken the distance measured from one endnsurface to the 
other along the mean circumference, the error in the calculated resistance of 
the ring would be 

1^ [^^^i^lo8« (^ "^ a) " ^] P®' ceiit-low. 

(c) What would be the per cent, error in the resistance if calculated by the 

fonnula r - p| for a semicircular ring when (1) the internal radius of the 

ring is equal to one-half the width, (2) equal to the width, (3) equal to five 
times the width? (d) What will be the relative current densities at a point 
on the inside and outside surfaces of the ring under the three conditions 
specified in (c)? 

Answer,— {c) 10 per cent., 5 per cent, and 0.3 per cent, (d) The current 
density at the inside surface will be respectively 3, 2 and 1.2 times the 
current density at the outside surface. 



ELECTROLYTIC CONDUCTION 

66. General. — The electric resistance of a given volume of an 
electrolyte depends upon the size and shape of this volume and 
upon the location and shape of the electrodes at which the 
current enters and leaves it, in the same manner as the resistance 
of a given volume of a metallic conductor depends upon the size 
and shape of this volume and upon the location and shape of the 
terminals at which current enters and leaves it (see Article 64). 

The conductivity of an electrolytic solution in general increases 
with its concentration up to a certain point, and then decreases 
with a further increase in concentration. For example, at 18*^C. 
a 5 per cent, aqueous solution of sulphiu'ic acid has a resistivity 
of 4.80 ohm-centimeters, a 40 per cent, solution a resistivity of 
1.47 ohm-centimeters, and a 70 per cent, solution a resistivity of 
4.64 ohm-centimeters. 

The resistance of an electrolyte, whether a solution or fused 
salt, decreases with increase in temperatiu*e; i.e., the tem- 
perature coefficient is negative. The resistance-temperature 
coefficient of aqueous solutions diminishes rapidly with increase 
of temperature. For values of both the conductivity and tem- 
perature coefficient see any electrical engineers' handbook. 

As explained in Article 27, the flow of electricity through an 
electrolyte is always accompanied by a chemical action at the 
electrodes. This chemical action may be accompanied by either 
a gain or loss of chemical energy and a corresponding loss or 
gain of electric energy. This transformation of energy may be 
looked upon as due to the electromotive forces at the jimctions 
between the electrodes and the electrolyte, and is of an entirely 
different nature from the dissipation of heat within the elec- 
trolyte due to its resistance. 

67. Faraday's Laws of Electrolysis. — The chemical changes 
which take place at the electrodes in an electrolyte were inves- 
tigated by Faraday in the early part of the last century. The 
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results of Faraday's investigations are summarized in the 
following two laws, known as Faraday's Laws of Electrolysis: 

(a) The mass of the chemical element or radical which is 
deposited or liberated at either electrode, when a current i& passed 
through an electrolyte, is directly proportional to the total 
quantity of electricity which flows through the electrolyte. 

(6) When the same current is established through two or 
more different electrolytes, the masses of the several elements or 
radicals deposited in a given time are directly proportional to 
the chemical equivalent of these elements or radicals. 

By the chemical equivalent of an element is meant its atomic 
weight divided by its valence. By the chemical equivalent of a 
radical is meant its "formula" weight divided by its valence. 
By the formula weight of a radical is meant the sum of the atomic 
weights of the elements of which it is formed, for example, the 
formula weight of NOs is 14.01 + 3 X 16 = 62.01. By the 
valence of an element or radical is meant the number of hydrogen 
atoms, or one-half the number of oxygen atoms, with which 1 
atom of the element, or the atomic group in the case of a radical, 
forms a stable combination. The valence of hydrogen is there- 
fore 1, of oxygen 2, of copper 2 in cupric compounds and 1 in 
cuprous compounds, etc. 

For direct currents, Faraday's two laws may be expressed 
mathematically as follows: Let 

I = current through the electrolyte, in amperes. 
t = time, in seconds, during which this current flows. 
M = total mass, in grams, of the ions liberated or deposited at 

an electrode. 
w = atomic weight, or formula weight,, of these ions. 
n = valence of these ions. 
Then, since 

0.001118 = weight in grams of the silver deposited in 1 second 

by 1 ampere, and 
107.93 = atomic weight of silver, 

the total mass of the given ions deposited in the time t is 

M = kit (1) 
where 

, 0.001118 w ^ w .^. 

107.93 n 96,540 n ^^ 
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The constant k defined by equation (2) is called the "electro- 
chemical equivalent" of the given ions, and the constant 96,540 is 
called the "Faraday." Tables of electrochemical equivalents 
will be found in any book of physical tables or in any electrical 
engineers' handbook. 

A mass of ions in grams equal to the formula weight of these 
ions is called a gram-ion. An easily remembered definition of the 
Faraday {i.e., the constant 96,540 in equation (2)) is that the 
Faraday is the number of coulombs required to deposit 1 gram- 
ion of univalent ions. 

Faraday's two laws are found to be strictly true only when 
proper corrections are made for all secondary reactions which 
may take place at the electrodes and within the electrolyte. From 
the practical standpoint these corrections are ordinarily relatively 
small. However, when the chemical action of a current is used 
as a basis for the absolute measurement of current (as in the 
definition of the international ampere, see Article 32), correc- 
tions for all secondary effects must be carefully made, or else 
some standard specification for the construction and use of the 
voltameter must be adopted. 

Problem 1. — ^A non-varying current is passed through a solution of cupric 
sulphate for 1 hour and .25 minutes. Both the anode and cathode are copper 
plates. During this interval 15 grams of copper are deposited from the elec- 
trolyte on one of the electrodes and the other electrode wastes away. What 
is the value of the current in amperes, and on which electrode is the copper 
deposited? (Note. — The atomic weight of copper is 63.57, and its valence 
in a cupric salt is 2.) 

Answer. — ^8.93 amperes. Copper is deposited on the cathode. 

68. Dissociation Theory of Electrolytes. — A relatively simple 
explanation of electrolytic conduction, as well as of certain other 
physical and chemical characteristics of electrolytes, is possible on 
the assumption that each molecule of an electrolyte, when dis- 
solved, breaks up into ions^ which exist in a more or less unstable 
condition of equilibrium, and that the anions contain an excess of 
negative electricity, and the cations an equal excess of positive 
electricity, i.e., that the anions and cations are equally and 
oppositely charged. On this assumption, the force which causes 
the electric ciu'rent to flow through the electrolyte, when the 
latter is connected in series with a battery or other source of 

^The word "ion" is here used to designate the single particles into which 
the molecule is assumed to break up. 
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electromotive force, causes the cations (metal or hydrogen) to 
move in the direction of the current and the anions to move in 
the opposite direction. 

Moreover, on the basis of the further assumptions, which are in 
accord with all known experimental facts, that (1) each ion of a 
given kind has a constant mass, (2) that the charge on a single ion 
of any given kind is constant, and (3) that the charges on single 
ions of dijBferent kinds are proportional to their valence, the 
quantitative relations known as Faraday's Laws may be readily 
deduced. 

The assumption that the charge on an ion is proportional to its 
valence arises from the fundamental assumption that a neutral 
molecule contains equal and opposite charges. For example, if 
each hydrogen atom in a molecule of sulphuric acid (H2SO4) car- 
ries q units of positive charge, the SO4 radical must carry 2q units 
of negative charge, in order that the molecule as a whole may 
manifest none of the properties of either kind of charge. 

The deduction of Faraday's Laws from the above assumptions 
is then as follows: Let 

q = charge on a single hydrogen atom in any electrolyte, 
m = mass of a single ion in the electrolyte under consideration. ' 

n = valency of this ion. 

N = number of single ions which are liberated at the electrode 
(cathode or anode, depending upon the nature of the ion) . 

Then the total jnass liberated at this electrode is M = Nm, and 
the total quantity of electricity transferred to this electrode by 
the cations is nNq, Since the electrode does not become charged, 
this electricity must flow through the electrode into the external 
circuit, or an equal quantity of electricity of the opposite sign 
must flow up to this electrode through the external circuit: In 
either case, the quantity nNq must be equal to the product of 
the current / in the circuit by the timet during which this cur- 
rent flows. Hence nNq = It, or N = — , and therefore 

^ ' nq' 

M^'^It (3) 

nq w 

Hence, since g is a fixed constant and m and n are also constants 
for any particular ion, the total mass of the ions deposited or 
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liberated at the electrode is proportional to the total quantity of 
electricity transferred through the circuit. 

The factor of proportionality, 

Jk=^- . (4) 

nq 

is the electrochemical equivalent of the ion. A comparison of 
this expression with equation (2) shows that the ratio of the 
charge carried by a given ion to the mass of this ion is equal to 
96,540 times the ratio of its atomic (or formula) weight to its 
valency. For example, a hydrogen atom carries a charge, in 
coulombs, equal to 96,540 times its mas-^ in grams. 



VI 

I 

SOURCES OF ELECTROMOTIVE FORCE 

69. General. — ^As explained in Article 24, any device which 
produces, or tends to produce, a flow of electricity through a con- 
ductor which is connected between its two terminals, is said to 
be a source of electromotive force. 

As explained in Article 38, the quantitative measure of the elec- 
tromotive force of a device which gives out electric energy is 
defined as the electric power developed within the device per unit 
of current through it. Also, when there is no current through a 
device, its electromotive force is defined quantitatively as the 
limiting value of the quotient 

electric power developed within the device 
electric current through the device 

when the intensity of the current through it approaches the value 
zero. 

As explained in Article 40, a difference of potential in general 
exists between the terminals of a source of electromotive force 
and, when there is no current through the device, its electro- 
motive force and terminal potential difference are numerically 
equal. 

Experiment shows that the two primary sources of electromo- 
tive force are: 

1. Two dissimilar substances in contact, the dissimilarity 
being either in their chemical nature, temperature or concentra- 
tion (in case either is a solution). 

2. A conductor which is in the vicinity of a conductor in which 
a varying current is flowing, or between which and a magnet or 
any conductor canying a current (constant or variable) there 
exists a relative motion. 

Electromotive forces of the first kind are the simplest to 
describe and correlate, but from the standpoint o' tagineering, 
the electromotive forces of the second kind are by lar the more 
important. The relation between these latter electromotive 
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forces and the effects which produce them can best be expressed 
in terms of a quantity called "magnetic flux/' which will be con- 
sidered in detail in the next chapter. 

70. Contact Electromotive Forces at Junctions Between 
Metals. — The electromotive force at the junction between two 
dissimilar substances is called a "contact'' electromotive force. 
Experiment shows that the contact electromotive force at such a 
junction has a definite magnitude and direction, which depend 
only upon (1) the chemical nature of the two substances, (2) the 
temperature of the junction, and, in case either is a solution, 
upon (3) the concentration of the solution. A contact electro- 
motive force does not depend upon the area of the contact surface 
or upon the size of the bodies in contact. 

In the case of two metals in contact, this contact electromotive 
force manifests itself , when a current is passed through the junc- 
tion, by the heating or cooling of the junction. An increase in 
the temperature of the junction indicates a transformation of 
electric energy into heat energy; a decrease in the temperature of 
the junction indicates a transformation of heat energy into elec- 
tric energy. Either of these two effects may be produced, depend- 
ing upon the direction of the current through the junction, i.e., 
the electromotive force at the junction has a definite direction 
with respect to the two metals in contact. This heating or cool- 
ing of a junction in consequence of its contact electromotive force 
is usually inappreciable in comparison with the heating of the 
conductors due to their ohmic resistance, but when special pre- 
cautions are taken the effect described may be readily detected. 

The value of the contact electromotive force between metallic 
conductors is quite small, being only a small fraction of a volt 
{e.g., between copper and zinc at 25°C. it is 0.00045 volt), and in 
practical work it is therefore usually negligible. 

It is found by experiment that whenever any number of 
metallic conductors are connected in series, so that they form a 
closed loop, the algebraic sum of the contact electromotive forces 
at the several metal-metal junctions in this loop is zero, pro- 
vided all the conductors are kept at the same uniform temper- 
ature. As a consequence of this law, it follows that in a closed 
chain of two or more dissimilar metals, all at the same tempera- 
ture, the resultant electromotive force due to the contact electro- 
motive forces at the several metal-metal junctions is zero, and 
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therefore no current will flow in such a circuit unless there is some 
other source of electromotive force present. This fact is some- 
times called the Law of Successive Contacts. 

For example, when two copper wires are soldered together, the 
net effect of the solder will be nil, whether the two copper wires 
are in actual contact or are joined only through the solder, pro- 
vided the flux used with the solder does not contain an acid or 
other electrolyte. If an acid flux is used, sufficient acid may be 
left in the junction to form a minute voltaic cell (see Article 72), 
the electromotive force of which may be appreciable, particu- 
larly when the junction is in the circuit of an instrument em- 
ployed for the measurement of potential differences of the order of 
a volt or less. 

71. Thermal Electromotive Forces. — The Law of Successive 
Contacts, which applies only to metal-metal junctions, holds only 
when all the junctions are at the same temperature. When any 
one junction is kept at a higher temperature than another, the 
resultant of the several contact electromotive forces will not in 
general be zero, but will have a value depending upon the differ- 
ence in the temperatures of the junctions. This fact is made use 
of in the construction of thermocouples, or electric pyrometers, 
which have an important practical application in the measure- 
ment of high temperatures. 

The ordinary form of electric pyrometer consists essentially of 
a platinum and a platinum-rhodium wire fused together at one 
end and connected in series with a milli voltmeter (i.e., a volt- 
meter designed to measure differences of potential of the 
order of a thousandth of a volt). The junction between the 
two wires, suitably protected by a porcelain or quartz tube, 
is placed in the furnace the temperature of which it is desired 
to measure. The difference of potential indicated by the 
voltmeter is then practically proportional to the difference be- 
tween the temperature of the hot junction in the furnace and the 
temperature of the "cold junction" {i.e., the junction between 
the two ends of the thermocouple wires and the leads to the 
voltmeter). 

An electromotive force of only a small fraction of a volt can be 
obtained from a single pair of junctions, even when the two junc- 
tions are at temperatures differing by 1000°C. or more. How- 
ever, by connecting in series alternate lengths of the two dissimi- 
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lar metals, so arranged that alternate junctions may be heated 
and the intermediate junctions kept cool, a resultant electro- 
motive force equal to the sum of the electromotive forces of the 
several pairs of junctions may be obtained; this is the principle of 
the " thermopile." 

It is also of interest to note in this connection that an electro- 
motive force, usually of negligible magnitude, however, is also 
produced even in a conductor of uniform chemical nature 
throughout, unless this conductor is kept at a uniform tempera- 
ture throughout. This phenomenon is known as the Thomson 
effect. 

72. Electromotive Force of Voltaic Cells. — In the- case of a 
metal in contact with an electrolyte (e.g., dipping into it), experi- 
ment shows that the contact electromotive force is of a relatively 
large magnitude, being of the order of 1 volt or more, and further, 
that when there are two dissimilar metals dipping into the same 
solution, the resultant of the two contact electromotive forces is 
not zero. The electromotive force of a simple voltaic cell is the 
resultant of the contact electromotive forces at the two metal- 
liquid junctions within it. 

For example, in the case of copper-sulphuric-acid-zinc cell, 
the electromotive force of contact between the zinc and the sul- 
phuric acid solution is in the direction from the zinc to the acid 
and is about 1 volt greater than the contact electromotive force 
between the copper and the acid, which latter electromotive 
force is in the direction from the copper to the acid. Hence, the 
resultant electromotive force of the cell is about 1 volt, and is in 
the direction through the battery from the zinc to the copper pole. 
The copper pole is therefore at a potential about 1 volt higher 
than that of the zinc pole. 

The electromotive force of a voltaic cell depends not only upon 
the chemical nature of the two metals, but also upon the chem- 
ical nature and concentration of the electrolyte in contact with 
these metals, and upon the temperatures of these junctions. In 
general, when an electric current is established through a cell, the 
concentration of the electrolyte changes, and some of the prod- 
ucts of the chemical reactions collect at the electrodes, and 
consequently the electromotive force of the cell changes. This 
phenomenon is usually described by saying that the cell becomes 
"polarized." 
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The polarization of a voltaic cell is usually due primarily to the 
formation of hydrogen gas, or to the liberation of metal, at the 
positive pole. By placing in the electrolyte around the positive 
pole an oxidizing agent, such as manganese peroxide (see Fig. 10), 
the hydrogen or metal liberated at the positive pole may be 
reduced to an acid or salt readily soluble in the electrolyte, and 
its accumulation around the pole will be less rapid. Such an 
oxidizing agent or other substances used for the purpose of 
preventing or decreasing the polarization of a cell is called a 
"depolarizer." 

The polarization of a dry battery is particularly noticeable, in 
spite of the depolarizer which it contains, since the electrolyte in 
such a cell, instead of filling the entire space between the poles, 
simply impregnates the practically solid mass between them. 
However, when such a battery is left open-circuited for a time 
after it is used, the products of the chemical reactions which take 
place when the cell is discharging, gradually diffuse through the 
mass between the two poles, and the electromotive force of the 
cell gradually returns to practically its original value, provided 
none of the active materials has been completely destroyed. 

Certain special forms of voltaic cells are substantially rever- 
sible in their action; i.e., when an electric current is sent through 
such a cell in one direction, electric energy is stored in the cell, 
in the form of chemical energy, and when an electric current is 
allowed to flow through the cell in the opposite direction, elec- 
tric energy is given out. As noted in Article -37, such a cell is 
called a "storage" cell. Other names used to designate such a 
cell are "secondary" cell and electric "accumulator." 

In order that a voltaic cell may act as a storage cell, it is neces- 
sary that when a current is sent through it in the opposite direc- 
tion to that in which it would of itself establish a current, the 
chemical action which takes place at its electrodes be substan- 
tially the reverse of the chemical action which takes place when the 
cell itself produces the current. The commonest form of storage 
cell is the lead-sulphuric-acid cell described in Article 37. An- 
other form of storage cell is the Edison cell, which has electrodes 
of iron and nickel, and in which the electrolyte is a solution of 
caustic potash. 

Due to the phenomenon of polarization, the electromotive 
force of a storage cell when discharging is always less than its 
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^'open-circuit'' electromotive force; and when charging, its 
electromotive force is always greater -than its "open-circuit" 
electromotive force. Due to the internal resistance of the cell, 
the variation in its terminal voltage is of course greater than the 
variation in the internal electromotive force. The open-circuit 
electromotive force of a lead storage cell is about 2.2 volts, and 
the open-circuit electromotive force of an Edison cell is about 
1.5 volts. Although the electromotive force of an Edison cell 
is less than that of a lead cell, the watt-hour capacity per pound 
of total weight is greater for the Edison cell than for the lead cell. 

For a description of the various kinds of voltaic cells in common 
use, both primary cells and storage (or secondary) cells; the stu- 
dent is referred to any comprehensive electrical engineers' 
handbook. 

73. Standard Cells. — Many of the ordinary forms of voltaic 
cells undergo chemical changes in their various parts even when 
left open-circuited. This is due chiefly to impurities in the 
chemicals of which they are made. It is possible, however, to 
construct a cell which will remain practically unaltered for several 
years, provided no current is taken from it. Hence, such cells 
make a very convenient standard of electromotive force or 
potential difference. Two such standard cells are in general use, 
namely, the Clark cell and the Weston cell. The Weston cell has 
a longer life and polarizes less rapidly than the Clark cell. 

In the Clark cell, the two electrodes are mercury and zinc 
amalgam, the electrolyte is zinc sulphate, and a paste of mercu- 
rous sulphate and zinc sulphate is used as a depolarizer. Detailed 
directions for the preparation of the cell are given in the Bulletin 
of the Bureau of Standards, 1907, vol. 4, p. 1. The electromotive 
force of the cell constructed in accordance with these specifica- 
tions is 1.4328 international volts at 15®C. At any other tem- 
perature of fC, the electromotive force of this cell is 

m 

1.4328 [1 - 0.00077 {t - 15)] international volts 

In the Weston cell, the electrodes are mercury and cadmium 
amalgam, the electrolyte is cadmium sulphate, and a paste of 
mercurous sulphate and cadmium sulphate is used as a depolari- 
zer. Detailed directions for the preparation of this cell are given 
in the Bulletin of the Bureau of Standards, 1907, vol. 4, p. 1. 
The electromotive force of this cell when constructed in accord- 
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ance with these specifications is 1.01830 international volts at 
20®C. At any other temperature of t^C, its electromotive force 
is 

1.01830 - 10-«[40.6 {t - 20) + 0.95 {t - 20)^ + 0.01 {t - 20)»] 

See the Bulletin of the Bureau of Standards, 1909, vol. 5, 
p. 309. 

In the practical use of either of these cells as a standard of com- 
parison of potential differences, an arrangement of circuits 
should be employed which will obviate the necessity of taking 
any current from the cell; for example, a potentiometer (see 
Article 45). 



VII 

MAGNETIC FLUX AND THE MAGNETIC CIRCUIT 

74. Electromagnetic Induction. — The production of electric 
energy from chemical energy, by means of a voltaic cell, was 
discovered in the eighteenth century. The production of large 
amoimts of electric energy by such a device, however, is not 
commercially feasible, due to the high cost of the materials re- 
quired per unit of energy thus produced. Commercial generators 
of electric energy are based upon an entirely different class of 
phenomena, discovered independently by Michael Faraday, an 
Englishman, and Joseph Henry, an American, between 1830 
and 1832. 

These phenomena are briefly as follows : 

(a) When a magnet is in motion with respect to an electric 
conductor in its vicinity, an electromotive force is in general 
produced in this conductor, irrespective of whether or not there 
is a current in it. 

(6) Conversely, when an electric conductor is in motion with 
respect to a magnet in its vicinity, an electromotive force is in 
general produced in this conductor, irrespective of whether or 
not there exists a current in it. 

(c) When a conductor in which an electric current exists is 
in motion with respect to another conductor in its vicinity, an 
electromotive force is in general produced in the second conductor, 
irrespective of whether or not a current exists in this second 
conductor. 

(d) When the intensity of the electric current in a conductor 
is changing with time, an electromotive force is producecd in this 
conductor and, in general, in every other conductor in its vicinity, 
irrespective of whether or not there exists a current in the latter 
conductor. 

Electromotive forces produced in a conductor in any one of 
these ways are said to be "induced" in the conductor, and are 
briefly described as "induced" electromotive forces. The 

150 
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phenomena described are usually referred to as electromagnetic 
phenomena^ from the fact that they are intimately related to 
that property of a current in virtue of which a piece of iron, when 
placed in its vicinity, becomes a magnet (see Article 24). i 

76. Magnetic Fields. — The magnetization of a piece of iron 
when placed in the vicinity of a conductor carrying an electric 
current, and the electromagnetic phenomena above described, 
lead to the conclusion that an electric current establishes a pecul- 
iar state or condition at each point in the space surrounding its 
path. That is, the flow of electricity not only produces effects 
(such as heating and chemical action) in the path along which 
this flow takes place, but also produces effects in the region 
surrounding this path. 

Since one of the effects produced by an electric current in the 
region surrounding its path is the magnetization of any piece of 
iron which may be in this region, the peculiar state or condition 
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which exists in the region surrounding an electric current may be 
conveniently designated as a magnetic state, and the region itself 
may be called the "magnetic field" of the current. 

Experiment shows that the effects produced in a magnetic field 
are of such a nature as to lead to the conclusion that the magnetic 
state at each point is characterized both by a magnitude and a 
direction, and that in general both the magnitude and direction 
of this state vary from point to point. In this respect the mag- 
netic state in the region surrounding an electric current is anal- 
ogous to the stress produced at the various points in a bent beam, 
or in any deformed structure. 

The directive nature of the magnetic state at any point may 
be readily shown by placing at this point a small magnetic needle, 
suspended at its center from a string which produces negligible 
torsion. When the needle is so placed in the field, it will in gen- 
eral make a number of oscillations, but will ultimately come to 
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than that originally in the infinitesimal space which the needle 
is made to occupy, and (3) that no external force, having a com- 
ponent aiding or opposing the forces due to the field, is exerted 
upon the needle. 

76. Lines of Magnetic Force. — ^Just as the direction of the 
flow of electricity in a conductor may be represented by "stream 
lines" drawn in the conductor (see Article 64), so may the direc- 
tion of a magnetic field at its various points be represented by 
lines so drawn that their direction at each point coincides with 
the direction of the field at that point. Such lines are called 
"lines of magnetic force" or "lines of magnetic ii:iduction." 




Fig. 40. — Lines of force due to a current in a solenoid. (Only the lines in 
the plane of the paper are shown. There are similar lines in every plane through 
the axis of the solenoid.) 

The shape of the lines of force in any magnetic field may be 
roughly determined, in a very simple manner, by placing hori- 
zontally in the field a piece of cardboard, or other flat surface, 
and sprinkling fine iron filings on this surface. When the surface 
is tapped lightly, the filings will arrange themselves along definite 
lines, coinciding with the horizontal projection of the lines of 
force on the given surface. The explanation of this effect 
is that each filing becomes magnetized, i.e., acquires the proper- 
ties of a small magnetic needle, and when the surface is tapped, 
each of these little magnets tends to take up the same direction 
as would be taken by a magnetic needle freely suspended at 
the point where this particular fiUng is located. 

In Fig. 39 is shown the distribution of iron filings, on a hori- 
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screw, they are said to be in the left-handed screw direction with 
respect to each other. 

78. Continuity of the Lines of Magnetic Force. — Experiment 
shows that every Une of magnetic force, as above defined, 
is a closed loop; i.e., a point which is moved continuously in 
the direction of the field traces a path which always closes on 
itself. An infinite number of such closed loops may be drawn 
in a magnetic field. 

It is also an experimental fact that every Une of force either 
links the path of one or more electric currents (Fig. 40) or passes 
through a permanent magnet (Fig. 41), or both. Moreover, 
experiment shows that the lines of magnetic force due solely 
to a current in a single coil always link this current in the .right- 
handed screw direction* and the magnetic lines of force due 

Direction 
/of Current 

Direction of 
Line of Force 




Fig. 42. 

solely to a single permanent magnet always pass through the 
magnet from its south to its north pole. 

The reader should note at this point that some writers use the 
term "lines of force'' to designate a set of lines defined in such 
a manner that they are not necessarily elosed loops, but in 
general end at the magnetic poles which may be in the field. 
The closed loops above described are then designated specifically 
as "lines of induction," and not as "lines of force." Unfor- 
tunately, however, this distinction is not recognized in common 
usage, but the term "lines of force" is used indiscriminately 
to designate both sets of lines. 

This double use of the term "Unes of force" often leads to 
much confusion, particularly on the part of the beginner. To 

* When a coil surrounds a magnetic core which has been previously 
nagnetized, the resultant lines of force due to both the current and the 
magnetized state of the core may, under certain special conditions, link 
the current in the left-handed screw direction (see Article 111). ' 
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avoid this confusion, and at the same time to retain the term 
"lines of force" in its more common meaning, this term will be 
used throughout this book, when referring to magnetic fields, to 
designate only the closed loops above described. The other set 
of lines will be referred to as "lines of magnetizing force" (see 
Article 90) and never by either of the terms "lines of magnetic 
force" or "magnetic lines of force." 

79. Magnetic Flux. — Just as an electric current can be ex- 
pressed quantitatively only in terms of some measurable eflFect 
which it produces (see Article 28), so can the magnetic state in 
any region of a magnetic field be expressed only in terms of some 
effect which is caused by this state. 

In the preceding articles it has been shown how the direction 
of the magnetic field at any point can be expressed in terms of 
the direction taken by a small magnetic needle freely suspended 
at that point. The direction taken by such a needle, as already 
noted, is due to forces which act in opposite directions on the 
two halves of the needle, which forces form a couple for all posi- 
tions of the needle except that in which the axis of the needle 
coincides with the line of action of these forces. 

As a measure of the magnitude of the magnetic state at any 
point in a magnetic field may be taken the force which would act 
on one end, say, the north-seeking end, of a given permanent 
magnetic needle, when freely suspended at the point in question. 
In fact, this method of expressing the "strength" of a magnetic 
field is the one originally adopted by physicists, and is still 
commonly employed. This method of procedure, however, 
invariably leads to confusion when applied to points inside a 
magnetic substance, such as iron. Consequently, a less ambigu- 
ous method of expressing the quantitative relations in a mag- 
netic field will be adopted here. 

The effect which will here be used, as the basis of the quanti- 
tative measure of a magnetic state or condition, is the electro- 
motive force which is induced in a conductor by a varying mag- 
netic field (see Article 74). In the first place, experiment shows 
that during the establishment of a magnetic field through a closed 
loop (see Fig. 43), an electromotive force is always induced 
in this loop. As already noted, an iiiduced electromotive force 
exists only while the magnetic field is changing. When there is 
no magnetic field, there is no electromotive force, and when the 
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field becomes constant, the electromotive force is likewise zero; 
but during the time required to establish the field an electro- 
motive force exists in the loop. Consequently, though the elec- 
tromotive force is zero at the beginning and at end of the period 
required to establish the field, the time integral^ of the electro- 
motive force during this period is not zero. 

As will be shown later, the time integral of an electromotive 
force can be readily determined experimentally by means of a bal- 
listic galvanometer (see Article 86), in the same manner as gitan- 
tity of electricity, which is the time integral of an electric current, 
is determined. By such measurements it may be shown that 
the time integral of the electromotive force induced in a loop of 
fixed size, shape and position, when a magnetic field is estabUshed 
through it, is independent of the rate at which the field is estab- 




FiG. 43. 

lished, but depends solely upon the final magnetic condition 
estabUshed through the surface bounded by this loop. 

Consequently, as the measure of the magnetic condition at any 
surface in a magnetic field may be taken the time integral of the 
electromotive force which is induced, dtiring the establishment 
of this field, in the closed loop formed by the boundary of this 
surface. The magnetic condition at a surface in a magnetic 
field is conveniently referred to as the *' magnetic flux" through 
this surface, just as the flow of electricity through a surface is 
called the electric current through this surface. The symbol 
ip is almost invariably used to designate a magnetic flux. Hence, 
the fundamental definition: 

* By the time integral of a quantity is meant its average value multiplied 
by the interval of time in question. 
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As the quantitative measure of the magnetic flux (<p) through 
any surface is taken the time integral of the electromotive force 
(e) which is induced, during the establishment of this flux, in the 
closed loop formed by the boundary of this surface, viz., 



'^£' 



edt (1) 

The use of the term ''flux'' for the quantity here defined 
arises from the fact that this quantity is found to have many 
properties analogous to those of an electric current, or "flow" of 
electricity. However, there is one important difference between 
a magnetic flux and an electric current, which the student should 
never lose sight of, viz., an electric current is an actual flow of 
something, but a magnetic flux is a state or condition. 

This method of specifying the magnitude of the magnetic 
flux through a surface, though at first sight it may seem com- 
plicated, is inherently no more complex than the definition, 
for example, of acceleration as the time^rate of change of velocity. 
The conception of an integral with respect to time is no more 
complex than that of a rate of change (or derivative) with re- 
spect to time. Moreover, the definition expressed by equation 
(1) involves the particular phenomena of magnetism which is of 
the greatest practical importance, namely, the phenomenon of 
electromagnetic induction. In short, this definition is nothing 
more than a brief statement of the method usually employed for 
measuring the flux through a given surface (see Article 86). 

The fundamental point of similarity between a magnetic flux 
and an electric current is that the magnitude and direction of the 
magnetic flux in the various parts of a magnetic field may be 
represented by lines, just as the distribution of current in a con- 
ductor may be represented by lines of flow, or stream lines. 

Consider in the field any surface (Fig. 44) which is perpen- 
dicular at each point to the line of magnetic force through that 
point, and which intersects every line of force which can be 
drawn in the field.^ Such a surface is called a "magnetic equi- 
potential surface." Imagine this surface to be divided into 
small areas such that the magnetic flux, as defined by equation 
(1), has the value unity for each of these areas; i.e., each of 
these areas is such that the time integral of the electromotive 

I Only a portion of such a surface is shown in Fig. 44. 
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limited, in the manner just described, these lines may be con- 
veniently referred to as the "lines of magnetic flux," or "flux 
lines." 

It should be noted that a single line of force, drawn as above 
described, actually represents a tube whose walls are everywhere 
tangent to the direction of the field, and through each cross- 
section of which there exists unit flux. Hence a line of force, 
though usually represented by a geometrical line, must be consid- 
ered as having a definite cross-section. A line of force is, there^ 
fore, analogous to a wire bent to form closed loop, except that 
the cross-section of the Kne of force is not, as a rule, uniform (see 
Fig. 49). 

80. Units of Magnetic Flux. — From equation (1) it follows 
that, in any infinitesimal interval of time dt, the change of the 
magnetic flux which threads a given loop is 

d<l> = edt 

where e is the electromotive force induced in this loop during 
this interval. From this relation, it is evident that magnetic 
flux has the same "dimensions" as the product of electromotive 
force by time, just as energy has the same "dimensions" as 
the product of power by time. Hence, just as the fundamental 
practical unit of energy may be called the watt-second, so may 
the fundamental practical unit of flux be called the volt-second. 

Unfortunately, this practical unit of magnetic flux is not in 
general use. Instead, the corresponding unit in the c.g.s. 
electromagnetic system is generally employed, even in engineering 
calculations. This latter unit, which is the product of an abvolt 
(1 abvolt = lO"^ volts) by a second has been given the name 
"maxwell." The relation between the maxwell and the volt- 
second is then: 

1 volt-second = 10^ maxwells 

When the magnetic flux through a loop is expressed in max- 
wells, time t in seconds, and the induced electromotive force e 
in volts, equation (1) becomes 

^ = 10i£ edt (la) 

A maxwell is also frequently called a c.g.s. "line." That is, 
by a flux of 5,000,000 lines is meant a flux of 6,000,000 maxwells, 
which in turn is equivalent to a flux of 0.05 volt-seconds. The 
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term "kiloline" is used to designate a flux of 1000 lines or 
maxwells. 

Problem 1. — A ^ven closed loop of wire has a resistance of 3 ohms. 
(a) If at any instant the electromotive force induced in this loop is e volts, 
what will be the current in this loop at this instant? (&) What will be the 
quantity of electricity transferred during an interval of dt seconds through 
each cross-section of the wire which forms this loop? (c) If during the 
establishment of a magnetic field through this loop the total quantity of 
electricity transferred through each cross-section of this wire is 0.002 
coulombs, what will be the magnetic flux established through the loop, in 

voltnseconds? (d) In maxwells? 

6 cdt 

Ansvoer, — (a) ^ amperes. (6) -^ coulombs, (c) 0.006 volt-seconds. 

id) 600,000 maxwells. 

Problem 2. — (a) From equation (la), what is the relation between the 
electromotive force, in volts, induced at any instant in a loop o{ wire and 
the variation, with respect to time, of the magnetic flux, in maxwells, which 
threads this loop. (6) If during an interval of 0.001 second, the flux which 
threads the loop changes from 200,000 to 500,000 lines, what will be the 
average electromotive force induced in the loop during this interval? 

Answer. — (a) The induced electromotive force in volts is equal to 10"* 
times the change per second in the number of lines of force which thread 
the loop, or 

e = 10-8 -^^ volts 

(6) 3 volts. 

81. Induced Electromotive Force and Rate of Change of Flux. 
— The value of the conception of magnetic flux, or number of lines 

• 

of force, is that it leads to a simple method of stating, in a 
quantiiaiive manner, the various phenomena of electromagnetic 
induction described at the beginning of this chapter, namely: 

{A) When any portion of an electric circuit moves with respect 
to the agents which produce a magnetic flux, the electromotive 
force induced in this portion of the circuit is always equal to the 
time rate at which this portion of the circuit cuts the lines of 
force which represent this flux. 

{E) When the number of lines of force through any area of 
fixed size and shape changes in any manner whatever, there is al- 
ways induced in the boundary of this area an electromotive force 
equal to the time rate of change of the number of lines of force 
which thread this area, and, therefore, link its boundary (see 
also Article 85). The area in question may be either in a medium 
which is fixed with respect to the agents which produce the flux, 
which flux may vary with time; or it may be in a substance which 
11 
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is in motion with respect to the agents which produce the flux 
which flux may either be constant or vary with respect to time. 

In either case, the induced electromotive force may be ex- 
pressed by the formula 

dt 



e = 



abvolts 



(2) 



In the first case, e is the electromotive force induced at any 
instant in the portion of the circuit which at this instant is 
cutting lines of force at the rate of dip lines in dt seconds. In the 
second case e is the total electromotive force induced in a closed 
loop of given size and shape when the number of lines of force 
which link this loop, is changing at the rate of d<l> lines in dt seconds. 

When the change in the number of lines of force which thread 
a closed loop is due to the motion of this closed loop with respect 
to the agents which produce the field, it is inunaterial whether 
the induced electromotive force be looked upon as due to the 
cutting of lines of force by the conductor which forms the loop, 
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or to a change in the number of links, or ''linkages," between the 
loop and the lines of force which represent the flux. 

By making the assumption that the lines of force produced 
by a current in a wire all ''originate" in the axis of the wire and 
spread out from the wire when the current increases, and collapse 
on the wire when the current decreases, every induced electro- 
motive force may be looked upon as due to the cutting of lines 
of force by the conductor in which the electromotive force is 

induced. However, when the two possible interpretations of -j^ 

in equation (2) just noted are kept in mind, it is unnecessary to 
make any such assumption. 
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Problem 3. — ^In Fig. 45, the heavy line represents a wire, and MN repre- 
sents a slider which may move parallel to itself over the two "rails" formed 
by the wire. This electric circuit is in a magnetic field, the lines of force 
of which are perpendicular to the plane formed by the wire and the slider, 
and the magnetic flux through each square inch of the plane in which this 
loop is located is B maxwells. The length of the slider between the two rails 
is I inches. 

(a) If the slider is moving with a velocity of v inches per second what 
will be the change per second in the number of lines of force which thread the 
loop of which the slider forms one side? (6) What will be the rate at which 
the slider cuts the lines of force? (c) What will be the electromotive force 
induced in this loop? {d) From the point of view of the cutting of lines of 
force, in what part of the loop is this electromotive force induced? . 

Answer. — (a) Blv maxwells per second. (6) Blv maxwells per second. 

(c) e = Blv abvolts. (2a) 

(d) In the slider. 

82. Direction of the Induced Electromotive Force. — ^Resioltant 
Flux Tlirough a Surface. — ^Experiment shows that the direction 
of the electromotive force which is induced in any loop, by 
a change in the magnetic flux which threads it, is always such 
that it would, if acting alone, set up a current which would of 
itself produce a magnetic field in such a direction as to oppose 
this change. This relation is known as "Lenz's Law." 

As noted in Article 77, the lines of force produced by a ciu-rent 
in a conducting loop always thread this loop in the right*handed 
screw direction. Hence, an increase in the niunber of flux 
lines which thread a loop always induces in the loop an electro- 
motive force in the left-handed screw direction with respect to the 
direction of the flux lines. Similarly, a decrease in the munber of 
flux lines which thread a loop always induces in the loop an 
electromotive force in the right-handed screw direction with 
respect to the direction of the flux lines. 

For example, consider a loop of wire lying on a table, and 
assume that there are originally no lines of force threading it. 
Now bring up a magnet, or a coil carrying a ciu'rent, so that, say, 
(p lines of force thread this loop in the direction vertically down- 
ward. The electromotive force induced in the loop while the 
flux threading it increases from zero to <p will then be around the 
loop in the counter-clockwise direction as viewed from above. 
If the flux threading the loop is now decreased from <p to zero, 
by removing the agent which produces the magnetic field, the 
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electromotive force induced in the loop, while the flux is decreas- 
ing, will be in the clockwise direction as viewed from above. 

Again, if the agent which produces the field is so placed that 
the lines of force due to it pass vertically upward through the 
loop, then during the establishment of the flux linkages between 
the loop and the field, the induced electromotive force will be 
in the clockwise direction around the loop as viewed from above. 
If the agent which produces the field is now removed, then 
during the decrease in the flux linkages between the loop and 
the field, the induced electromotive force will be in the counter- 
clockwise direction around the loop as viewed from above. 

A flux which threads a coil in a given direction, say, from A to 
B, therefore induces, when it is established or when it disap- 
pears, an equal and opposite electromotive force to that which is 
produced by the establishment or disappearance of an equal 
flux which threads this coil in the opposite direction, i.e., from 
B to A. Hence, when a coil ig threaded by, say, ^i lines in 
the direction from A to B, and <p2 lines in the direction from B to 
A, it may be considered as threaded by (ipi — <p2) lines of force 
in the direction from A to B, or by (<p2 — ^i) lines in the direc- 
tion from B to A. 

That is, magnetic fluxes are to be treated as algebraic quan- 
tities, and added and substracted algebraically. Any chosen 
direction through a loop or surface may be taken as the positive 
sense of the flux. All fluxes which thread this loop or surface 
in this chosen direction are then to be considered as positive, 
and all fluxes which thread this loop or surface in the opposite 
direction are to be considered as negative. 

For example, consider a circular coil which is threaded by <p 
flux lines in the direction, say, from its A face to its B face. 
Let this coil be turned 180 degrees about any diameter; it will 
then be threaded by <p flux lines in the direction from its B 
face to its A face. The change in the flux which threads the 
coil, due to its being turned through 180 degrees, is then 2<p. 

Again, when the flux through a stationary coil is changed from 
the value <p in one direction to an equal value in the opposite 
direction, the total change in the flux through the coil is like- 
wise 2^. 

When the induced electromotive force is due to the cutting 
of the lines of force by a moving conductor, as illustrated in 
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Problem 3, Lenz's Law may be stated in another form, which is 
often very convenient. Referring to Fig. 45, assume that the 
lines of force which thread the loop are in the direction into 
the plane of the paper away from the eye of the reader, and let 
the slider MN be moving toward the right. The flux which 
threads the loop in the direction away from the eye of the reader 
is then increasing, and, therefore, from Lenz's Law, the electro- 
motive force induced in the loop will be counter-clockwise, 
^.6., the electromotive force in slider will be in the direction from 
N to M. This direction is the same as that in which the middle 
finger of the right hand points when the forefinger is pointed in 
the direction of the lines of force and the thimib in the direction 
of the motion of the slider. 

This relation is a perfectly general one, i.e., the electromotive 
force induced in a wire, due to its motion in a magnetic field, 
is always in the direction in which the middle finger of the right 
hand points when this finger is placed along the wire and the 
forefinger is pointed in the direction of the lines of force and 
the thumb in the direction of the motion of the conductor. (In 
applying this rule the thumb and forefinger must be kept parallel 
to the palm of the hand.) This rule is coinmonly known as the 
''right-hand rule.'' It must not be confused with the right- 
handed screw rule for the relation between a current and the lines 
of force due to this current. 

Problem 4. — ^What is the direction, with respect to the current in a coil, 
of the electromotive force induced in this coil by the magnetic field due to 
this current, (a) when the current is increasing? (b) when the current is 
decreasing? 

Answer, — (a) When the current is increasing, the induced electromotive 
force due to the increase in its own magnetic field opposes the current, i.e., 
is a hack electromotive force. (6) When the current is decreasing, the 
induced electromotive force due to the decrease in its own field is in the 
same direction as the current. 

83. The Direct-current "Dynamo. — The production of an elec- 
tromotive force in a conductor which is moved in a magnetic field 
in such a manner that it cuts across the lines of force which rep- 
resent this field, is the fundamental principle involved in the 
operation of the direct-current dynamo. Such a machine 
may be used either as a generator of electric energy, when driven 
by a ''prime mover," e,g,j a steam engine or water-wheel; or it 
will operate as an electric motor, when supplied with electric 
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energy from a direct-current generator or other source of direct 
current. Alternating-current generators and motors also operate 
on this same principle (see Article 128). 

In a direct-current dynamo (usually abbreviated d.c. dynamo) 
the conductors in which the electromotive force is induced are 
usually insulated copper wires or copper bars, called " armature 
conductors," which are imbedded in slots in the exterior surface 
of a hollow iron cylinder (see Fig. 46). These slots are parallel 
to the axis of the cylinder. The cylinder itself, which is called 
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Fig. 46. — D-C. Generator. Cross-section perpendicular to shaft. 



the "armature core,'' is made up of sheets of soft iron or steel; 
the planes of these sheets are perpendicular to the axis of the 
cylinder. In large machines these flat rings of sheet steel are 
fitted on to a cast-iron frame, called the "armature spider," which 
resembles the spokes and hub of a wheel. The armature spider 
(or, in small machines, the steel sheets themselves) is mounted on 
a shaft or axle which runs through it and projects out at each end. 
The ends of the shaft are mounted in suitable bearings, and, in 
case the machine is to be driven by, or is to drive, a belt, a pulley 
is mounted on one end of the shaft. The armature conductors. 
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core and spider taken collectively are called the "armature" of 
the machine. 

The magnetic field in which the armature conductors are 
rotated is produced by an electric current in two or more coils of 
insulated wire, called '* field coils," which are wound on stationary 
iron or steel cores placed symmetrically around the armature 
core, as shown in the figure. The ends of these "field cores" 
next the armature are broadened out, so that they cover from 
50 to 70 per cent, of the armature surface, and are made concave 
toward the armature so that the end surfaces, called the "pole 
faces," form part of a cylindrical surface concentric with the 
armature and of a slightly greater radius. These broadened 
ends of the field cores are called the "poles shoes," and are fre- 
quently made separate from the field cores and are bolted to the 
latter when the machine is assembled. The ends of the field 
cores away from the armature are connected by a yoke of iron 
or steel; this yoke is called the "field yoke." The field coils, 
field cores, pole shoes and field yoke taken collectively are called 
the "field" of the machine. 

The air space between the pole shoes and the armature is 
called the "air gap." The lines of force produced by the current 
in the field coils form closed loops, such as indicated by the dotted 
lines in the figure. Those field poles from which the lines of 
force pass out into the air gap are called the "north poles" of 
the machine, and those into which the lines of force enter from 
the air gap are called "south ploes" (see Article 103). 

In the simplest type of armature winding, the armature 
conductors are all connected in series by insulated copper wires 
or bars, called "end connections," across the two ends of the 
armature core, so that the armature winding forms a closed coil 
around this core. The net electromotive force induced in this 
closed winding is the siun of the electromotive forces induced in 
the individual armature conductors. The field winding produces 
practically no lines of force which cut the end connectors; the 
entire electromotive force induced in the armature winding is that 
due to the cutting of lines of force by the armature conductors 
which lie in the air gap. 

Hence, when the armature conductors are distributed sym- 
metrically around the armatiu'e core, the net electromotive 
force induced in the armature winding is zero, since for each 
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conductor cutting the magnetic field on one side of the armature^ 
there is a corresponding conductor cutting an equal field on the 
other side of the annature, in the opposite direction with respect 
to the motion of the conductor. A study of Fig. 46 will make 
this clear; a dot in an armature conductor indicates an electro- 
motive force in the direction toward the reader, and a cross an 
electromotive force in the direction away from the reader. The 
electromotive force induced in those conductors not under a field 
pole is practically zero. 

However, although the net electromotive force induced in the 
complete armatiLre winding is zero, a constant difference of elec- 
tric potential can be obtained from the armature winding by 




Fig. 47. — Simple armature winding. 



bringing out suitable connections, or "taps," and making contact 
with these connections in a suitable manner. This can be best 
understood from Fig. 47, which shows diagrammatically an arma- 
ture winding of a simple two-pole machine, with the end connec- 
tions on the end of the armature facing the reader as heavy lines, 
and the end connections on the other end as dotted lines. 

The middle point of each of the front connections is connected 
to a bar of a device called a "commutator," which is a cylinder of 
copper bars insulated from each other by sheets of mica. This 
cylinder is mounted rigidly on the shaft of the armatiwe, from 
which the bars are also insulated. From the segment marked 
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1 there are two paths through the armature winding to the seg- 
ment marked 5, and the electromotive force induced in each of 
the armature conductors in each of these paths is in the direction 
from 1 to 5: Hence the net electromotive force between 1 and 5 
through each of these paths is the arithmetical sum of the electro- 
motive forces induced in all the conductors in this path, i.e., in 
half the total number of armature conductors. 

The two halves of the armature winding are then similar to two 
electric batteries in parallel. The electromotive force of one-half 
of the winding opposes the electromotive force induced in the 
other half of the winding, and consequently no current flows in 
the closed circuit formed by the entire winding. However, when 
the segments 1 and 5 are connected to an external circuit, 
the electromotive force impressed on this circuit will be equal 
to the electromotive force induced in each half of the winding, 
less the internal resistance drop, and consequently a current will 
be established in the external conductor, one-half of the current 
flowing through each half of the armature winding. 

As the armature turns in the direction indicated, the electro- 
motive forces induced in the individual conductors which form 
each path between 1 and 5 will not remain in the same direction, 
but some of the electromotive forces will reverse with respect to 
the others, and hence the net electromotive force between 1 ajid 5 
will decrease. However, when the armature has rotated through 
an angle corresponding to one segment of the commutator, another 
pair of segments, 8 and 4, come into the position formerly occu- 
pied by 1 and 5, and the electromotive force between 8 and 4 will 
be exactly the same as the electromotive force which previously 
existed between 1 and 5, provided the armature rotates with 
a constant speed. Similarly for the next pair of segments, and 
so on. 

Consequently, if, in the positions B and B' are mounted 
two fixed contacts, under which the commutator segments slide 
as the armature rotates, the electromotive force between these 
two contacts will remain practically constant. The greater 
the number of commutator segments, the more nearly constant 
will this electromotive force be. The fixed contacts which rub 
against the commutator segments are called "brushes," and in 
most modern machines are made of carbon blocks. These brushes 
are held in a suitable support, called the "brush-holder.'' The 
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parts of this brush-holder in contact with the brushes are insu- 
lated by suitable bushings from the brackets which connect them 
to a common support, called the "rocker-arm," which is mounted 
on some part of the stationary structure which forms the frame 
of the machine. This rocker-arm is so mounted that the posi- 
tion of the brushes can be adjusted until no sparking occurs 
between them and the commutator segments when a current 
is taken from or supplied to the machine. 

Dynamos designed for the generation or utilization of large 
amounts of electric power always have more than two poles, 
and in most cases a corresponding number of sets of brushes. 
In such "multipolar'' machines all the positive brushes are inter- 
connected and all the negative brushes are interconnected. The 
armature in such a multipolar machine may have a single winding 
of the form just described, or there may be two or more inde- 
pendent windings on the same armature core, connected in 
parallel. 

The several field coils of ' a dynamo are always connected in 
series electrically, and this complete field circuit may be connected 
either in shunt or in series with the armature, as illustrated in 
Figs. 21 (p. 78) and 27 (p. 97). When the field circuit is shunted 
around the armature, the machine is called a "shunt" machine, 
and when the field circuit is in series with the armature the machine 
is called a "series" machine. Frequently two sets of field coils 
are employed, one set in shunt and the other in series with the 
armature or with the external load supplied by the machine. 
A machine which has both series and shunt field coils is called a 
"compound" machine. The field cm-rent may, of course, be 
supplied by a source of electromotive force which has no connec- 
tion with the armature circuit; the machine is then said to be 
"separately excited." 

A self-excited machine (shunt, series or compound) when 
started up as a generator will develop in its armatiure a small 
electromotive force, due to the residual magnetism in the field 
poles (see Article 111). This electromotive force in turn estab- 
lishes a small current in the field windings, which increases the 
magnetic flux in the gap; this in turn increases the induced elec- 
tromotive force, and this cumulative process goes on until the 
field current reaches a steady value. In the simple shunt- 
connected generator, for example, the field current increases until 
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the induced electromotive force in the armature establishes a 
difference of potential between the brushes of the machine equal 
to the product of the resistance of the shunt field by the strength 
of the current in this field. 

The total current taken from the brushes of any type of con- 
tinuous-current generator for a given induced, or "armature," 
electromotive force, will depend upon the resistances and elec- 
tromotive forces in the external circuit, and also upon the internal 
resistance between the brushes and upon the resistances of the 
field windings. When the various resistances and electromotive 
forces are known, the strengths of the currents in the external 
circuit and the various windings of the machine can be calculated 
by Kirchhoff's Laws. Since in an electric generator the current 
always gains electric energy, the direction of the current through 
the armature is the same as that of the electromotive force 
developed in the armature. Hence the current always leaves 
the armature of a generator at the positive brush, and enters 
at the negative brush. ; 

A direct-current dynamo (series, shunt or compound) may 
also be used as a motor. In this case, its terminals are connected 
to some source of potential difference which establishes a current 
through its field coils and through its armature. The magnetic 
field produced by the current in the field coils exerts a mechanical 
force on the armature and causes it to rotate (see Chapter XI). 
Mechanical work is then done on whatever is connected to the 
armature shaft, and the energy to do this work comes from the 
source of electromotive force (e,g,, the generator) which establishes 
the current through the machine. Since in a motor electric 
energy is always converted into some other form (i.e., mechanical 
energy), the electromotive force developed by a motor is always 
in the direction opposite to that of the current; that is, an electric 
motor always develops a back electromotive force. The current, 
therefore, always enters the armature of a motor at the positive 
brush, and leaves it at the negative brush. 

For a fuller description of the construction of electric dynamos 
and a discussion of the various factors which affect their operation 
as generators or motors, the reader is referred to any text-book 
on dynamo-electric machinery. 

84. Electromotive Force Induced in the Armature of a Direct- 
current Dynaxao. — An important practical application of equa- 
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ti6n (2) is the calculation of the value of the electromotive force 
induced in the armature winding of a direct-current djrnamo. Let 

Z = the total number of armature conductors. 

p = the number of field poles. 

a = the number of parallel conducting paths between the 

positive and n^ative brush sets, that is^ - is equal to 

the niunber of armatiu-e conductors in series between 

the positive and negative brush sets. 
= the total useful magnetic flux per pole in c.g.s. lines or 

maxwells; that is, ^ is the total number of lines of force 

which pass through the armature core from a north pole 

to the adjacent south pole of the field. 
n = the number of revolutions of the armature per minute. 
The time required for each conductor to pass entirely around 

60 
the armature is then — seconds, and, therefore, the time taken 

60 
for it to pass through the magnetic field under each pole is — 

seconds. Hence the average value of the electromotive force 
induced in each armature conductor as it passes under each pole 

is ^ ..^g volts. Since the conductors are uniformly distrib- 
uted around the surface of the armatiu-e, this is also the average 
value at each instant of the electromotive force induced per 
conductor in each of the parallel paths between the positive and 

negative brushes. Since there are - conductors in series between 

the positive and negative brush sets, the average value of the total 
electromotive force between the brushes is 

E = ^T^n<p volts (3) 

60 a 

This electromotive force is usually referred to as the "armature" 
electromotive force, to distinguish it from the terminal voltage, 
which is less than this electromotive force by the internal resist- 
ance drop (see equation (6), Chapter II). 

When the number of commutator segments is large, the value, 
at any particular instant, of the total electromotive force be- 
tween the brushes is practically equal to this average value. For, 
since the brushes always make contact with segments in the same 
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position with respect to the field which produces the flux, the only 
possible variation in the electromotive force between the brushes 
(when and n remain constant) is the variation which occurs 
as the armature rotates through an angle corresponding to one 
conamutator segment. But, during the time required for this 
small displacement of an armature conductor, the rate at which 
each armature conductor cuts the lines of force remains practi- 
cally constant (except for the three or four conductors which are 
just passing under, or are just leaving, a pole tip). Therefore, 
the total induced electromotive force, which is the sum of the 

electromotive forces induced in - conductors, does not change 

appreciably in this interval, provided — is a large number. 

Equation (3) holds whether the dynamo is used as a generator 
or as a motor. In the case of a generator, this electromotive 
force is in the direction of the current, and in case of a motor in 
the opposite direction from that of the current. It should be 
noted, however, that the flux per pole in a generator or motor 
in general depends not only upon the current in the fleld coils, 
but also to a minor, but appreciable, extent upon the current in 
the armature. The armature current, under ordinary operating 
conditions, tends to produce a flux which opposes that due to the 
current in the field coils. This effect is known as "armature 
reaction." 

Problem 6. — A certain 250-kilowatt direct-current generator has 8 poles, 
768 armature conductors, 8 parallel paths between brush sets, and the flux 
per pole due to the field current alone is 13.5 X 10* lines. The generator 
is driven at a speed of 150 revolutions per minute. The total resistance of 
the armature winding (the 8 paths in parallel) is 0.007 ohm. Between 
each set of brushes and the commutator there is a '^ brush contact drop'' 
of 1 volt (due to the resistance of these contacts). When the armature is 
delivering 250 kilowatts to the brushes the flux per pole drops to 13.0 X 10* 
lines, due to the demagnetizing action of the armature current. 

(o) What is the armature electromotive force at no load? (6) At full 
load of 250 kilowatts? (c) What is the voltage between the positive and 
negative brushes at this load? 

Answer. — (a) 259 volts. (6) 250 volts, (c) 241 volts. 

85. Flux Linkages. — ^As shown in Article 81, the electro- 
motive force induced in a loop of a single turn, due to the 
variation in the magnetic field threading this loop, is equal to 
the time rate of change of this flux, viz., 
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^ = "^ abvolts 

at 

Experiment shows that, with respect to the electromotive force 
induced in it, a coil of N turns is equivalent to N single loops 
connected in series. When the N turns are so close together that 
the same flux tp links each turn, the electromotive force in- 

duced in each turn is ^ and, therefore, the total electromotive 

force induced in the coil of N turns is 

e = N^£ abvolts (4) 

or 

e = 10-W^ volts (4a) 

where (p is in maxwells and t in seconds, in both equations. 
The product N<p, which represents the niunber of links be- 
tween the wire and the lines of force which thread the coil, is 
called the niunber of ''flux linkages'' between the coil and the 
magnetic field. The symbol X will be used throughout this book 
to designate the flux linkages between an electric circuit and 
the magnetic field which threads this circuit. 

I the particular case of a concentrated winding, i.e., of a coil in 
which the tiurns are so close together that each of its iV turns may 
be considered as linking the same flux <pj the flux linkages are 

\^ N<p (5) 

In the case of a distributed winding,^i.e., a winding in which the 
several turns are linked by a different number of lines of force 
(see Fig. 40), the flux linkages between the winding and the 
magnetic field are 

X = ^1 + ^2 + v's + etc. (6a) 

where (pi, <p2, v'2, etc., are respectively the fluxes (i.e., the number 
of lines of force) which link the several turns which make up 
the winding. 

The general expression for the electromotive force induced in 
any electric circuit by a change in the flux which links it is then 

e = -TT abvolts (6) 

or 

e = 10-8 ^ volts (6a) 



MAGNETIC FLUX AND MAGNETIC CIRCUIT 175 

» 

where X represents the number of flux linkages between this 
circuit and the magnetic field which threads it. 

Problem 6. — How many linkages are there between the solenoid and the 
lines of force shown in Fig. 40? 

Answer, — 135 linkages. 

86. Measurement of Magnetic Flux. — ^From the definition 
of the quantitative measure of magnetic flux given in Article 
79, the value of the flux through any portion of a magnetic 
field may readily be determined experimentally. The procedure 
is as follows: 

Place in the field a coil of such a size and shape that it will 
be threaded by the flux to be measured. This coil may have 
any number of turns, say N, provided the turns are so close 
together that each is threaded by the same number of lines of 
force. Connect the two terminals of this coil, by means of a 
pair pf insulated wires twisted together, to a "ballistic" galva- 
nometer, i.e., a galvanometer whose moving element has a rela- 
tively long period of oscillation (i.e., several seconds). 

When the moving element of the galvanometer has come to 
rest, suddenly remove the coil entirely from the field, i.e., to. 
a place at which there is no appreciable magnetic flux. The 
first swing of the moving element of the galvanometer is then 
a measure of the flux which linked the coil in its original position. 

To prove this, note first that if fp represents this flux, in 
maxwells, and r is the total resistance, in ohms, of the test coil, 
leads and galvanometer, then from equation (4a), 






edt 

where e is the electromotive force in volts induced in the coil 
at any instant during its removal from the field, and t is the time 
required to remove the coil from the field. At the instant at 
which the electromotive force is e, the current in the circuit 

formed by the coil, leads and galvanometer is i = ; whence 



e = n. Therefore, 

Jo 

But j^idt is the quantity of electricity, in coulombs, which the 
induced electromotive force causes to flow through each section 



lO^r. 

^ = -^ I idt 
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of the circuit of which the coil is a part (see Article 28). Call 
this quantity of electricity Q. Then 

lO^r 
(p = -j^ Q maxwells (7) 

It may be shown that when a given quantity of electricity Q 
is suddenly discharged through a ballistic galvanometer, the first 
swing D of its moving element is proportional to this quantity of 
electricity, provided the discharge takes place in an interval of 
time small in comparison with the period of the galvanometer. 
Hence the relation expressed by equation (7) may be written 

*» = §D (7a) 

where D is the first swing of the moving element of the galva- 
nometer when the test coil is removed from the field, K a factor 
which depends on the characteristics of the particular galva- 
nometer employed and the total resistance of the test circuit, and 
N is the number of turns in the test coil. The factor K may be 
readily determined experimentally by means of a standard 
solenoid (see Article 110). 

Another, and often preferable, method of measuring the flux 
through a given region in a magnetic field, is to use a coil in 
series with a ballistic galvanometer as above described, but 
instead of pulling the coil out of the field, to turn it through 
180 degrees about an axis through the plane of the coil. In 
this case, when the coil is symmetrical about the axis around 
which it is turned, the relation between the flux and the quantity 
of electricity transferred through it by the induced electromotive 

force is 

lO^r 
<P = 2Ar^ maxwells (76) 

The factor 2 arises from the fact that the total change in the 
flux which links the coil, from its A face to its B face is 24 (see 
Article 82). 

Again, when the flux is due to an electric cm-rent which may 
be interrupted or reversed, the test coil may be kept stationary, 
and the flux through it be decreased from to or from to -0, 
by interrupting or reversing the current respectively. 

Problem 7. — The calibration curve of a certain ballistic galvanometer is 
found to be a straight line having the equation Q = 0.107D, where Q is 
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quantity of electricity, in microcoulombs, and D is the first swing of the 
moving element in miUimeters, as read by a telescope and scale. A rec- 
tangular coil of 20 turns, having a mean length of 10 inches and a mean width 
of yi inch, is placed in the air gap of a dynamo, directly under the center of 
one of the pole faces, with its length parallel to the shaft of the armature, 
and with its plane tangent to the surface of the armature (so that the lines 
of force through the coil are perpendicular to the plane of the coil). The 
coil is connected in series with the ballistic galvanometer, whose resistance 
is 876 ohms. The resistance of the coil and the leads from it to the galva- 
nometer is negligible in comparison with this resistance. When the coil is 
suddenly puUed out of the air gap, the first swing of the galvanometer is 
146 millimeters. What is the flux in the air gap through the area (10 by 
H inches) originally occupied by the test coil? ' 

Answer, — 68,400 maxwells. 

87. Magnetic Flux Density. — Just as the distribution of 
current in a conductor is conveniently expressed in terms of the 
current density at the various points of the conductor, so may 
the distribution of the magnetic flux in a magnetic field be con- 
veniently expressed in terms of the "density" of the magnetic 
flux at the various points in the field. By the magnetic flux 
density at any point is meant the flux per unit area through an 
element of a surface drawn normal to tiie direction of the field 
at this point. That is, when the flux through such an area dS 
is d<p, the magnetic flux density at the point at which d^S is taken is 

When the flux density has the same value at every point of a 
finite area S, normal to the direction of the lines of force through 
it, equation (8) becomes 

S = 5 (8a) 

This expression always gives the average density of a given flux 
(p over an area S normal to the lines of force, whether the flux 
density is constant or varies from point to point. Hence, since 
the flux through a given area is equal to the number of lines 
of force through this area (when the lines of force are drawn as 
specified in Article 79), the average flux density over any unit 
area, perpendicular to the lines of force which represent the field, 
is always equal to the number of lines of force which intersect 
this unit area. 

Magnetic flux density (B) is strictly analogous to electric 
current density ((t), the former being a convenient expression 

12 
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last two expressions may then be looked upon as the component 
of the flux density B normal to the area considered. A verbal 
statement of the relation expressed by equation (96) is then that 
the flux through any area is the integral, over this area, of the 
'normal component of the flux density at this area. 

The reader should note carefully, however, that although the 
flux density at any point is a vector quantity, the flux through a 
surface is an algebraic quantity. That is, the angle between 
the direction of a line of force {i.e., the direction of the flux den- 
sity) and the normal to a surface at a given point, may have any 
value, but the number of lines of force (i.e., the flux) through this 
surface from its A face to its B face will be either a positive or 
negative niunber, accordingly as these lines pass through this 
surface from its A face to its B face, or from its B face to 
its A face (see Article 82). Compare with the relation between 
force and work: force is a vector quantity, but work, which is 
the integral along a line of the component of the force along this 
line, is an algebraic quantity. 

It is common practice, however, to speak of the direction of a 
flux, meaning thereby the direction of the lines of force which 
represent this flux. 

In the c.g.s. electromagnetic system of imits, the unit of 
magnetic flux density is 1 maxwell, or line, per square centimeter. 
This unit is called the "gauss.'' Flux density is also expressed in 
lines pei: square inch and in kilolines per square centimeter, 
or per square inch. By a kiloline is meant 1000 lines, or 1000 
maxwells. 

When the magnetic flux density at every point in a given region 
has the same value, the field is said to be "uniform" within this 
region. In a uniform magnetic field the lines of force are straight, 
parallel, and uniformly distributed. 

Problem 8. — ^Referring to Problem 7, what is the average value of the 
flux density in the air gap over the particular area which is bounded by 
the coil when placed in the air gap as specified? 

AnBwer. — 54,700 lines per square inch or 8490 gausses. 

Problem 9. — ^Referring to Fig. 46, the flux density in the air gap directly 
under the center of each pole is 50,000 lines per square inch, and is perpen- 
dicular to the surface of the armature. At the points midway between the 
two poles the component of the flux density normal to the surface of the 
armature is zero. At any other point P in the air gap, the component of 
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the flux density normal to the surface of the armature, is given by the 
expression^ 



B = 50,000 cos 



fij) 



where 25 is the distance, in inches, measured circumferential around the 
armature, from the center of a north pole to the center of the next north 
pole, and x is the distance, in inches, measured circumferentially around 
the armature, from the center of a north pole to the point P. The length of 
the armature core, measured parallel to the shaft, is 8 inches. The surface 
of the pole fac6 is rectangular. 
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Fig. 49. 

(a) What is the total flux entering the armature from each pole? (6) 
Plot a curve with the flux density B as ordinates and the distance x as 
abscissas, (c) What is the relation between the area of this curve and this 
total flux? 

Answer. — (a) 3.18 X 10« lines, (c) The flux per pole is equal to this area 
multiplied by the length of the armature, which in this case is 8 inches. 

88. Magnetomotive Force and Magnetic Reluctance. — The 

magnetic fields in most electric machinery and apparatus are due 
directly to electric currents.^ The relation between the magnetic 

^ Such a '' sinusoidal'' distribution of flux is seldom actually realized in 
practice, but is often closely approximated, particularly in alternating- 
current machines. 

> The magnetic fields of so-called permanent magnets will be considered 
in detail later; Article 104. 
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flux produced by an electric current and the intensity of this 
current is, therefore, one of fimdamental importance. 

The relation in question is of the same general form as that 
between an electromotive force and the current which it pro- 
duces. Consider, for example, the magnetic field due solely to 
a current i in a single coil of N turns. The space in which the 
magnetic field exists may he thought of as divided into a number 
of closed rings, such as the ring M in Fig. 49, each ring being of 
such a shape that its walls are tangent at each point to the line 
of force through that point. Such rings will not in general be 
of a simple shape, and the cross-section of any particular ring 
at various points along its axis will not in general be the 
same. 

Since the walls of such a ring as that described are tangent 
at each point to the line of force through that point, no line of 
force can enter or leave it through its walls. Therefore every 
line of force inside such a volmne must be a closed loop inter- 
secting every cross-section of this volume, as illustrated by the 
dotted loop in Fig. 49. The magnetic flux will therefore have the 
same value at every cross-section of such a volume. A volmne 
whose walls are tangent at each point to the line of force through 
that point therefore forms a closed "circuit'' for the magnetic 
flux in it, just as a loop of wire forms a circuit for any electric 
current which may be established within it. Such a volmne 
may therefore be conveniently designated as the ''magnetic 
circuit" of the flux within it. 

The term "magnetic circuit" is also used to designate specifi- 
cally the iron cores, yokes and air gaps of any electric apparatus 
or machine, for these parts form the path of the major portion 
of the magnetic flux. However, as will be shown later, some of 
the lines of force through the cores and yokes "leak" out through 
their lateral walls into the surrounding air. 

Consider a closed magnetic circuit, such as the ring above des- 
cribed, from whose lateral walls there is no leakage of magnetic 
flux. Experiment shows that when such a circuit is linked by 
a single coil of N tiu-ns, carrying a current i, the relation between 
the flux <p in this magnetic circuit and the current i in the given 
coil may always be represented by an expression of the form 

.-f (10). 
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where (R is a factor, called the "magnetic reluctance " of the given 
magnetic circuit, which factor represents a definite property of this 
circuit, just as the resistance of a given electric circuit represents 
a definite property of the electric circuit. 

The reluctance of a given magnetic circuit, as thus defined, is 
found by experiment to depend upon the size, shape and dimen- 
sions of this circuit (see Article 89) in exactly the same way that 
the resistance of the path of an electric current depends upon 
the size, shape and dimensions of this path; The numerical value 
of the , reluctance of a given magnetic circuit also depends, of 
course, upon the unit adopted for its measure. 

In the c.g.s. electromagnetic system of units, the unit of 
reluctance is so chosen that when the flux is expressed in max- 
wells and the current in abamperes, the above relation between 
the flux, current and reluctance becomes 

The factor Air arises from the fact that the c.g.s. electromagnetic 
system of units is based upon the arbitrary choice of unity as 
the value of the reluctance of a centimeter-cube of free space 
(see Article 89). The c.g.s. electromagnetic unit of reluctance 
is called the "oersted." 

The relation expressed by equation (10a) is of identically the 
same form as that which holds between the current /, the elec- 
tromotive force jB, and the resistance r, of a closed electric circuit, 
viz., the current in a closed electric circuit is equal to the electro- 
motive force in this circuit divided by its resistance, or, 

r 

The quantity 4tirNi is, therefore, called the "magnetomotive force'' 
(abbreviated m.m.f.) established by the given current i in the 
magnetic circuit which it links. 

Equation (10a) may, therefore, be looked upon as a mathemat- 
ical statement of the fact that a current of i abamperes in a coil 
of N turns establishes a magnetomotive force in every magnetic 
circuit which links each turn of this coil, and that this magneto- 
motive force produces in any such magnetic circuit a flux 
numerically equal to this magnetomotive force divided by the 
reluctance of this circuit, provided the magnetic field is due solely 
to the current in this one coil (see Article 90). 
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# 

As previously noted (Article 78),- the flux lines produced by a 
single current always link this current in the right-handed screw 
direction, except in the special case of a core of iron or other 
magnetic substance which has been previously magnetized, in 
which case the resultant lines of force may be linked by the 
current in the opposite, or left-handed screw, direction. Since 
a magnetomotive force may be looked upon as that which pro- 
duces, or tends to produce, a flux, the direction of the magneto- 
motive force established in a magnetic circuit by any current 
which links it, is taken as that direction through the circuit of 
this current which bears a right-handed screw relation to the 
direction of this current. For example, in Fig. 49, the direction 
of the magnetomotive force is that of the arrow marked m.m.f . 

The fact that, in a previously magnetized core of iron (or 
other magnetic material), the resultant liiles of force may link 
in the left-handed screw direction the current m a winding on 
this core, may be conveniently taken into account by considering 
the reluctance of such a core to this resultant flux as a negative 
quantity (see Article 111). 

The unit, of magnetomotive force in the c.g.s. electromagnetic 
system is called the ''gilbert;" i.e., a gilbert is the magnetomotive 

1 • 10 

force produced by a current of j- abamperes, or .- amperes, in 

a coil of 1 turn. The practical unit of magnetomotive force is 
the "ampere-turn." By an ampere-turn is meant the magneto- 
motive force produced by a current of ] ampere in a coil of 
1 turn. A current of i amperes in a coil of N turns produces 
a magnetomotive force of Ni ampere-turns (see equation (10)). 
The relation between the ampere-turn and the gilbert is 

1 ampere-turn = 0.4ir gilberts 

= 1.257 gilberts 

When the current i is expressed in amperes, the flux ip in max- 
wells, and the reluctance (R in oersteds, equation (lOo) becomes 

0»4:7ri\ rt , ,. 

tp = —^ (106) 

The fundamental relation between magnetomotive force, flux 
and reluctance will be expressed in this form throughout this 
chapter. 
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The reciprocal of the reluctance of a magnetic circuit is called 
the "magnetic permeance" of this circuit, and is usually desig- 
nated by the symbol 6*, namely, 

1 



(P = 



(R' 



(11) 



The flux in a magnetic circuit which has a permeance of (P 
c.g.s. electromagnetic units is then 

(P = <P X {0.4^Ni) maxwells 

when i is expressed in amperes. 
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Fig. 50. 



Problem 10. — In Fig. 50 is shown the magnetic circuit of a two-pole 
electric generator. Each of the two field coils has 2210 turns and a resist- 
ance of 65 ohms. These two coils are connected in series in such a manner 
that each tends to produce a magnetic flux in the same direction around the 
magnetic circuit of the machine. 115 volts is impressed on this field wind- 
ing. The reluctance of the magnetic circuit of the machine is 0.0021 
oersted. 

(a) What is the magnetomotive force impressed on this circuit, in ampere- 
turns? (6) In gilberts? (c) What is the value of the total flux established 
in this circuit, in maxwells? (d) If 20 per cent, of this total flux passes 
through the air from one pole to the other, without entering the armature 
core, what will be the flux inr the air gap directly under each pole face (i.e., 
the flux through the armature core) ? 

Answer.— (a) 3910 ampere-turns. (6) 4920 gilberts, (c) 2.34 X 10« 
maxwells, (d) 1.87 X 10« maxwells. 

89. Magnetic Permeability and Reluctivity. — The reluctance 
of a magnetic circuit, like the resistance of an electric circuit, 
depends not only upon the size and shape of the path which 
forms this circuit, but also upon the nature of the substances 
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through which this path passes. This relation may, in fact, 
be expressed in exactly the same manner as the relation between 
the resistance of an electric circuit and the length, cross-section 
and conductivity of the component parts of this circuit. 

In the first place, just as certain substances conduct electricity 
more readily than others, so also are certain substances more 
"permeable" to a magnetic flux than others. The substance 
which is most permeable to a magnetic flux is pure iron. The 
various kinds of commercial iron and steel are also highly per- 
meable to a magnetic flux, and, due to their relative cheapness, 
are invariably used where a path of low magnetic reluctance 
(large flux for a small number of ampere-turns) is desired. 

Most substances, however, such as air and other insulating 
materials, copper, aluminum, etc., have practically the same de- 
gree of magnetic permeabiUty as free space (i.e., a perfect vac- 
uum). Such substances are, therefore, usually said to be "non- 
magnetic," as distinguished from those substances which have 
a permeability of the same order of magnitude as that of iron, 
which latter are commonly referred to as "magnetic" substances. 
Aside from iron and steel, the only strongly magnetic substances 
are nickel and cobalt and certain alloys of manganese, known as 
Heusler alloys. 

Since every substance, and even free space, has a permeabiUty 
appreciable in magnitude with that of iron, it is impossible 
to "insulate" the path of a magnetic flux, in the sense that the 
path of an electric current (e.g., a copper wire) can be insulated. 
Consequently, even when iron or steel of high permeability is 
used for the path of a magnetic flux, the flux in this main path 
will, as a rule, be accompanied by a certain amount of "leakage" 
flux in the air and other non-magnetic substances in the vicinity 
of this main path. This leakage flux is comparable in magnitude 
with the current which would leak from an electric circuit 
made of carbon and immersed in a strong salt solution. The 
leakage flux about an electric dynamo may be readily detected 
by the pull produced on a small piece of iron {e.g., a screw-driver) 
held near it. 

Due to the fact that a magnetic flux is practically never con- 
fined to a Unear path (such as a wire) it is usually impossible to 
express in a simple formula the exact relation between the reluc- 
tance of the path of a given flux and the dimensions and nature 
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of the substance through which this path passes. However, in the 
special case of a volume which has the form of a right cylinder 
or prism, and in which the flux has the same density at every point 
and is parallel to the axis of this volume, experiment shows that 
the reluctance may be expressed by the simple formula 

(R = ^^ (12) 

where I is the length, and S the cross-section of this volume, and 
M is a factor whose numerical value may be taken as the measure 
of the magnetic "permeability" of this volume. This relation 
is identical in form with that between the resistance and conduc- 
tivity of a volume of Uke shape to a current which is parallel to 
its axis and of constant density .throughout (see Article 55). 

Any magnetic circuit from which there is no leakage of flux, 
no matter what its shape or size, may be considered as made up 
of elementary volumes which satisfy the conditions just stated. 
Its total reluctance may then be calcullstted by combining 
the reluctances of these elementary volumes in the same manner 
as resistances in series and in parallel are combined. 

As noted in the last article, the c.g.s. electromagnetic system 
of units is based on the arbitrary choice of unity as the value of 
the reluctance of a centimeter-cube of free space. From equa- 
tion (12) this is equivalent to the arbitrary choice of unity as the 
value of the magnetic permeability of free space. Magnetic 
permeability is almost itvariably expressed in c.g.s. electro- 
magnetic units, and will be so expressed throughout this book. 

Experiment shows that certain substances have a magnetic 
permeability slightly less than that of free space. Such sub- 
stances are called "diamagnetic" substances. Bismuth has the 
smallest permeability of any substances, namely, a permeability 
of 0.99983. Those substances which have a permeability but 
slightly greater than unity are called "paramagnetic" substances. 
Substances such as iron, steel, nickel, cobalt and the Heusler 
alloys, which have a permeability many times greater than air 
or free space, are called "ferromagnetic" substances. For most 
practical purposes, the permeability of all substances other than 
these paramagnetic substances may be taken as unity. 

A fact of fimdamental importance in regard to the permeability 
of any strongly magnetic substance, such as iron or steely is 
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that its permeability depends not only (1) upon its chemical 
composition, but also (2) upon the flux density established in 
it, (3) its previous magnetic history, and (4) the heat treatment 
to which it has been subjected. In particular, a permanent 
magnet must be looked upon as having a negative permeability 
to its own flux. In fact, a core of any magnetic material may, 
imder certain conditions, have a negative permeability. These 
various factors are considered in detail in Chapter IX. 

The maximum normal permeability of pure iron is about 13,000. 
However, for such qualities of sheet iron and steel as are ordi- 
narily used in electric machinery and apparatus, at the flux 
densities commonly employed, the permeability is usually of 
the order of 3000 c.g.s. electromagnetic units. Cast steel and 
cast iron have a much lower normal permeability (see Article 
112). 

The reciprocal of magnetic permeability is often a more 
convenient quantity to employ than the permeability itself. 
This reciprocal, namely, the quantity 

P = - (13) 

is called the "reluctivity" of the material in question. Reluc- 
tivity is analogous to electric resistivity, which later is the 
reciprocal of the electric conductivity (see Article 68). The 
student should not be confused by the use of the same symbol, 
p, for reluctivity and for resistivity. A distinctive symbol for 
reluctivity would be desirable, but it As become common practice 
to use the same symbol for each. Whenever there is a possibility 
of confusion, the letter p with the subscript "m" may be used 
to designate reluctivity, viz., p^. 

Values of the "normal" reluctivity of iron, steel, cobalt and 
nickel are given by the curves in Fig. 77, which are more fully 
described in Article 112. 

Problem 11. — A rectangular bar of iron 10 inches long, 1.2 inch wide 
and 0.5 inch thick has a reluctance of 0.0045 oersteds, when the flux through 
it is parallel to its axis, uniformly distributed, and equal in value to 30,000 
maxwells. 

(a) What is the flux density in the bar, in gausses? (6) What is the 
permeability of the bar to a flux of this density? (c) What is the correspond- 
ing value of the reluctivity? 

Ansioer, — (a) 7760 gausses. (6) 1457 c.g.s. electromagnetic units, (c) 
0.000686 c.g.s. electromagnetic units. 
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90. Magnetizing Force. — ^As noted in the previous article, 
equation (12) is the basis for the calculation of the reluctance 
of all magnetic circuits, irrespective of their shape and of the 
distribution of flux within them, just as the corresponding 
expression for the resistance of a conducting rod or bar is the 
basis for the calculation of the resistance of a conductor of any 
shape and dimensions (see Article 64). However, since a 
magnetic flux is practically never confined to a straight cylin- 
drical path, such as a rod or wire, the formula 

(R = -^ 
/xo 

when applied directly to the calculation of the reluctance of a 
finite volume in a magnetic field, will, as a rule, give only an 
approximately correct value of the reluctance of this volume. 
Nevertheless, such rough calculations are often sufficiently 
accurate for engineering purposes. 

For example, the reluctance of the field yoke in the dynamo 
shown in Fig. 50, to the flux which passes through it from one 
field core to the other, may be calculated from this formula, 
with a sufficient degree of accuracy, by taking for I the length of 
the central line of force in this yoke (t.e., the length EF measured 
along the dotted line in Fig. 50), for S the actual cross-section 
of the yoke, and for /* the permeability of the yoke corresponding 
to the value of the flux density which it is desired to establish 
in it. 

From an engineering point of view, the reluctance of a magnetic 
circuit is chiefly of importance in that it determines the number 
of ampere-turns which must link this circuit in order to establish 
a given flux in it. A more direct calculation of the ampere-turns 
required may, however, be made without actually calculating 
the reluctance, by proceeding in a somewhat different manner, 
which will now be described. The procedure is identical with 
that employed in calculating the drop of electric potential in 
a non-linear conductor (see Article 64). 

From the definition of magnetomotive force and reluctance 
^(Article 88), the magnetomotive foree which acts on any closed 
magnetic circuit from which there is no leakage of flux (see Fig. 
49) is equal to the flux tp through this circuit multiplied by its 
total reluctance (R, viz., 

0.4fjrNi = (R<p (14) 
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where the magnetic quantities (R and tp are expressed in c.g.s. 
electromagnetic units and the current i in amperes. 

This total reluctance (R may be considered, as noted in Article 
89, as the sum of the reluctances, say 6li, (R2, (R3, etc., of the 
various sections which make up the complete circuit of the flux <p. 
Whence equation (14) may be written 

O.inrNi = (5{i<f> = (R2<p + (5i2(p + etc. (14a) 

where (Ri, 6I2, (R3, etc., are the reluctances of the various sections 
which, in series, make up the complete circuit of the flux (p. 

Consider a closed magnetic circuit of infinitesimally small cross- 
sections, and let d<p be the flux in this circuit. Let dS be the 
cross-section of this circuit at any point on its axis. This axis 
will be a line of force, such as the dotted loop in Fig. 49. Let dB 
be the flux density at the point at which dS is taken, and let dl 
be an elementary length measured along the axis from this 
point. Then the volume dl X dS forms a right cylinder (or 
prism) in which the flux density may be considered as constant. 
The axis of this cylinder is parallel to the direction of the flux 
through it. Hence, from equation (12), the reluctance of this 
elementary volume is 

where [m is the permeability of the medium at the point considered. 
The product of this reluctance by the flux d<p through it is 

d(RXd(p = — -^ 

But -T^ is equal to the flux density B at the point considered 
(see equation (8)) ; whence 

T> 

d(RXd(p = ~dl (15) 

From equation (14a), however, the summation of cfcR X d^for 
aU the elementary volumes which constitute the given magnetic 
circuit is equal to O.^TrNi, which in turn, from equation (15), 

must be equal to the summation of —dl for all the elementary 

lengths which make up the line of force which coincides with this 
magnetic circuit. Whence, equation (14) is equivalent to the 
relation 
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0.47ri\ri= r^cH (16) 

where the integral sign J^ is used to indicate that the quantity 

- is integrated completely around the loop formed a line of 

A* 

force. 
The quantity —, i.e., the magnetic flux density at any point 

divided by the magnetic permeability at this point, when both 
are expressed in cg.s. electromagnetic unitSi is called the '^ mag- 
netizing force " at this point, and is usually represented by the 
symbol H, viz., 

iff = - Cg.s. electromagnetic imits (17) 

Or, in terms of the reluctivity p, 

H = pB cg.s. electromagnetic units (17a) 

Compare with equation (16) of Article 64. 

In terms of the magnetizing force H, as thus defined, equation 
(16) of this article may be then written 

OAr Ni -- f^Hdl (18) 

The student should note carefully that the terms "magneto- 
motive force" and "magnetizing force" are used for two entirely 
different quantities; namely, the magnetomotive force established 
in a closed loop in equal to 0.4t times the ampere-turns which 
link this loop, whereas the magnetizing force at any point on 
this loop is the flux density which is established at this point 
divided by the permeability of the medium at this point. Equa- 
tion (18) states that these two quantities bear such a relation to 
each other, that the integral of the magnetizing force arotmd 
the closed loop formed by any line of force is equal to the mag- 
netomotive force established in this loop by the ampere-turns 
which link it. 

Magnetizing force, therefore, has the same "dimensions" 
as magnetomotive force divided by length. Consequently, 
since in the cg.s. electromagnetic system of imits, the unit 
of magnetomotive force is the gilbert, the cg.s. electromag- 
netic unit of magnetizing force may be called the "gilbert per 
centimeter." 
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Since, by definition, H ^ —, equation (15) may be written 

d(R X d^ = Hdl (19) 

That is, the product of the magnetizing force at any point by 
an elementary length of the line of force through this point, is 
equal to the reluctance of the elementary cylinder, whose axis 
is this elementary length, multiplied by the flux through this 
cylinder. From analogy with the product of a resistance by 
an electric current, the product of the reluctance of any given 




Fig. 51. 

voliune by the flux through it may be called the '^ reluctance 
drop" in this volume. The product HcU, where dl is an elemen- 
tary length in a line of force, is then the reluctance drop along 
this elementary length. 

Equation (18) is then merely a convenient mathematical 
expression for the relation that the total reluctance drop aroimd 
a closed magnetic circuit is equal to the magnetomotive force 
established in this circuit. This, in fact, is the relation (see 
equation (14a)) from which equation (18) is deduced. Compare 
also with the relation between the total resistance drop aroxmd a 
closed electric circuit and the electromotive force in this circuit. 

Experiment shows that the magnetizing force H at any point, 
like the flux density £ at a point, may be considered as a vector 
quantity, whose direction is along the line of force. When the 
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permeability at the given point is positive, which is usually the 
case, the positive sense of the magnetizing force H is that of the 
line of force at this point. When the permeabiUty at the given 
point is negative (see Article 111), the positive sense of the mag- 
netizing force H must then be taken opposite to that of the line 
of force. The positive sense of the flux density B, however, is 
always in the direction of the line of force. 

Equation (18) may then be put into a more general form, 
which experiment shows to be applicable to any path whatever, 
irrespective of how the magnetic field is produced, whether by 
electric currents, magnets, or both, viz., 

f^{H cos e)dl = 0.4grSiNri (20) 

where dl represents an elementary length, in centimeters, meas- 
ured along this path (see Fig. 51) ; ^ is the resultant magnetizing 
force at dl, in gilberts per centimeter; 6 is the angle between the 

direction of H and the direction of dl; and the symbol J signifies 

the sunmiation of the products {H cos 6)dl for all the elementary 
lengths into which this path is divided, and XNi signifies the 
algebraic sum of all the ampere-turns which link this loop. In 
this summation those currents which link the given loop in the 
right-handed screw direction, with respect to the direction in 
which dl is measured, are to be considered as positive, and those 
currents which link this loop in the opposite direction are to be 
considered as negative.^ 

In general, the integral along any given path from any point A 
to any other point B, of the component, in the direction of this 
path, of any vector quantity X, is called the "line integral" of 
this quantity along this path. That is, the line integral of X 
along any given path from A to JB, is 



n 



(X cos e)dl 



where d is the angle between the direction of X and the direction 
of dl. A famiUar case of a line integral is the expression for 
the work W done by a force F in moving a particle of matter along 
a given path, viz., 

W = f^{F cos d)dl 

1 This relation is perfectly general only when the ''displacement cur- 
rents" as well as the conduction currents which link the loop are included 
in this summation (see Article 137). 
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The general relation expressed by equation (20) may then be 
stated in words, viz., the line integral of the magnetizing force 
around any dosed path in a magnetic field is always equal to the 
algebraic sum of the magnetomotive forces which act on this path. 

When the closed path around which the line integral is taken 
links no electric current, equation (20) becomes 



X 



(H cos e)dl = (20a) 



That is, the Une integral of the magnetizing force around a closed 
path which Unks no electric current is zero. In particular, the 
line integral of the magnetizing force due solely to a permanent 
magnet, around a closed Une of force which passes through this 
magnet, is always zero. 

Many physicists use the term "magnetic field intensity" to 
designate the quantity above defined as the "magnetizing 
force," and express its magnitude as so many "dynes per imit 
north pole." The name "magnetizing for.ce" for the quantity 
Hj and the name "gilbert per centimeter" for its unit (in the 
c.g.s. electromagnetic system), are much more suggestive of the 
real significance of this quantity. 

Since the permeabiUty of air and other non-magnetic sub- 
stances is equal to unity (practically), when expressed in c.g.s. 
electromagnetic units, the magnetizing force in such substances 
is always numerically equal to the flux density, provided both 
quantities are expressed in c.g.s. electromagnetic units. On 
this account, magnetizing force, in the c.g.s. electromagnetic 
system, is frequently stated as so many gausses, or maxwells per 
square centimeter, or lines per square centimeter. However, 
only on the assumption that the permeabiUty has no dimensions 
(i.e., is merely a number, Uke the factor t, for example), is it 
logical to express flux density (B) and magnetizing force {H) 
in the same units. Such an assumption may be correct, but 
it wiU avoid confusion to reserve the terms "gauss," "maxweUs 
per square centimeter" and "lines per square centimeter" 
to designate the flux density, and to designate the c.g.s. electro- 
magnetic unit of magnetizing force by the speciflc term "gilbert 
per centimeter." 

As noted in Article 88, the practical unit of magnetomotive 
force is the ampere-turn. The corresponding practical unit of 
magnetizing force is the ampere-turn per centimeter, or per inch, 

13 
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accordingly as the centimeter or inch is used as the unit of length. 
When H is so expressed, the factor 0.4t in equations (18) and 
(20) must be omitted. The general relation (equation (20)) be- 
tween magnetizing force and magnetomotive force, when the 
closed loop L is a line of force, is, therefore, in practical units. 



f^Hdl = I^Ni 



(21) 



where dl is an elementary length, in centimeters (or inches), 
measured along this line of force, H is the magnetizing force at 
dl in ampere-turns per centimeter (or per inch) and XNi is the 
algebraic sum of the ampere-turns linked, in the right-handed 
screw direction, by this line of force. This equation is the basis 
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for the practical calculation of the magnetic circuits of electric 
machines and apparatus (see the next article). 

Ampere-turns per centimeter or per inch may be readily con- 
verted into gilberts per centimeter from the relations that 
1 ampere-turn per inch = 0.4950 gilberts per centimeter 

1 ampere-turn per centimeter = 1.257 gilberts per centimeter 

It should be carefully noted, that when the flux density B is 
expressed in gausses, /x in c.g.s. electromagnetic units, and H 
in ampere-turns per inch, the relation between B, n and H 
(equation (17)) becomes 



H = 2.021- 



ampere-turns per inch 



(22) 
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Similarly, when B is expressed in lines per square inch, m in c.g.s. 
electromagnetic units, and H in ampere-turns per inch, the rela- 
tion between B, ju and H becomes 

B 
H = 0.3131— ampere-turns per inch (22a) 

Problem 12. — In Fig. 52 is shown an iron ring on which is uniformly 
wound, as indicated in the figure, a coil of 600, turns of insulated wire. 
The radius of the hole in the ring, marked a in the figure, is 5 inches, the 
radial thickness tis^ inch, and the axial width to is 2 inches. A current of 
0.7 ampere is estabhshed in the coil, and produces in the ring a flux of 
100,000 maxwells. Due to the fact that the ring is completely covered with 
a uniform winding, the lines of force produced by the current in this winding 
must, from symmetry, be confined to space inside the winding and must be 
circles concentric with the hole in the ring (see Article 108). 

(a) What is the magnetomotive force, in ampere-turns and in gilberts, 
acting on each line of force in the ring? (&) What is the magnetizing force, 
in ampere-turns per inch and in gilberts per centimeter, at any point on the 
line of force which has a radius of x inches, (c) What is the maximum 
and what is the minimum value of this magnetizing force, and at what 
points do these values occur? (d) Determine by integration with respect 
to the distance x, i.e., by the formula 

1 /•" + ' 
Average value of H = I Hdx 

the average value of the magnetizing force over this cross-section? (e) 
What is the value of the magnetizing force at the mean circumference of 
the ring (radius 5 + /4 X 0.75)? (/) Under what conditions will the 
average value of the magnetizing force be practically equal to the magnetiz- 
ing force at this mean circumference? (g) What is the average flux density, 
in gausses, over any cross-section of the ring? (h) What is the average 
permeability of the ring, taken as the quotient of this average flux density 
by the average magnetizing force? (i) What is the total reluctance of the 
ring, in oersteds, as calculated from the fundamental definition of reluctance 
as the magnetomotive force divided by the flux? {j) Calculate the reluct- 
ance from the formula R == o ' using for I the mean circumference of the 

ring, (k) Under what conditions will the formula R = —^ give a prac- 
tically correct value for the reluctance of the ring? {I) Were the ring made 
of wood instead of iron, how would the magnetizing force in it differ from 
that in the iron ring, for the same current (namely 0.7 ampere) in the wind- 
ing? (m) What would be the average flux density in the wooden ring? 
(n) What would be the total flux through the wooden ring? (o) To produce 
in the wooden ring the same total flux (100,000 lines) as is produced in the 
iron ring, how many amperes would be required in the coil? (p) If the 
current required to magnetize the iron core develops 1 watt of heat in the 
winding (due to its resistance), how much heat would be developed by the 
current required to establish an equal flux in the wooden ring? 
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Answer, — (o) 420 ampere-tunus or 528 gilberts. (6) — '— ampere-turns 

33 1 
per inch or — — gilberts per centimeter, (c) Maximum value 6.62 gilberts 

per centimeter at the inside surface of the ring (x = 5 inches) and a miTiimniT^ 
value of 5.76 gilberts per centimeter at the outside surface (x = 5.75 inches), 
(d) 6.16 gilberts per centimeter, (e) 6.15 gilberts per centimeter. (/) 
The radial thickness t of the ring must be small in comparison with the 
radius a of the hole in it. (g) 10,320 gausses, {h) 1678 c.g.s. electromag- 
netic units, (i) 0.00528 oersteds, (i) 0.00529 oersteds, (k) The radial 
thickness t of the ring must be small in comparison with the radius a of the 
hole in the ring. (Z) For the same number of ampere-turns, the magnetizing 
force would be the same in the wooden ring as in the iron ring, (m) 6.16 
gausses, equal to the average value of the magnetizing force, (n) 59.6 
lines, (o) 117.5 amperes, (p) 13,800 watts or 13.8 kUowaUs. (This 
brings out strikingly the advantage of using iron instead of wood, or other 
non-magnetic material, for the magnetic circuits of electric apparatus.) 

91. Practical Calculation of the Ampere-turns Required to 
Produce a Given Flux. — The following example will illustrate 
the application of the ideas above developed, to the calculation 
of the ampere-turns required to establish a given flux in the 
magnetic circuit of an electric machine. Consider a two-pole 
dynamo, such as shown in Fig. 50. Let 

Ig = length of each air gap between the pole face and the 

armature, viz., BC = HA in Fig. 50. 
Ig = mean length of the path of the flux in each pole shoe, 
viz., CD = HG in Fig. 50, measured along the dotted Une. 
Ic = length of the path of the flux in each pole core, viz., 

DE ^GF in Fig. 50. 
ly = mean length of the path of the flux in the yoke, viz., 

EF in Fig. 50, measured along the dotted line. 
la = mean length of each branch of the path of the flux 
in the armature core, viz., AB in Fig. 50, measured 
along either the upper or lower dotted line. 
Sg = cross-section of the path of the flux through the air 
gap, which, to a first approximation, may be taken as 
the area of the pole face. 
St = mean cross-section of the path of the flux in the pole 
shoe; to be estimated from the dimensions of the latter 
and the general shape of the lines of force through it. 
Se = cross-section of the field core. 

Sy =» mean cross-section of the path of the flux in the yoke; 
to b« estimated in the same manner as S.. 
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Sa = cross-section of ring which forms the armature core. 
The total area of the path of the flux through the 
armature will then be 2Sa. 
<p = total flux through the air gap and armature core. 

k<p = total iux through the pole shoes, field cores and yoke, 
where A; is a factor (usually between 1.1 and 1.4) which 
takes into account the leakage flux which passes 
through the air from one pole shoe to the other, without 
going through the armature core and air gap. This 
factor is called the "leakage factor," and may be defined 
as the ratio of the flux in the field cores to the flux in the 
armature core. 

First calculate the flux densities in the various parts of the 
magnetic circuit. In the air gap and armature these flux den- 
sities are respectively 

5. = 5? and B. = ^ 



'0 



Sa 2Si 



In the pole shoes, field cores and yoke the flux densities are 
respectively 

Bs = ^, Be = o" and By = ^ 

From curves, obtained by test (see Article 112), showing the 
relation between the flux density B and magnetizing force H 
for samples of the iron or steel used for the various parts of the 
magnetic circuit, find the values of the naagnetizing force cor- 
responding to the flux densities Ba, -B«, Be and By. Let these 
values be Hay -ff«, He, and Hy respectively. For engineering 
calculations these curves are usually plotted with flux densities 
in lines per square inch, and magnetizing forces in ampere-turns 
per inch. The dimensions of the magnetic circuit are then to 
be expressed in inches. The magnetizing force in the air gap 
will then be (see equation (22a)) 

Hg = 0.31315^ 

From equation (21) the ampere-turns required will then be 

NI = 2H,l, + 2HX + 2Hclc + Hyly + Hah (23) 

or the ampere-turns per pole will be 

y^NI = H,l, + HX+ Hclc + y^Hyly + ^iHala (23a) 

These last two equations also hold when the dimensions are ex- 
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pressed in centimeters, provided the magnetizing forces are ex- 
pressed in ampere-turns per centimeter. When centimeters, 
however, are used, and the flux densities are expressed in gausses, 
or lines per square centimeter, the magnetizing force in the air 
gap is 

Hg = 0.7958B, 

It should be noted that the product HI in equations (23) or 
(23a), for any particular section of the magnetic circuit, is equal to 
the reli^ctance drop in this section, expressed in ampere-turns. 
The corresponding reluctance drop Gitp in gilberts is OAwHl. 
Hence the reluctance, in oersteds, of any particular section of the 
circuit may be calculated from the relation 

(R = (24) 

<P 

where <p is the flux through this particular section, in maxwells. 

Problem 13. — In the dynamo shown in Fig. 50 the mean lengths of the 
path of the flux in the various parts of the machine are : 

BC = H2 inch ^ FE ^ 20 inches 

CD = 8 inches AB = 15 inches 

DE = 6 inches 

» 

The cross-sections of these paths are respectively : 

Sg = 35 square inches Sy =« 27 square inches 

S, — 25 square inches Sa — 12 square inches 

Se — 22 square inches 

The armature core is made of sheet steel laminations and the pole shoes, 
field cores and yoke are soft steel castings. The relation between the flux 
density and the magnetizing force for this sheet steel and cast steel may be 
taken from the curves in Fig. 76. The leakage factor of this machine is 
1.3. 

(a) How many ampere-turns per pole are required to produce a flux of 
1.5 X 10* maxwells in the air gap of this machine? (&) What is the total 
reluctance drop in the two air gaps in series? (c) In the remainder {i.e., 
the iron position) of the magnetic circuit? (d) What proportion of the total 
ampere-turns are required to overcome the air-gap reluctance? {e) What is 
the total reluctance of the two pole shoes, two field cores and the yoke, in 
series? (/) What is the reluctance of the armature? {g) What is the 
total reluctance of the path of the leakage flux? (Note that this path is 
in parallel with the path through the two air gaps and armature.) (h) What 
is the total reluctance of the path of the total flux, including the leakage 
flux? 

Answer. — (a) 2120 ampere-turns per pole. (6) 2520 ampere-turns or 
3170 gilberts, (c) 1720 ampere-turns or 2160 gilberts, (d) 59 per cent. 
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(e) 0.00107 oersted. (J) 0.00005 oersted, (g) 0.0072 oersted, {h) 
0.00273 oersted. 

92. Difference of Magnetic Potential. — ^As pointed out in 
the preceding article, the total reluctance drop (i.e., the line 
integral of the magnetizing force H) around any closed loop, or 
complete magnetic circuit, is always equal to 0.4ir times the 
algebraic sum of the ampere-turns which are linked by this loop. 
The reluctance drop in any particular section of a magnetic cir- 
cuit, however, is not in general equal to the magnetomotive force 
of the coil which surrounds this particular section, but may be 
either less than, or greater than, this magnetomotive force. For 
example, the reluctance drop through the field cores of a dynamo 
is not equal to the 0.47r times the ampere-turns on these field 
poles, but is very much less than this. The major portion of the 
reluctance drop is in the air gap (see Problem 13), which is 
actually outside the space surrounded by the field winding. 

The difference between the magnetomotive force due to the 
ampere-turns which are threaded by any particular section of a 
magnetic circuit, and the reluctance drop through this particular 
section, is called the "difference of magnetic potential" between 
the two ends of this section of the circuit. Or, more precisely, 
by the difference of magnetic potential between any two points 
1 and 2 (see Fig. 51) is meant the algebraic difference between 
the magnetomotive force due to the ampere-turns threaded by 
any path from 1 to 2, and the line integral, from 1 to 2, of the 
magnetizing force along this particular path. 

The word "thread" is here used in a specific sense. In the 
particular case of a single closed loop which lies in a plane, a 
line (straight or curved) is said to thread this loop when it passes 
through the plane area enclosed by it. A line which lies wholly 
on either side of the plane of a loop does not thread this loop, 
nor does a line which passes through this plane at any point oiU- 
side the area enclosed by it. In the case of a single closed loop 
which does not lie in a plane (i.e., when the loop is a skew curve), 
a more general definition is necessary. This definition is that a 
line is said to thread such a loop when it passes through a point at 
which the solid angle subtended by the loop is equal to 2ir (see 
Article 99). When a coil has more than one turn and the suc- 
cessive turns are close together, each turn may be considered, to a 
close degree of approximation, equivalent to a closed loop 
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occupying the mean position of this turn. A line which threads 
any one of these equivalent loops is then said to thread the 
corresponding tum.^ 

As noted in Article 79, any siu^ace which is perpendicular 
at each point to the magnetic line of force through that point is 
called a ''magnetic equipotential surface." Consider in a mag- 
netic circuit any volume whose lateral walls are tangent at each 
point to the line of force through that point, and whose end- 
surfaces are magnetic equipotential surfaces {e.g., the section of 
the ring M in Fig. 49 whose two end-surfaces are on opposite sides 
of the coil). Let ^ be the flux through this volume and let 61 be 
its reluctance. Let Ni be the number of ampere-turns threaded, 
in the right-handed screw direction, by each line of force in this 
volume. Then by definition, the diflference of magnetic potential 
between the two ends of this volmne is 

U = 0.4^Ni - (Slip (25) 

When this quantity is positive, the end of the volume at which 
the flux enters is said to be at the lower magnetic potential, i.e., 
equation (25) gives the rise of magnetic potential in the direction 
of the flux. 

Note that the relation expressed by this equation is identical 
in form with that between the terminal voltage v, the electro- 
motive force e and the internal resistance drop ri for any portion 
of an electric circuit which is a source of electric energy (see Article 
40). 

When the current threaded by the flux ^ is in the left-handed 
screw direction with respect to this flux, i.e., when the current 
produces a coimter, or back, magnetomotive force, the current i 
in equation (25) is a negative quantity, and, therefore, the rise 
of magnetic potential in the direction of the flux is negative. 
This means that in the direction of the flux <p there is an actual 
drop of magnetic potential equal to 

U = 0.4TNi + (R<p (25a) 

^ Strictly, the entire electric circuit of which the coil is a part must be 
considered. Imagine this circuit to be projected radially on the surface of 
a sphere of unit radius drawn about any given point P. This projection 
will form as many closed loops on the surface of the sphere as there are 
turns in the circuit. When any one of these loops has an area of 2t, any 
line which passes through the point P and through this area is said to 
thread the particular turn corresponding to this loop. 
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where Ni is here used to designate the ampere-turns which are 
threaded by the flux <p in the left-handed screw direction. 

Note that the relation expressed by this equation is identical 
in form with that between the impressed voltage v, the back 
electromotive force e, and the internal resistance drop n in any 
portion of an electric circuit which is a receiver of electric energy. 

For any section of a magnetic circuit which does not thread an 
electric circuit, equation (25a) becomes 

U =^(5iiP (256) 

That is, when the flux from any magnetic equipotential surface A 
to any other magnetic equipotential surface B threads no am- 
pere-tm-ns, the drop of magnetic potential in the direction of the 
flux is equal to the product of this flux by the reluctance of its 
path. Hence the name "reluctance drop" for the product 6{<p, 

Note that the relation expressed by equation (256) is identical 
in form with Ohm's Law for the electric circuit. This relation is, 
therefore, sometimes referred to as "Ohm's Law for the magnetic 
circuit." 

In applying the formulas given in this article, it is often con- 
venient to express the reluctance drop (5i<p in terms of the line 
integral of the magnetizing force H between the two equipoten- 
tial surfaces which form the ends of the section of the magnetic 
circuit under consideration. From the definition of magnetizing 
force, the reluctance drop (5i<p along a line of force from ^.ny mag- 
netic equipotential surface 1 to any other magnetic equipotential 
surface 2 is always 

(R<p = J^Hdl (26) 

where dl is an elementary length in this Une of force, H is "the 
value of the magnetizing force at dl, and the integral sign in- 
dicates the summation of the products Hdl for all the elementary 
lengths into which this particular section of the line of force is 
divided. 

Note that equation (26) is identical in form with the general 
expression (Article 64) for the resistance drop in a given portion 
of an electric circuit, viz.. 



ri =^f^Fdl 
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where F is the intensity of the electric force. Also note that 

B 
H = —f where B is the flux density and /i is the magnetic per- 

meability; and F = - where a is the current density and 7 the 

electric conductivity. 

When the given points 1 and 2 are not on the same line of 
force, the reluctance drop from 1 to 2 along any specified path is 

(Rtp = J^{H co&e)dl (26a) 

where dl is any elementary length in this particular path and 6 
is the angle between the direction of dl and the direction of the 
magnetizing force at dl (see Fig. 51). 

From the definition of the difference of magnetic potential 
above given, and the fundamental relation expressed by equation 
(20), it may readily be shown that between any two points in a 
magnetic field there can exist at any instant but a single value 
of the magnetic potential difference, i.e., magnetic potential is 
a single valued quantity, just as electric potential is a single 
valued quantity. 

The unit of magnetic potential difference is the same as that 
of magnetomotive force, viz., the gilbert, in the c.g.s. electro- 
magnetic system of units; and the ampere-turn, in the practical 
system of units. 

Problem 14. — ^The axial length (or thickness) of a coil of N turns is 
negligible in comparison with its diameter. The current in the coil is i 
amperes. 

(a) What is the difference of magnetic potential between the two faces 
of this coil? (6) What is the reluctance drop from one face to the other 
along any path which does not thread this coil? (c) What is the reluctance 
drop through the coil from one face to the other? 

Answer. — (a) OAwNi gilberts, (b) 0.4wNi gilberts, (c) Neghgible, 
since the length of the path of the flux through the coil is neghgible in 
comparison with the cross-section of this path. 

93. Mutual and Leakage Fluxes. — The significance of the 
relations developed in the preceding article is well illus- 
trated in the case of two coils which link a common iron 
core, as shown in Fig. 53. The rectangular ring in this figure 
represents a closed iron core, on the vertical legs of which are 
wound two coils, as shown, which are electrically independent, 
i.e. J insulated from each other and from the core. As will be 
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Hence the ampere-turns of the secondary coil produce a counter 
magnetomotive force with respect to this "mutual'' flux ^«. 

Let 6iv be the reluctance of the path of this mutual flux in each 
vertical leg, and (Ra the reluctance of the path of this mutual 
flux in each horizontal leg or yoke. Then, through the left- 
hand leg there is a rise of magnetic potential of (0.4iriViZi — (5iv<Pm) 
gilberts, the bottom of this leg being at the lower magnetic 
potential. Similarly, through the right-hand leg there is 
a drop of magnetic potential equal to (0AirNii2 + (Rt»^m) gilberts, 
the bottom of this leg likewise being at the lower magnetic 
potential. In the upper yoke there is a drop of magnetic 
potential of (Ra^h, gilberts to the right, and in the lower yoke 
there is a drop of magnetic potential of (Sihfpm gilberts to the left. 

The resultant drop of magnetic potential completely around 
the closed core must be zero, for the magnetic potential at a 
point can have but a single value. Hence the resultant flux 
will have the value 

_ 0.47r(iViii - iV2t2) /o^N 

^"^ 2((R. + (Ra) ^^^^ 

Compare with the current in a circuit of total resistance r when 
there exists in the circuit two electromotive forces Ei and E2 
which oppose, or "buck," each other. 

The average difference of magnetic potential between the 
upper and lower horizontal yokes will be one-half the sum of 
(0.47r Niii + (Rv(Pm) and (0.47r N2i2 — (5iv<Pm), or 

OAwiN iii + N iU) 
2 

Let 6ii be the total reluctance of the air between and surround- 
ing these two yokes. Then through the air there will be a leak- 
age flux of 

^' = 2^^ (^^^^ 

In other words, with such an arrangemeiit of coils as shown in the 
figure, there will always be, in addition to the main flux <pmy 
an appreciable leakage flux through the air. It is to reduce this 
leakage flux that, in a practical transformer, the primary and 
secondary coils are each divided into sections, and "sandwiched" 
between each other on the two legs of the core. 
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As shown in Fig. 53, not only is there a leakage of flux across 
from one yoke to the other, but there are also certain Unes of 
force which "leak'' out between the turns of the coils on the 
vertical legs, due to the difference of magnetic potential which 
exists between the various turns. An approximate expression 
may also be obtained for this leakage flux, by applying the prin- 
ciples above developed, but it is not necessary to go into this 
analysis here. 

The difference of magnetic potential between the yokes of 
such a core as shown in Fig. 53 may be many times the resultant 
magnetomotive force which produces the mutual flux. However, 
the total leakage flux, due to the high reluctance of its path 
through the air, is, under practical working conditions, only a 
small fraction of the mutual flux in the core. Some of the leak- 
age-flux lines which, it should be remembered are always closed 
loops, just as the main flux lines are closed loops, pass through 
a part of the iron core, as shown in the figure. However, the 
portion of the cross-section of the core occupied by these leak- 
age lines is usually so small relative to portion occupied by the 
mutual or main flux, that the reluctance of the path of the latter 
may be taken equal to that of a path having the full cross-section 
of the core. 

As noted in Problem 12, Article 90, when a circular ring is 
covered by a winding whose turns are uniformly spaced, all the 
flux is confined to the space enclosed by the winding, and there is 
no flux in the surrounding air {i.e., in the " hole of the doughnut ")• 
This means that there is no difference of magnetic potential 
between any two points on the ring. That no difference of mag- 
netic potential can exist between two such points follows im- 
mediately from the relations above developed. Referring to 
Fig. 52, let I be the mean circumference of this ring, Gl its total 
reluctance, and Ni the total ampere-turns of the winding. Let 
xl, where re is a fraction, be the length of any section of this ring, 
measured along its mean circumference. Then this particular 
section of the ring threads xNi ampere-turns, and the magneto- 
motive force corresponding to these ampere-turns is O.ifirxNi. 
The reluctance of this particular section of the ring is xGi. The 
flux in the ring is equal to the total magnetomotive force of the 

OArNi 
winding divided by the total reluctance, namely, <p = -^— r — * 

(H 
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Whence the reluctance drop in this section of the ring is 
{x(50 X \ .^J = 0.^xN7, 

Consequently, the rise of magnetic potential in any particular 
section of the ring, due to the ampere-turns threaded by this 
particular section, is exactly equal to the reluctance drop in this 
section, and, therefore, the resultant diflFerence of magnetic poten- 
tial between the two ends of this section is zero. Hence there is 
no difference of magnetic potential between any two points on 
the surface of the ring, and, therefore, there is no flux established 
in the air surrounding it. In this deduction it is assumed that 
the winding on the core forms a perfectly continuous "sheet" 
of current. In any practical case of a core wound with a coU 
of insulated wire, a small (usually negligible) amount of flux will 
leak out between these wires, the lines representing this leakage flux 
making small " eddies " around the individual turns of the winding. 

Problem 16. — The primary coil in Fig. 53 has 640 turns and the secondary 
coil 64 turns. At a certain instant the current in the primary coil is 1 
ampere and the current in the secondary coil is 9.5 amperes. The reluctance 
of each leg and of each yoke of the iron core to the mutual flux produced 
by these two currents is 0.000007 oersted. The reluctance of the air to the 
leakage flux from one yoke to the other is 0.004 oersted. 

(a) What is the resultant magnetomotive force, in ampere-turns, tending 
to produce the mutual flux which links both coils? (6) What is the value of 
this mutual flux, in maxwells? (c) What is the resultant rise of magnetic 
potential through the core on which the primary coil is wound ? (d) Through 
the core on which the secondary coil is wound? (e) In what direction is 
the rise of magnetic potential in each core with respect to the direction of the 
flux through that core? (/) What is the value of the leakage flux from one 
yoke to the other? 

.Answer. — (o) 32 ampere-turns. (6) 1,440,000 maxwells, (c) 632 
ampere-turns, (d) 616 ampere-turns, (e) The rise of magnetic potential 
through the primary coil is in the direction of the flux, whereas the rise of 
magnetic potential through the secondary coil is 'in the opposite direction 
to that of the flux. (/) 196,000 maxwells. 

94. Eirchhoff's Laws for the Magnetic Circuit. — As noted in 
Article 78, one of the fundamental properties of magnetic flux 
is that it can be represented by continuous lines which form close 
loops. As a consequence of this property, it follows that the 
total flux entering one side of any surface in a magnetic field 
is always equal to the total flux which leaves the other side of this 
surface. When a flux which is represented by lines of force 
whose positive sense is away from one side of a surface is consid- 
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ered as equivalent to a negative flux entering this side of this sur- 
face (see Article 82), an equivalent statement of this fundamental 
relation is that the algebraic sum of the fluxes entering any surface 
in a magnetic field is zero. This may be expressed mathematic- 
ally by the equation 

'S^ = (28) 

As already noted, equation (20) is equivalent to the statement 
that the algebraic sum of the reluctance drops around any closed 
magnetic circuit is equal to the algebraic sum of the magneto- 
motive forces estabUshed in the various sections of this circuit 
by the ampere-turns which link them. Or, in mathematical 
form, 

S(R^ = O.^wZNi (28a) 

where (R and <p are in oersteds and maxwells respectively, and i 
is in amperes. 

These two relations are of identically the same form as Kirch- 
hofif's Laws for a conducting network (see Article 48). They are, 
therefore, frequently referred to as Kirchhoff's Laws for the 
magnetic circuit. 

The second of the above relations, equation (28a), though 
useful for rough calculations, can seldom be appUed in this 
particular form to the accurate determination of the distribution 
of flux in a magnetic field. This is due to the fact that magnetic 
flux, unUke an electric current, cannot be confined to "insulated'' 
paths of small cross-section (e.gr., wires), but fills all the space in 
the vicinity of the electric currents which produce it. Equation 
(20), which expresses the same facts in a more general form, is a 
much more useful relation. 

96. Refraction of Lines of Force at the Surface of a Magnetic 
Medium. — ^A particularly useful relation, in problems involving 
the determination of the shape and distribution of the Unes of 
force in a magnetic field, is that the line of force through any 
point in the surface of separation between two bodies of different 
permeabiUties {e.g., iron and air) is always refracted toward the 
normal in the body of the lesser permeability, provided there is 
no current in the surface at this point. In fact, due to the high 
permeabiUty of iron, the Unes of force in the air where they enter 
or leave a piece of iron are practically always perpendicular to 
its surface, irrespective of their direction within the iron. ^ 
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This relation may be deduced directly from the two relations* 
(1) that the magnetic flux which enters one side of a surface is 
always equal to the flux which leaves the other side of this surface 
and (2) that the Une integral of the magnetizing force around a 
closed path which does not Unk a current is always zero. The 
deduction is as follows: 

Referring to Fig. 54, let dS be any elementary area in a 
magnetic field. Let Bi be the flux density at a point infinitely 
close to one side of this area (say its M face), and let B2 be 
the flux density at a point infinitely close to the other side 




Normal 



Fig. 54. 

{N face) of this area. Let ai be the angle between the direction 
of the line of force at the first point (i.e., the direction of the 
flux density Bi) and the direction of the normal drawn from this 
area through this point, and let as be the angle between the 
direction of the line of force at the second point (i.e., the 
direction of the flux density B2) and the direction of this normal. 
From equation (96) the flux which enters the N face of this 
area is then {Bz cos a2)dS, and the flux which leaves its M face 
is {Bi cos ai)dS. Since these two fluxes must be equal. 



Bi cos oti = B2 cos a2 



(29) 



That is, the normal components of the flux densities on the two 
sides of any surface in a magnetic field are always equal. 

• Let Hi = — and H2 = — be the values of the magnetizing 



Ml 



M2 
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force on the two sides of the given element of surface; p^i and 
M2 being the permeabilities of the media on the two sides of this 
surface. These magnetizing forces, since their directions, like 
those of the flux densities, are along the line of force through the 
elementary surface dS, likewise make with this surface the angles 
ai and a2. Imagine a rectangular loop of infinitesimal width 
to be drawn around this surface ds, in such a manner that one 
side of this loop is in the medium of permeability /ui and the other 
in medium of permeability iU2. Since the two sides of this loop are 
equal in length and its two ends of negligible length, and since 
by hypothesis there is no current in the surface dS, the compo- 
nent of Hi along one side of this loop must be equal to the compo- 
nent of H2 along its other side (see equation (20a)). 

These two components are respectively Hi sin ai and H2 sin ^2, 
where ai and a2 are the angles between the directions of the line 
of force on the two sides of the surface dS and the normal to 
this surface (see Fig. 54). Whence 

Hi sin ai = H2 sin a2 (30) 

or 

Bi . B2 . /o/i \ 

— sm ai = — sm a2 (30a) 

Ml M2 

That is, the tangential components of the magnetizing forces on 
the two sides of any surface, directly opposite any point in this 
surface, are always equal, provided there is no current in the 
surface at the point in question. 

By combining equations (29) and (30a), there is obtained the 

relation 

tan ai Hi 



tan a2 M2 



(31) 



Hence, when /*i is less than ^2, ai must be less than a2. 
That is, wherever a line of force passes through the surface of 
separation between two bodies of different permeabilities, this line 
is refracted toward the normal in the body of lesser permeability. 

This relation may be readily tested experimentally by placing 
a small magnetic needle near any point in the surface of a mag- 
netized piece of iron. The needle will take a direction which is 
practically perpendicular to the surface of the iron at this point. 
Again, when the end of a bar magnet is dipped into a mass of 
iron filings, the filings which cling to the bar, even those on its 

14 
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sides, will be found to stick out practically perpendicular to 
its surface. 

It should be noted, however, that the relation represented by 
equation (31) holds only at the surface of separation between 
the two bodies in question. A line of force which is perpendicular 
to such a surface at the point where it intersects this surface 
may have an entirely different direction at a point even but a 
small distance from this surface. 

Problem 16. — A line of force, which passes out through the side of an 
iron core (i.e.y a leakage line), makes with the normal to the surface of this 
core within the iron an angle of 85 degrees. The core has a permeability of 
2000 c.g.s. electromagnetic units. 

(a) What will be the direction of this line of force in the air just outside 
the core ? (6) What will be the relative direction of the equipotential surface 
through this point and the surface of the core at this point? (c) Draw a 
diagram showing to scale the direction of the line of force and the direction 
of the equipotential surface, just within and just outside the core. 

Answer. — (a) 3.3 degrees from the normal, (b) The equipotential 
surface will be practically tangent to the surface of the core, since the 
normals to these two surfaces make an angle of only 3.3 degrees with each 
other. 



VIII 
CALCULATION OF FLUX DENSITY 

96. General. — The various methods of calculation developed 
in the last chapter are all based on the assumption that the shape 
of the lines of force in the magnetic fields considered is known. 
In this chapter will be shown how both the magnitude and direc- 
tion of the flux density may be calculated for any point in a mag- 
netic field, without making any assumption whatever in regard 
to the shape of the lines of force. Incidentally, the shape of the 
lines of force in a number of important cases will be determined. 

As pointed out in the last chapter, the introduction of 
a magnetic substance, such as a piece of iron, into a mag- 
netic field always increases the total magnetic flux in the 
space which the magnetic substance is made to occupy, and 
in general changes both the magnitude and direction of the 
flux density at every point in its vicinity. Hence, in the calcula- 
tion of the magnetic flux density at any point in a magnetic 
field, account must be taken not only of the electric currents 
which produce the field, but also of the nature, size, shape and 
position of every magnetic body in the field. 

Those cases in which the magnetic field is due entirely to elec- 
tric currents will be considered first. When there are no mag- 
netic substances present, the flux density and the magnetizing 
force are numerically equal, when expressed in c.g.s. electromag- 
netic units, and both have the direction of the line of force 
through the point under consideration. The formulas developed 
will be expressed in terms of the flux density, but it should be 
remembered that a formula, in c. g. s. electromagnetic units, for 
the value of the flux density at a point at which there is no 
magnetic substance also gives the magnetizing force at this point. 

97. Flux Density Due to a Current in an Elementary Length 
of its Circuit. — An electric current can exist only in a closed 
electric circuit, i.e., every stream line of an electric current is a 
closed loop, just as every magnetic line of force is a closed loop. 
(This is true even for the charging current of a condenser, pro- 
vided both the conduction current and the "displacement cur- 
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rent" in the dielectric of the condenser are taken into account; 
see Article 104). Hence it is impossible to determine by direct 
experiment the flux density produced by an electric current in a 
given portion of an electric circuit. 

However, the results of all known experiments are consistent 
with the assumption that the current i in each elementary length 
dl of an electric circuit (see Fig. 55) produces at any point P 
which is at a distance x from dl a flux density which has the value 

,^ _ (i sm e)dl 
where m< is the magnetic permeability of free space. When all 




Fig. 55. 

quantities are expressed in c.g.s. electromagnetic units /*, = !, 
and this relation may be written 

B = ^^^-^' (1«) 

The direction of the flux density dB given by this equation is 
perpendicular to the plane determined by the point P and the length 
dly and its positive sense is in the right-handed screw direction 
with respect to the current i. For example, in Fig. 55 the flux 
density at P due to the current in dl is perpendicular to the plane 
of the paper, in the direction away from the eye of the reader. 

The resultant flux density at any point due to a current in 
a finite length of an electric circuit, or to a current in a closed 
electric circuit, is then the vector sum of the flux densities at this 
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point, as calculated from equation (1), for all the elementary 
lengths into which make up this circuit. The resultant flux 
density due to currents in two or more electric circuits is the vector 
sum of the flux densities due to each current separately. 

When there are magnetic substances present, the flux density 
at the given point calculated from equation (1) in the manner 
just described will give that part of the resultant flux density at 
this point which is due directly to 
the currents in the electric circuits 
in the field. To this must be added 
vectorially the flux density at this 
point due to the magnetized state 
of all the magnetic bodies which may 
be in the field (see Article 104). 

98. Fluic Density Due to a 
Current in a Finite Length of a 
Straight Wire. — ^A simple applica- 
tion of equation (1) is to the cal- 
culation of the flux density at any 
point P due to a current in a finite 
length of a straight wire, in the 
vicinity of which there is no mag- 
netic material. The formulas de- 
rived are particularly useful in 
connection with problems of electric 
power transmission, for transmis- 
sion lines usually consist of wires 
which are practically straight. 

Referring to Fig. 56, let P be a point at a perpendicular distance 
X = PO from a straight wire BA in which the current is i abam- 
peres. Let dl be any elementary length in this wire, measured 
in the direction of the current, let I be the distance from to 
dl, let y be the distance from P to dl, and let 6 be the angle be- 
tween dl and the line from P to dl. Assume first that the point 
P is at a distance from the wire large in comparison with the 
radius of the wire, in which case the wire may be considered as a 
geometrical Une. Note first, from the general rule in regard to 
the direction of the flux density due to a current in an elementary 
length, that the flux density at P due to each elementary length 
of this wire is in the same direction, namely, perpendicular to the 




Fig. 66. 
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plane through the given point and the wire. Hence, the total 
flux density at P due to the entire length of the given wire is 
equal to the arithmetical sum of the components due to all the 
elementary lengths which make up the wire, viz., 

Mismd)dl 

Ja y 



B = 



and its direction is perpendicular to the plane through the given 
point and the wire, and bears a right-handed screw relation to 
the direction of the current in the wire. 

The simplest way to evaluate this integral is to express the 
different variables in terms of the angle a between PO and the 
line from P to dl From the figure, 

sin ^ = cos a, y = , I = x tan a 

' cos a 

Differentiation of the expression I = x tan a gives 

„ xda 
dl = — ^ 
cos^a 

Let Qfi be the numerical value of the angle between the perpen- 
dicular PO and the line from P to one end of the wire, and let a2 
be the numerical value of the angle between the perpendicular 
PO and the line from P to the other 6nd of the wire. The sub- 
stitution of the above values in the equation for B then gives 



^^/-l'''''''""^H^" 



B = 

re i x\ I 

or 



B = - (sin ai + sin az) gausses (2) 

X 

m 

In this expression the current i is in abamperes and the distance 
X is in centimeters. 

For any point P on the circumference of a circle concentric 
with the wire and lying in a plane perpendicular to the wire, 
the flux density, therefore, has the same value, and its direction 
is tangent to the circumference at this point. Hence the lines 
of force due to a current in a straight wire are circles whose planes 
are perpendicular to the wire and whose centers are in the wire 
(see Fig. 57), provided there is no magnetic material in the vi- 
cinity of the wire. The positive sense of these lines bears a right- 
handed screw relation to the current, as shown in the figure. 
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The above conclusions are based on the assumption that, 
with respect to its distance from the point P, the wire may- 
be treated as a geometrical line. In the case of a straight 
wire of circular cross-sectionf of any size whatever, it may be 
shown (by applying equation (1) to each of the "filaments" 
which make up the wire) that the lines of force due to a ciu'rent 
which is uniformly distributed over its cross-section are Ukewise 
circles, whose planes are perpendicular to the wire and whose 
centers are on the axis of the wire. This is true for all the lines 
of force due to this current, including the lines of force which 
this current may produce inside the wire, as well as those outside. 

When the conductor has a cross-section of any other shape than 
that of a circle, the lines of force near and inside the conductor 




Fig. 57. 

will not be circles. However, for points at a distance from the 
conductor large in comparison with the greatest linear dimension 
of its cross-section, the lines of force will be practically circular, 
and equation (2) will give the value of the flux density to a 
close approximation, when x is taken as the distance of the point 
from the center of the wire. 

When the distances of the point P from the two ends of the 
wire are great in comparison with its perpendicular distance x 
from the wire, the two angles- ai and a2 (see Fig. 56) approach 
90 degrees, and their sines become substantially equal to unity. 
Consequently, from equation (2), the flux density at a point 
P due to a current of i abamperes in a long straight wire, at a 
distance of x centimeters from P, is 



5 = 2^- 

x 



gausses 



(2a) 
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provided the point P is at a distance from each end of the wire 
great in comparison with its perpendicular distance from the 
wire, and also provided, in general, that its perpendicular distance 
from the wire is great in comparison with the greatest Unear 
dimension of the cross-section of the wire. In the case of a wire 
of circular cross-section, however, this second provision is not 
necessary, except to the extent that the point P must not he inside 
the wire. 

By considering a straight wire as madie up of an infinite 
nimiber of parallel filaments of infinitesimal cross-section (each 
of which may be considered as a geometrical line), it may be 
deduced directly from equation (1) that the lines of force inside 
a straight wire of circular cross-section are, as stated above, 




Fig. 58. 

circles concentric with the axis of the wire. It is hardly necessary 
to give this mathematical deduction here, since from symmetry, 
no other shape for these lines could be expected. It should be 
noted, however, that for a point inside a wire, the circular loop 
formed by the line of force through this point links only that 
proportion of the total current which flows through the area 
which is bounded by this loop. 

Consequently, in the case of a straight wire of circular cross- 
section, in which the current is uniformly distributed, the flux 
density at a point P inside the wire (see Fig. 58) is the same as 
would be produced at this point were it just outside a wire which 
has a radius x equal to that of the circle formed by the line of 
force through it, and in which the current is 

I' = — 2^ 



B = -zr gausses (26) 
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where r is the radius of the wire and i the total current in 

it. Hence, for a point inside a long straight wire in which 

the current is uniformly distributed, the flux density is, from 

equation (2a), 

2xi 

r 

where i is the total current in the wire in abamperes, r is the 

radius of the wire in centimeters, and x is the distance of the 

point considered from the axis of the wire. 

Comparing equations (2a) and (2b), it is seen that the flux 
density at points inside a long straight wire of circular cross- 
section, due solely to a uniformly distributed ciu-rent in this 
wire, varies directly as the distance of the given point from the 
axis of the wire, whereas for points oulside the wire, the flux 
density varies inversely as the distance of this point from the 
axis of the wire. 

All the relations deduced in this article hold only for that 
component of the total flux density which is due to the current 
in the particular length of the wire considered. Since the circuit 
of every electric current forms a closed loop, the resultant flux 
density, both outside and inside the given length of wire, is that 
due to all the lengths which make up this closed circuit. Only 
when the rest of the circuit of which the given straight wire forms 
a part is at a great distance from this wire, do the relations 
above deduced hold for the resultant magnetic field around and 
in the wire, and then only when there is no magnetic material 
in its vicinity. 

It is of interest to note that, on the assumption that the lines 
of force in the immediate vicinity of a wire are circles, concen- 
tric with this wire, equation (2a) may be deduced directly from 
the general relation (see Article 90) that the line integral of the 
resultant magnetizing force around any loop which links a cur- 
rent is equal to 4ir times this current (in abamperes). For, if 
these lines of force are circles, then, from symmetry, the magnet- 
izing force at every point in the cuxumference of any particular 
circle has the same value H. Let x be the radius of any one of 
these circles; the length of the circumference of this circle is 
then 2irx. The line integral of the magnetizing force around 

this circle is, therefore, 2TrxH, Equating this to 4irz, where i is 

2i 
the current linked by this circle, gives for H the value H = - 

X' 
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For a non-magnetic medium, as above assumed, the flux density 

B is equal to the magnetizing force H; whence B = — , which is 

the same as equation (2a). Equation (26) for a point inside the 
wire may be deduced in the same manner. 

It should be noted, however, that the assumption that the 
resultant lines of force are circles concentric with the wire is 
correct (approximately) only for points in the vicinity of a wire 
which is long, straight, of circular cross-section, and in which 
the current is uniformly distributed, and which is not in the 
vicinity of a magnetic substance. 

In the case of a long straight wire of circular cross-section, 
surrounded by a concentric tube of magnetic material (e.g., an 
iron pipe), the lines of force will, from symmetry, be circles 
concentric with the wire; Hence, from the fundamental relation 
that the line integral of the magnetizing force around any closed 
line of force is always equal to 4ir times the abampere-turns linked 
by this closed loop, irrespective of the nature of the material 
in which this loop is located, it follows that the magnetizing force 
at each point, whether in the air or in the magnetic material, is, 

2i 
as before, H = — In the air the flux density will have this 

same value, but within the material which forms the magnetic 
tube, the flux density will be 

B = — gausses (3) 

X 

where m is the permeability of this material, and i is the current 
in the wire in abamperes and x is the distance of the point from 
the center of the wire, in centimeters. 

Similarly, inside a long straight wire of circular cross-section, 

which is made of a magnetic material (e.g., iron), the magnetiz- 

2xi 
ing force as before is H = — y» and, therefore, the flux density is 

B = -^ gausses (3a) 

where r is the radius of the wire, in centimeters, and the other 
quantities are as in equation (3). 

Problem 1. — A wire 5 feet long is bent to form a closed square. What 
will be the flux density at the center of this square due to a current of 20 
amperes in the wire? 

Answer. — 0.594 gauss. 
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Problem 2. — Were the wire in Problem 1 bent to form a closed rectangle 
whose length is twice its width, what would be the flux density at the center 
of this rectangle, for the same current as before? 

Answer. — 0.705 gauss. 

Problem 8. — Were the wire in Problem 1 bent to form a closed rectangle 
of negUgible width (t.e., two sides touching each other, except for the thin 
layer of insulation between them) what would be the flux density between 
the two wires, the current being 20 amperes as before? The diameter of 
the wire is 0.1 inch. 

Answer. — 63.0 gausses. 

Problem 4. — The two circles in Fig. 59 represent the cross-sections of 
two long parallel wires, e.g.y the two wires of a transmission line. The 
directions of the current in the two wires are opposite, e.g.j toward the eye 
of the reader in one wire and away from the eye of the reader in the 
other. . Both the wires and the surrounding medium are non-magnetic, and 
the current is to be assumed uniformly distributed over the cross-section 
of each wire. 

(a) Taking the current in each wire as 100 amperes, the radius of each wire 
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as 0.5 inch, and the distance between the centers of the two wires as 6 inches^ 
plot to scale, with the distances from the center of one of the wires as ab- 
scissas, the flux density at points on the line joining the centers of the two 
cross sections, due (1) to the current in each wire by itself, and (2) to the 
combined action of both currents. Indicate the point in each wire at which 
the resultant flux density is zero. 

(b) Prove that in. general, for any point on the line joining the centers of 
the two cross-sections, but not inside either cross-section, the resultant flux 

density has the value 

2i 2i 

H" r> • gausses (4) 



B = 



X 



D -X 



where x is the distance of this point, in centimeters, from the center of one 
cross-section, D is th^ distance, in centimeters, between the centers of the 
two cross-sections, and i is the current in each wire, in abamperes. 

(c) Prove that for any point on the line joining the centers of the two cross- 
sections, and inside one cross-section the resultant flux density has the value 

D 2xi , 2i 

r*" "^ D - X K^-^sses (4a) 
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where r is the radius of each wire, in centimeters, and the other symbols 
have the same meaning as in equation (4). 

(d) Prove that half the lines of force link one wire and half the other. 

(e) Designate, on the curve sheet called for under (a), areas which are 
proportional to the number of lines of force threaded, in a distance of 1 
centimeter measured along the axis of either wire, (1) by the stream line 
of the current in this wire which is nearest to the other wire, and (2) by the 
stream line of this current which coincides with the axis of the wire. 

(/) Prove that in a distance of 1 centimeter, measured along the axis of 
either wire, the stream line of the current in this wire which is nearest the 
other wire is linked by a number of lines of force equal to 

D — r 
tp* = 2t log* maxwells (5) 

{si) Prove that in a distance of 1 centimeter, measured along the axis of 
either wire, the stream line of the current which coincides with the axis 
threads a number of lines of force equal to 

^'= 2i| log« — ho maxwells (5a) 

(^) Prove that in a distance of 1 centimeter measured along either wire, 
the average number of lines of force threaded by the stream lines of the cur- 
rent is 

^ = 2i[log,^ + ^] (56) 

99. Flux Density Expressed in Terms of a Solid Angle. — 

Electric circuits are seldom rectilinear, but usually consist of 
one or more tiu'ns. The direct application of equation (la), 
Article 97, to .the calculation of the flux density due to a cm'rent 
in such a coil, therefore, requires the vector addition of an infinite 
number of infinitesimal components, each of which has a dif- 
ferent direction. However, by making use of the conception 
of the "solid angle" at a given point subtended by a siu-face, 
the relation expressed by equation (la) may be put in a more 
readily applicable form, as will now be shown. 

Consider first an area A in any siu-face whatever (see Fig. 60), 
and imagine a sphere of unit radius with its center at any point 
P. The area co on the surface of this sphere which, if viewed 
from the center of this sphere, would appear to coincide with 
the given area A, is defined as the ''solid angle" at P subtended 
by the given area A 

From this definition it follows that at 'any point inside a 
completely closed surface, the solid angle subtended by this 
surface is equal to 4x. Therefore, the maximimi value of the 
solid angle at any point is equal to 4ir, 
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When the boundary of the given area A lies in a plane, then 
for any point in Ms plane and inside the hop formed by the 
boundary of this area, the solid angle subtended by the given area 
is equal to 2ir. 





Fig. 60. 



Note also that, since the area of a sphere is proportional to the 
square of its radius, the solid angle at the center of a sphere of 
radius x subtended by an area S in the surface of this sphere is 



S 

X^ 



(6) 



The projection of any elementary area dS, on a plane whose 

dS'= dS cos cr 




Fia. 61. 



normal makes the angle a with the normal to dS, is dS cos a. 
Hence the solid angle at any point P subtended by an elementary 
area dS is 
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do) = 



dS cos a 



X 



2 



(6a) 



where x is the length of the line from P to dS and a is the angle 
between the direction of this line and the normal to dS (see 
Fig. 61). 

Consider now any curve (or straight line) of fixed length! 
This curve may either form a closed loop or may be any part of 
such a loop. Imagine this curve to be given a linear^ displace- 
ment of an infinitesimal amount dz in any direction whatever. 
The given curve will then trace a surface of definite shape, as 





Fig. 62. 

shown in Fig. 62. The area of this surface will depend upon 
the length and shape of the given curve and the amount and 
direction of the displacement dz. At any point P this area will 
subtend a definite solid angle, depending upon the location of P 
with respect to this area. This solid angle may be conveniently 
described as the solid angle at P ''swept over" by the given 
curve when it is given a linear displacement dz. 

In terms of the ideas just developed, an equivalent statement 
of the fundamental relation expressed by equation (lo) is that the 
component, in any direction, of the flux density B at any point P, 
due to a current i whose path is a curve of any shape whatever, 
is equal to (a the intensity of this current in abamperes multi- 
plied by (6) the solid angle at P swept over by thi curve when 

^ By the linear displacement of a line or curve is meant that every point 
of the line or curve is moved the same amount and in the same direction. 



CALCULATION OF FLUX DENSITY 223 

it is given an infinitesimal displacement dz in this direction, and 
divided by (c) the amount of this displacement. That is, 
calling dw the solid angle at any point P swept over by a given 
portion of an electric circuit when it is given a linear displace- 
ment of dz centimeters, then the component, in the direction of 
dz, of the flux density B at the point P, due to a current of i 
abamperes in this portion of the circuit, is 

Bg = ± i-r gausses (7) 

aZ 

Which of the two signs is to be used in this expression is 
determined by the following rule: Holding the thumb and 
fingers of the left hand so that they lie in a plane surface, point 
the thumb toward the given portion of the circuit under con- 
sideration and the fingers in the direction of the current in this 
portion of the circuit; if the direction of dz is such that a line 
drawn through the hand in the direction of dz passes through 
the hand from the palm to the back, the positive sign is to be used. 
When the direction of dz is such that a line drawn in this direction 
passes through the hand from the back to the palm, the negative 
sign is to be used. 

For example, imagine a current flowing in a circuit which 
coincides with the edges of one of the walls of a square room, 
and let this current be in the right-handed screw direction with 
respect to the line from the eye to the wall, when the observer 
stands at any point in the room. The current in each element 
of this circuit then produces a positive component of flux density 
in the direction of the line drawn perpendicularly to the wall 
from the eye of the observer. On the other hand, the current 
in the edge of the wall which coincides with the ceiling produces 
vertically upward a negative component of flux density, while 
the current in the edge of the wall which coincides* with the 
floor produces, in this same direction, a positive component of 
flux density. The current in the two vertical edges of the wall 
produces no vertical component of flux density, for when either 
of these edges is displaced vertically, neither sweeps over an area. 

The component, in any direction, of the total flux density at 
any point due to a current in a circuit of any shape whatever 
may then be determined by (a) applying equation (7) first to all 
those portions of this circuit for which the positive sign must be 
used, then (6) to all the other portions of this circuit, and (c) 
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adding these two results algebraicaUy {i.e., subtracting their 
numerical values). 

That this method of procedure gives the same results as are 
obtained by applying equation (la) directly may be readily shown 
by considering an elementary length dl of an electric circuit in 
which the current is i abamperes (see Fig. 63). Let P be any 
point at a distance x from dl, and let the line from P to dl make 
with the direction of the current in dl the angle 6, as shown in 
Fig. 63. Let dl be displaced a distance dz normal to the plane 
determined by P and dl, in the direction indicated in the figure. 
Then dl sweeps over an area equal to {dl • dz). The normal to 




Fig. 63. 

this area makes with the line x from P to dZ the angle (90 — ^). 
Hence, from equation (6a), the solid angle swept over by dl is 

, __ {dl sin 6)d z 



X' 



Whence, from equation (7), the flux density at P will have, in 
the direction of dz, the component 

^ , i{dlsiad)dz {{dlsiaS) 



'X 



Were dz taken in the plane determined by P and dl, the solid angle 

»> . 1 17 1 J 1 TT i{dl sin d) . ,. 
at P swept over by dl would be zero. Hence 7;^ — is the re- 



X 



sultant flux density at P due to the current i in dl, which relation 
iS identical with that expressed by equation (la). The direction 
of this resultant is as indicated in the figure, i.e., normal to the 
plane determined by P and dl and in the right-handed screw 
direction with respect to the direction of the current i. 
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Several important practical applications of equation (7) will 
be given in the following articles. 

Problem 6. — ^Prove that at any point P on the axis of a circle the solid 
angle subtended by the circle is 

» = 2ir(l - cos e) (8) 

where d is the angle between the axis of the circle and a line drawn from P 
to any point in its circumference. (By the axis of a circle is meant the line 
through its center and which is perpendicular to the plane of the circle.) 

100. Fltix Density Due to a Current in a Circular Coil. — 

Consider first a closed circuit formed by a single turn of wire 
bent to form a circle, as shown in Fig. 64. Let r be the radius 
of this circle, in centimeters, and let i be the current in the wire 
in abamperes. Let Pc designate the center of the circle. 




Fig. 64. 

Imagine the circle to be given a linear displacement dz in any 
direction in its own plane. No part of its circumference will 
sweep over a solid angle at Pa since the area swept over by each 
element of its circumference will be parallel to the line from Pe 
to this element. Hence the resultant flux density at Pe must be 
normal to the plane of the circle. (This also holds, for the same 
reason, for every point in the plane of the circle.) 

Next, imagine the circle to be given a linear displaceioaent dz 
normal to its plane, in the direction indicated in Fig. 64. Let 
the current in this circuit be in the direction indicated in the 
figure, i.e., toward the eye of the reader at the top (indicated by 
the minus sign) and away from the eye of the reader at the bottom 
(indicated by the plus sign). From the rule given in Article 99, 
the current in each element of the circuit will then produce at Pc 

15 
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a positive component of flux density in the direction of dz, and 
the resultant flux density will therefore be in this direction and 
have the value 

where dco is the solid angle at Pc subtended by a cylinder of 
radius r and length dz, with one end coinciding with the plane 
of the given circle. 

A sphere of radius r drawn about Pe will coincide, for the dis- 
tance dz, with this cylinder, since by hypothesis dz is infinitesi- 
mal. Hence this cylinder subtends at Pe the solid angle (see 
equation (6)) • 

2irrdz 2irdz 



do) = 



y.2 



Whence the resultant flux density at Pe due to the current i 
in the circle of radius r is 

Se=- (9) 

In this formula i is in abamperes and x in centimeters. 

Consider next any point on the axis of the given circle, at 
such a distance from the plane of this circle that the line from 
P to an> point in its circumference makes with this axis an angle 
6. Applying the rule given in Article 99 to a linear displacement 
of this circle in any direction in its own plane, will show that 
corresponding to such a displacement, the current in half the 
circumference of the circle is in such a direction as to require a 
+ sign in equation (7), whereas for the other half of the circum- 
ference a — sign must be used. Moreover, since the two halves 
of the circumference sweep over equal areas, the total component 
of the flux density at P in any direction parallel to the plane of 
the circle is zero. Hence the resultant flux density at P is in 
the direction. of the axis of the circle. 

To obtain the value of this resultant flux density, imagine 
the circle to be given a linear displacement dz normal to its plane, 
in the direction indicated in the figure. Each elementary length 
dZ in the circumference of the circle then sweeps over an area 
{dl ' dz) . The area swept over by the entire circumference is then 
a cylinder of circumference 2irr and height dz. The line of length 

X = — — - from P to any element dl of the circumference of the 

sm^ '^ 
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given circle makes with the normal to the area swept over by 
dl the angle (90 — d). Hence the solid angle at P swept over 
by each element of the circmnference (see equation (6a)) is 

(dl-dz)Qhid dl'dz . ,^ 
^ ^ : = — z- sm^ e 

The total solid angle at P swept over by the entire circumference 
(whose length is 2irr) is then 

. do) = — ^ — sm^ d = sm^^ 

Whence, from equation (7), the resultant flux density at P 
due to a current of i abamperes in the circle whose radius is r 
centimeters is 

B = — sin* d gausses (9a) 

where $ is the angle between the line from P to any point in the 
circumference of the circle, i.e., the angle whose tangent is equal 

to l-J , where a is the distance of the point P from the plane of 

the circle. 

When a coil has a winding of any number of tiu'ns, say N, 
and these turns are so close together that each turn may be 
considered as sweeping over the same solid angle at any point 
P, when the entire winding is given an elementary linear dis- 
placement, the coil is said to have a "concentrated" winding 
of N turns with respect to this point. From equation (9) it 
therefore follows that the flux density at the center of a .circular 
coil which has a concentrated winding of N turns, due to a cur- 
rent of i abamperes in this coil, is 

Be = gausses (96) 

where r is the radius of the mean turn of the coil in Centimeters. 

Similarly, from equation (9a), for any point on the axis of such 
a coil, at a distance a from the plane of its mean turn, the flux 
density is 

B = sm* d gausses (9c) 

r 

where 6 is the angle whose tangent is {-) - 
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It should be carefully noted that the formulas deduced in this 
article give the resultant flux density at the point under considera- 
tion only when there are no other currents and no magnetic 
substances in its vicinity (see Article 102). 

The relations above deduced for the flux density due to a 
current in a circular coil hold only for points on the axis of the 
coil. It is also possible, by applying equation (7) to any point 
which is not on the axis of the coil to find an expression for both 
the magnitude and the direction of the flux density at this point. 
This expression is by no means simple, and will not be given here. 

Problem 6. — (a) Plot a curve showing to scale the relation between the 
flux density at points along the axis of a circular coil and the angle between 
the axis of the coil and a line from the point considered to the mean cir- 
cumference of the coil. Call the value of the flux density at the center of 
the coil 100. Plot 6 as abscissas and B as ordinates. 

(Jb) Plot on the same sheet a curve showing to scale the relation between 
the flux density at points along the axis of the coil and the ratio (-3 ) i where 
a is the distance from the point considered to the center of the coil and d is 
the diameter of the coil. Plot (3) as abscissas and H as ordinates. 

101. Flux Density Due to a Current in a Solenoid. — ^A so- 
lenoid is a coil of wire of one or more layers, each of which has the 
form of a long helix. Its cross-section may be of any shape, 
but it is usually circular. Consider first a single-layer solenoid 
which has an axial length {, a mean radius d, and a total of N 
turns. Let the current in each turn be i abamperes, and let 
there be no magnetic material in the vicinity of the solenoid. 
In Fig. 65, the direction of the current, as indicated by the — 
and + signs, is toward the reader at the top and away from the 
reader at the bottom. 

Let P be any point within the solenoid, i.e., inside the space 
enclosed by the winding, and at a distance less than half the 
length of the solenoid from the central turn. To find the com- 
ponent of the flux density at P parallel to the axis of the solenoid, 

imagine the solenoid to be displaced a distance Az = tt parallel 

to its axis, in the right-handed screw direction with respect to the 

current, as shown in the flgure. The distance -j^ is equal to the 

distance between the centers of adjacent turns. Consequently 
when the solenoid is displaced this distance, the total area swept 
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over by the path of the current is the surface of a cylinder which 
has a length equal to the length of the solenoid and a diameter 
d equal to the diameter of the solenoid (provided the wire which 
forms the winding may be considered as a geometrical line, 
i.e., as having a negligible diameter). 
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FiQ. 65. 

Since the total solid angle at a point is equal to 4ir, it follows 
that at the point P this cylindrical surface subtends a solid angle 
equal to 4ir less the sum of the solid angles at P subtended by the 
two end faces of the coil, namely the solid angles «i and 0)2 in 

Fig. 65. Hence, when the solenoid is displaced a distance tt? 

parallel to its axis, the total solid angle at P swept over by the 
path of the current in this winding is 

Aw = 4ir — (wi + W2) 

Therefore, from equation (7), the component of the flux density 
at P parallel to the axis of the solenoid is 



Az 



4^ — (wi + C02) 

1 

N 



or 



^ ^ ^tNi /^ __ COi + 0)2 



I 



Air 



) 



gausses 



(10) 



where % is in abamperes and { in centimeters. 

That is, at any point inside the solenoid, at a distance from its 
center (parallel to its axis) less than half its length, the component 
of the flux density parallel to its axis is equal in gausses to 4ir 
times the abampere-turns of the solenoid per centimeter of its 
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axial length; multiplied by the factor (1 ^ — ^), where wi 

and 0)2 are the values of the solid angles subtended at this point 
by the two ends of the solenoid; provided , as is assumed through- 
out this article, there is no magnetic material in the vicinity of 
the solenoid. 

The method followed in deriving equation (10) is mathematic- 
ally equivalent to the assumption that the solenoid may be con- 
sidered equivalent to an infinitely thin sheet of conductor which 
is bent into the form pf a cylinder having a length equal to that 
of the solenoid, and a diameter equal to the mean diameter of its 
turns, and which carries circumferentially a total current equal 
to the total ampere-turns of the solenoid. This assumption 
is not strictly true, and is not even approximately true for points 
which are very close to, or inside, the wire which forms the turns 
of the actual solenoid. However, except for such points, equa- 
tion (10) is substantially an exact relation. An accurate formula 
for points near or inside the wire is too complicated to be given here. 

In an exactly similar manner, it may be shown that equation 
(10) also holds for any point P inside a solenoid which has a total 
number of turns N disposed in any number of layers, provided 
the space occupied by the winding is negligible in comparison 
with the space enclosed by the winding. In any actual solenoid, 
the space occupied by the winding is usually not negligible, 
but if ctfi and W2 are taken as the solid angles at the two ends 
subtended by the areas bounded by the end turns of the mean 
layer, equation (10) will give the flux density to a close approxi- 
mation, except for points near the winding. 

It should be noted that in the deduction of equation (10), 
no assumption whatever is made in regard to the shape of the 
cross-section of the solenoid. The cross-section may be round, 
square, rectangular, or of any other shape. The only provision in 
regard to the shape of the cross-section is that it be the same 
throughout the length of the solenoid, and of the same area 
throughout. 

By applying equation (7) to a linear displacement of a solenoid 
in a direction perpendicular to its axis, it may be shown that, 
when the solenoid has a length great in comparison with its 
diameter, the component of the flux density at any point P 
near its center is practically negligible. This applies to any 
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point near the center of the solenoid, whether this point be on 
its axis or not, provided only that it be at a distance from the 
walls of the solenoid large in comparison with the diameter 
of the wire which forms the winding. Hence, within the region 
near the center of a long solenoid, the lines of force are straight 
and parallel to its axis, and the value of the resultant flux density 
at any such poiht is 

B = — ]~y' 4 ) gausses 

In the case of a solenoid whose length is great in comparison 
with its diameter, the sum of the solid angles coi and ci)2 sub- 
tended by its ends becomes negligible in comparison with 4ir. 
Consequently, to a close degree of approximation, the resultant 
flux density at any point inside and near the center of a long 
solenoid is given by the formula 

B = — J — gausses (10a) 

where i is in abamperes and I in centimeters. Ndte that in this 

of the solenoid. 

Hence the relation jiist deduced is equivalent to the statement 
that the magnetic field inside and near the center of a long solenoid 
is uniform and parallel to the axis of the solenoidj and the flux 
density at each point in this region is equal to OAt times the ampere- 
turns of the solenoid per unit length. This relation, however, is not 
true for points near the ends of the solenoid, no matter how 
long it may be, nor is it true for points very close to the winding, 
even in the region near the center of the solenoid. It should 
also be kept in mind that formulas (10) and (10a) are both 
deduced on the assumption that there are no magnetic substances 
in the vicinity of the solenoid, and in particular no core of 
iron or other magnetic material inside it. 

An important practical application of equation (10a) is to 
the calibration of a ballistic galvanometer by the so-called 
''standard solenoid" method (see Article 110). 

From symmetry, for any point Pa on the axis of a solenoid 
of any length whatever , provided only that this point be within 
the solenoid (i.e., at a distance from its center less than one-half 
its length), equation (10) gives the resultant flux density, and \ 
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the direction, of this resultant density is along the axis. For 
such points, equation (10) may be put in a more convenient 
form. Let x be the distance, measiu*ed along the axis, of the 
given point Pa from the "negative" end of the solenoid, i.e., 
from the end at which the lines of force enter the space surrounded 
by the wmding. The distance of this point from the positive 
end of the solenoid is then {I — x), where I is the length of the 
solenoid (see Fig. 65). Also let r be the mean radius of the 
solenoid. Then, from equation (8), 



_ ^ r ^ _L- ' — X "I 

" 2 [Vr^Tx^ "*" Vr2+"(i-^^J 



0)2 

Hence • 

^ CJi + 0)2 

and, therefore, equation (10) gives as the value of the resultant 
flux density for points on the axis, inside the solenoid, the value 

2TNi[ X • l-x 1 , ,, 

In this equation i is in abamperes, and I, r, and x are in centi- 
meters. 

It may also be shown that this equation (106) holds for any 
point on the axis of the solenoid, whether this point be within 
or without space enclosed by the winding. Note, however, that 
when the point is outside the solenoid, either x or (l-x) becomes 
negative. 

For the point Pe which is on the axis and at the center of the 
solenoid, x is equal to one-half the length of the solenoid. Hence, 
for this particular point, equation (106) reduces to 

^ ArNi 

where d is the mean diameter of the solenoid, in centimeters. 

The ratio of the approximate value of the flux density at the 

4TrNi 
center, as given by the equation B = — j — > to its true value as 

given by equation (10c), is, therefore. 
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Hence, neglecting powers of the fraction Ij) greater than the 

second, the per cent, error involved in the approximate formula 
„ iirNi . 

B= -y-lS 

Per cent, error = 50 \j] (lOd) 

For example, for a solenoid which has a length equal to 20 times 
its mean diameter, the error involved in taking for the flux 

density at its center the value — . — , is 50 X \kq) = o of one 

per cent. 

"When the length of the solenoid is negligible in compari- 
son with its diameter, i.e., when the solenoid is a 
concentrated winding of N turns, equation (10c) reduces 

^ „ ^wNi 4irNi 2iriVi , . , . ^, 

to Be = — J— = -?5 — = ; which IS the same as equation 

a Zr r 

(96). 

For the point which is on the axis of the solenoid and in 
either end face, i.e., for a? = or x = Z, equation (106) gives 
for the flux density the value 

2TNi 
^' = VJ^^^ gausses (lOe) 

For a solenoid which has a length of 10 or more diameters, 
the flux density at its ends is therefore, with an error of J^ of one 

per cent, or less, equal to — j — Moreover, since one end 

face of a long solenoid subtends at any point in its other face a 
negligible solid angle, it follows from equation (10) that the 
componentf along the axis, of the flux density at any point in 

either face of such a solenoid is, to the same degree, of approxi- 

2iriVi 
mation, equal to — -, — , i.e., to one-half its value at the central 

cross-section of the solenoid. 

Consequently, since the total flux through a given area is 
equal to the product of this area by the normal component of the 
flux density at this area (see Article 87), it follows that approxi- 
mately half as many lines of force pass through either end of 
a long solenoid as pass through its central cross-section. Be- 
tween the central cross-section and each end, therefore, approxi- 
mately as many lines pass out through the lateral walls as pass 
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out through the end surfaces. However, since in the central 
portion of a long solenoid the lines of force are parallel to its 
axis,^ it is only near the ends that an appreciable number of lines 
of force pass out through the lateral walls. 

From equation (106) may be readily calculated the ''reluctance 
drop" through the solenoid. It will be remembered that the 
reluctance drop from on€t point to another on the same line of 
force is equal to the line integral of the magnetizing force along 
this line from one point to the other (see Article 92). Referring 
to Fig. 65, let Pe be the point on the axis where it intersects the 
positive face of the solenoid and P\ the point on the axis where 
it intersects the negative face. The direction of the flux through 
the solenoid is from its negative to its positive face. Hence, 
since in a non-magnetic medimn the magnetizing force is equal 
to the flux density, the reluctance drop through the solenoid 
will be the line integral of Ba, as given by equation (10b), from 
P. to P^, viz. : 

(M. = lB.d. = -rl [^y^^, + ^+irzr^.\ 

{(R<p)i = 4^Ni Ljl + (y) ' - y] gilberts (11) 

This reluctance drop ((Jl^)» may be conveniently referred to as the 
internal reluctance drop through the solenoid. 

The total reluctance drop around the closed loop formed by 
any line of force which links all the turns of the solenoid is 
(Rip = 4^Ni. Hence the reluctance drop from the positive face 
of the solenoid to its negative face, in the space external to the 
solenoid, is 

(M. = ^Ni [l + y - ^1 + (y) '] gilberts (11a) 

This external reluctance drop is also equal to the difference of 
magnetic potential between the two ends of the solenoid. 

Only in the case of a very long solenoid, therefore, is the ex- 
ternal reluctance drop negligible in comparison with the internal 
reluctance drop. For example, the external reluctance drop for 

^ Except for the lines which are very close to, or inside, the winding. 



or 
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a solenoid which has a length of 20 diameters is 2,47 per cent, of 
the internal reluctance drop. 

However, it is interesting to note that the approximate equa- 

4irNi 
tion B = — J — for the flux density at the center of a long solenoid, 

when the Jdium inside and around the solenoid is non-magnetic, 
may be deduced directly from the fundamental relation that the 
total flux produced by any magnetomotive force is equal to this 
magnetomotive force divided by the total reluctance of the path 
of the flux produced by it, provided it is assumed (1) that the 
lines of force within the solenoid are straight throughout the 
length of the solenoid, parallel to the axis, and uniformly dis- 
tributed and (2) that the reluctance of the path of the flux outside 
the solenoid is negligible in comparison with the internal re- 
luctance of the solenoid. On these assumptions, the total re- 
luctance of the path of the flux would be (R = o> where I is the 

length and S is the cross-section of the space enclosed by the 
solenoid. The total magnetomotive force of the solenoid is 
4irNi, and, therefore, the total flux, on the basis of the two as- 
sumptions stated, is = = — j— • Therefore, the flux 

density at the center of the solenoid is B = ^^ = — j — • 

As shown in the preceding paragraphs, these assumptions 
lead to results correct within a close degree of approximation 
when the solenoid is long in comparison with its diameter, for 
the error introduced by the first of the two assumptions is offset 
in a large measure by the error introduced by the second as- 
sumption. However, in the case of a short solenoid, the errors 
involved in these two assumptions do not offset each other, and 

4'jriVi 

the equation B = — ^ — is not applicable. 

Problem 7. — ^A certain air-core solenoid has a length of 60 centimeters, 
a mean diameter of 10 centimeters, and is wound with 10 turns per centi- 
meter. A current of 5 amperes is established in it. Call the center of 
this solenoid the origin, and take as abscissas distances measured along the 
axis from the center. 

(a) Plot, as ordinates, the flux density at points along the axis of solenoid. 
Make actual calculations for x = 0, x = 10, x = 15, x = 20, x = 22.5, 
X = 25, X ^ 27.5, X = 30, X = 35, X = 40, and x = 50. (6) What is the 
internal reluctance drop through the solenoid? (c) What is the difference 
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of magnetic potential between the positive and negative ends of the solen- 
oid? (d) What percentage of the total magnetomotive force of the solen- 
oid is this difference of magnetic potential? (e) What is the reluctance 
drop through the external space from one end surface to the other? (/) 
Indicate on the curve plotted in (a) areas which are respectively propor- 
tional to the magnetomotive force of the solenoid, the difference of magnetic 
potential between its two ends, and the internal reluctance drop. 

Answer.— (a) 61.6, 60.9, 59.2, 53.4, 43.8, 31.2, 15.5, 9.1, 3.2, 1.5 and 0.5 
gausses, respectively. (&) 2830 gilberts, (c) 298 gilberts, (d) 9.5 per 
cent, (e) 298 gilberts. 

Problem 8. — (a) Prove that at any point whatever, outside an air-core 
solenoid (except for points at a distance from the wire small in comparison 
with the diameter of the wire), the component of the flux density parallel 
to the axis is 

Ni 
Bg = -|-(wi — at) gausses (12) 

where »i and at are the solid angles subtended at this point by the end faces 
of the solenoid. 

(&) From equation (12) prove that equation (10&) holds for any point 
on the axis of the solenoid oiUside the space enclosed by the winding and the 
two end faces of the solenoid. 

Problem 9. — ^The winding on a certain solenoid occupies a total axial 
length of 122.2 centimeters. This winding is in two layers, and the mean 
diameter of the turns in the two layers is 6.40 centimeters. The total 
number of turns in the winding is 1263. A second solenoid is placed inside 
of the first, with its center and axis coinciding with the center and axis of the 
latter. This second solenoid is wound on a wooden core of circular cross- 
section, and its winding consists of 407 turns of No. 36 silk-covered wire, in 
a single layer. The thickness of the silk insulation is 2 mils. The diameter 
of the wooden core is 4.88 centimeters. A diagram of connections is shown 
in Fig. 73. 

(a) How many lines of force pass through each tum^ of the secondary 
winding when 1 ampere is established in the primary winding? (&) How 
many linkages are there between these lines of force and the secondary 
winding ? (c) When a current of 1 ampere in the primary winding is reversed, 
what is the total change in the flux linkages of the secondary winding? 
{d) If the secondary winding is connected in series with an external resist- 
ance and a ballistic galvanometer, and the total resistance of this circuit is 
600 ohms, how many microcoulombs of electricity are discharged through 
the galvanometer when a current of 1 ampere in the primary winding is 
reversed? 

Answer. — (a) 245.5 maxwells. (6) 99,700 linkages, (c) 199,400 linkages. 
(d) 3.32 microcoulombs. 

102. Intensity of Magnetization and Magnetic Susceptibility. — 

As has been repeatedly pointed out, the relations thus far de- 

^ The diameter of each turn is to be taken as the diameter of the circle 
formed by the axis of the wire. 
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veloped in this chapter (except equations (3) and (3a)) apply only 
when there are no magnetic substances in the vicinity of the 
circuits of the electric currents which produce the magnetic 
field under consideration. The introduction of a magnetic 
substance into a magnetic field always alters the amount, and 
in general also the distribution, of the magnetic flux in this field. 
Experiment shows that this alteration in the field produced by 
a magnetic substance may be looked upon as due to a property 
acquired by this substance in virtue of which it of itself produces 
a magnetic field, which is superimposed upon the original field. 
The degree to which such a substance possesses this property is 
called its "intensity of magnetization." 

In the case of the ferromagnetic substances, it is found that the 
property thus acquired by it is retained, to a greater or less 
degree, when the given substance is removed from the field. 
This fact is usually described by saying the substance in question 
becomes a permanent magnet. In general, a "magnet" may 
be defined as any portion of matter in which there is no 
apparent electric current, but which of itself produces a magnetic 
field, or alters the magnetic flux in (and in general also around) 
the space which it is made to occupy. 

When the flux produced by a magnet depends primarily upon 
the presence in its vicinity of an electric current or other magnet, 
the magnet is said to be an "induced " magnet. As will be shown 
later, a coil of wire in which an electric current is flowing pos- 
sesses many of the properties of a magnet, irrespective of whether 
or not this coil has a magnetic core. A coil is, therefore, frequently 
called an "electromagnet." When the coil has a magnetic core 
the term electromagnet is used to include both the core and the coil. 

As a measure of the degree to which any portion of a magnetic 
substance possesses the property of itself producing a magnetic 

field, i.e., of its ''intensity of magnetization," is taken j- times (a) 

the difference between the resultant flux density B and (6) the 
product of the resultant magnetizing force H in this particular 
portion of matter multiplied by the permeability of free space. 
That is, the intensity of magnetization J at any point in a sub- 
stance is defined by the relation 
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where B is the resultant flux density at this point, H is the 
resultant nuignetizing force at this point, and /i« is the permea^ 
bility of free space. 

Since in c.g.s. electromomagnetic units /i, is equal to unity, 
the intensity of magnetization in c.g.s. electromagnetic imits is 

J = "--^ (13o) 

In this system of units the intensity of magnetization may also 
be written: 

J = ^(ji-l) (136) 



J=^ 



jB/m - 1 



) (13c) 



4t\ fJL 

where m is the permeability of the substance at the point in 
question. 

When the permeability /x is positive and greater than unity, or 
when fjL is negative (see Article 111) the intensity of magnetiza- 
tion J has the same algebraic sign as the flux density B; see 
equation (13c). In either of these cases the intensity of mag- 
netization is said to be in the same direction as the flux density, 
i.e., its direction is taken as the direction of the line of force 
through the point in question. 

When the permeability is positive and less than unity, t.e., 
for all diamagnetic substances, the intensity of magnetization will 
have an algebraic sign opposite to that of the flux density (see 
equation (13c)). Hence in such substances the positive sense of 
the intensity of magnetization at any given point is taken as op- 
posite to that of the line of force through that point. In this 
case, if J is used to represent the intensity of magnetization in 
the direction of the lines of force, J is to be interpreted as rep- 
resenting a negative number. 

Just as the total magnetic flux through any area in a magnetic 
field may be conveniently represented by drawing in this field 
lines each of which has at each point the same direction as that 
of the flux density at this point, and whose number per unit area 
normal to their direction is equal to the magnitude of the flux 
density at this area, so may the magnetization of a substance in 
a magnetic field be represented by a set of lines having the same^ 
direction as the lines of force, but of such a number that their 

^ Or opposite direction, in the case of diamagnetic substances. 
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density at emh. point is eqv,al to the intensity of magnetization J 
at this point. Such lines may be called ''lines of magnetization. '' 

Magnetic lines of force, as has been repeatedly pointed out, 
are always closed loops without ends, and, therefore, the lines of 
force which enter one side of a surface always pass through this 
surface and leave its other side. Lines of magnetization, how- 
ever, need not be, and seldom are, closed loops, but are usually 
lines with ends. For example, in a permanent magnet the lines of 
force are continuous lines which pass through the magnet from its 
south pole to its north pole, and which pass through the surround- 
ing space from the north pole to the south pole of the magnet. 
When the surrounding space is non-magnetic (e.flf., air), the inten- 
sity of magnetization is zero throughout this space (see equation 
(13c)), and, therefore, there are no lines of magnetization in this 
region. At each point inside the magnet, however, the intensity 



N 



Fio. 66. — ^Lines of magnetisation in a bar magnet. 

of magnetization has a definite value, and its direction at each 
point is from the south to the north pole of the magnet. Hence 
inside a permanent magnet there are lines of magnetization 
which originate at its south pole and pass through it, ending at 
its north pole (see Kg. 66). Compare this figure with Fig. 41, 
which latter shows the lines of force due to a permanent magnet. 

From equation (136) it follows that 

where fc is a factor which depends upon the nature of the material 
at the point in question. For a non-magnetic medium this 
factor fc is zero, since for such a medium /n = 1. For a magnetic 
substance the value of this factor k may be looked upon as the 
coefficient which expresses ability of this substance to acquire 
the property of itself producing a magnetic field. This factor 
k is, therefore, called the ''magnetic susceptibility'' of the given 
substance. For all paramagnetic substances the magnetic 
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susceptibility is a small positive number (practically zero). For 
diamagnetic substances it is a small negative number. For all 
ferromagnetic substances the magnetic susceptibility is a rela* 
tively large positive number. 

Problem 10. — In a certain piece of iron a magnetizing force of 10 ampere 
turns per inch produces a flux density of 9500 gausses, (a) What is the per- 
meability of this iron at this flux density? (h) What is its reluctivity? (c) 
What is the intensity of magnetization of this iron? {d) What is its sus- 
ceptibility? 

Answer. — (a) 1920 c.g.s. electromagnetic units. (6) 0.000521 c.g.s. 
electromagnetic units. . (c) 756 c.g.s. electromagnetic units, (d) 153 cg.s. 
electromagnetic units. 

103. Magnetic Poles and Magnetic Pole Strength. — ^The 
chief value of the conception of lines of magnetization is that it 
leads to an accurate and simple method of defining the ''strength'' 
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Fig. 67. 

of the magnetic pole at any surface in a magnetic field, viz., 
the strength of the magnetic pole at any surface in a magnetic field 
is defined as the number of lines of magnetization which end at this 
surface. When more lines of magnetization come up to the given 
surface than leave it, the pole at this surface is defined as a 
''positive'' or "north," magnetic pole. When more lines of 
magnetization leave a given surface than come up to it the pole 
at this surface is defined as a "negative," or "south," magnetic 
pole. 

As a necessary consequence of this definition of the strength 
of a magnetic pole, it follows that any portion of a magnetic 
substance which is completely surrounded by a non-magnetic 
body (e.g., a piece of iron in air) must have equal and opposite 
magnetic poles. This follows from the fact that every line of 
magnetization in this portion of matter, if this line has ends at all, 
must have two ends, at one of which there exists a north and at 
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the other a south pole, and each by definition is of unit strength. 
Hence every magnet has equal and opposite magnetic poles. 

The above definition of the strength of a magnetic pole may be 
expressed mathematically as follows : Referring to Fig. 67, let dS 
be an elementary area in any surface in the field, and let fii and. 
M2 be the permeabilities of the media on the two sides of this 
area, m being the permeability of the mediimi through which 
the lines of magnetization come up to this area. Let ai be the 
angle between the direction of the normal through dS and the 
direction of the line of force at a point Pi infinitely close to dS 
in the medium of permeability /ii, and let a2 be the angle between 
the direction of this normal and the direction of this same line 

« 

of force at a point P2 infinitely close to dS but in the medium of 
permeability /xj.^ The two angles ai and a2 are to be chosen so 
that each is less than 90 degrees. Let Ji and J2 be the intensities 
of magnetization at the two points Pi and P2, taken as positive 
when in the same direction as the line of force. 

The nimiber of lines of magnetization coming up to the area 
dS is then (Ji cos ai)dS, and the nimiber of lines of magnetiza- 
tion which leave the area dS is (J2 cos a2)dS. Compare with 
equation (9a) of Article 87 for the number of lines of force through 
a surface. Hence the number of lines of magnetization which 
end on this surface, i.e., the strength of the magnetic pole at this 
surface, is 

dm = (Ji cos ai — J2 cos a2)dS (15) 

This relation may also be expressed in terms of the total flux 
through the surface dS and the permeabilities of the media on 
the two sides of this surface. Let Bi and B2 be the flux densities 
on the two sides of the elementary area dS. The nimiber of 
lines of force d(p through the area dS is equal to (Bi cos ai)dS or 
to {B2 cos a2)dS, viz., 

d(p = (Bi cos ai)dS = (J52 cos a2)dS 

Whence, from equation (13c), 

(Ji.cosai)dS = ^(l --) 

1 When the permeabilities on the two sides of the given surface are differ- 
ent, the angles at and as must be different, for, as shown in Article 95, aline 
of force is always refracted at such a surface. 

16 
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and, therefore, from equation (15), 

dm = ^(-^-i) (15a) 

In this expression dtp represents the flux through the surface 
in the direction from the medium of permeabiUty m into the 
medium of permeability /i2. Hence, wherever the lines of 
magnetic force pass from a medium of high to one of low perme- 
ability, dm is positive, i.e., there exists a positive, or north, pole. 
Wherever the lines of force pass from a medium of low to one 
of high permeability, dm is negative; i.e., there exists a negative, 
or south, pole. 

The total pole strength on any finite surface S is equal to the 
algebraic sum of the pole strengths at all the elementary areas 
which make up this surface. When the permeabiUties of the 
two media separated by the given surface are each constant, 
equation (15a) gives for the total pole strength 

where ^ is the total niunber of lines of force, i.e., the total flux, 
through this surface. 

Certain special cases of these general relations are of particu- 
lar interest. In the first place, at any surface in a magnetic 
substance on the two sides of which the permeability has the 
same value, there exists no magnetic pole. The intensity of 
magnetization at such a point, however, need not be zero, but 
may have any value whatever. Again, when none of the lines 
of force in a magnetic field pass from a medium of one perme- 
ability to a medium of a different permeability, there exist no mag- 
netic poles in this field. For example, when a circular iron ring 
is magnetized by a current in a uniform winding formed by con- 
tiguous turns which completely cover the walls of the ring (see 
Fig. 52), the magnetic field produced by this current is confined 
entirely to this ring; hence there are no magnetic poles on this 
ring, no matter how strongly magnetized it may be. 

When the given surface is the surface of separation between a 
magnetic body of permeability /* and a non-magnetic medium 
such as air (permeability unity), equation (156) becomes 



m 



.£(i-i) ^m 
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This relation, therefore, gives the strength of the pole at any por- 
tion of the surface at which <p lines of force pass from a magnet 
(permanent or induced) into air or other non-magnetic substance. 
Where the lines of force pass from the air into the given body 
equation (156) gives for m a negative value, which means that any 
portion of the surface of a magnetic body at which the lines of 
force enter it, there is a negative or south magnetic pole. 

When the magnetized body has a high permeability, 1000 or 
more, say, the term ~ is negligible in comparison with unity, and 

A* 

therefore, to a close approximation, 

m = ^ (15d) 

or 

<p = 47rm (15e) 

That is, at each unit north pole in the surface of a body of high 
permeability 47r lines of force pass out into the air, and at each 
unit south pole in this surface 4x lines of force pass into the body 
from the air. This relation, however, is only an approximation, 
the actual number of Imes of force which pass through a unit 
pole being 

<P = 4nrm (^^) (15/) 

Since every line of force is a closed loop, as many lines of 
force must come up to a magnetic pole as leave it. For example, 
from each unit north pole in the end of a permanent magnet 
there pass out into the air 4ir lines of force (approximately), 
these lines coming up to the north pole through the body of the 
magnet. A magnet each of whose poles has a strength numeric- 
ally equal to m may, therefore, be looked upon as a "sheaf" of 
4Tm lines of force (approximately; see Fig. 41).^ 

1 The tenn "lines of force through a surface" is used throughout this book 
to designate the surface integral of the flux density over this surface, viz., 

^ » I (jB cos a)dS. This is not the same as the surface integral of the 

magnetizing force H. The surface integral of the latter, namely, the integral 

I (H cos a)dSf over a closed surface containing a pole of strength m is exactly 

equal to 4irm. A unit pole is, therefore, sometimes said to radiate 4ir "lines 
of force." However, this use of the term "lines of force" to designate the 
surface integral of the magnetizing force H is extremely confusing, and 
should be avoided. 
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From the above definition of t|ie strength of a magnetic pole 
it follows that it is impossible to have a pole of finite strength 
at a geometrical point, for this would mean a finite niunber of 
lines of force (i.e., a finite magnetic flux) through an infinitely 
small area, or an infinite flux density. However, under certain 
conditions (see Article 104) it is permissible, for the purpose of 
approximate calculations, to consider a pole of finite strength as 
concentrated in a geometrical point. 

When a magnet or any magnetized body is broken in two, and 
the two parts separated, it is found that equal and opposite mag- 
netic poles appear on the two broken ends, although before the 
break there exists no apparent pole at the surface of fracture. A 
rational hypothesis, and one which is fully in accord with the 
above definition of the strength of a magnetic pole, is to consider 
the two parts of the magnet which are originally in contact at 
the given surface as having at this surface poles of equal and 
opposite strengths, which neutralize each other as long as the 
two parts are in contact. The strength of the pole at this surface 
on that part of the magnet through which the lines of magnetic 
force come up to the surface may be taken, consistently with 

equation (15) , equal to J ( Ji cos ai)dS, and the pole on the other 

part of the magnet at this surface may be taken equal to 

j (J2C0S a2)dS^ Equation (15) may then be looked upon as 

defining the resultant pole strength at any surface, this resultant 
pole strength having a value different from zero only when the 
normal component of the intensity of magnetization on one side 
of this surface (namely, Ji cos ai) differs from the normal com- 
ponent of the intensity of magnetization on the other side of 
this surface (namely J 2 cos a2). 

The fact that when a magnet is broken into smaller parts, each 
part manifests the properties of a distinct magnet, leads to the 
very useful hypothesis that each molecule of a magnet i& itself 
a small magnet. This hypothesis will be considered in greater 
detail in a subsequent section (Article 114). 

Magnetic pole strength is almost invariably expressed in 
c.g.s. electromagnetic units. All quantities in the various 
formulas given in this article are to be understood as expressed 

^ It should be noted, however, that when a magnet is actually broken 
in two, and the two parts separated, the intensity of magnetization at the 
surfaces which were orginally in contact in general decreases. 
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in this same system of units. No particular name has been given 
to the unit of pole strength, the strength of a given pole being 
specified simply as so many c.g.s. electromagnetic units. 

It is often convenient to speak of the surface at which a mag- 
netic pole exists as being ^'magnetically charged." The use 
of this term, however, does not unply that magnetism is an actual 
thing, like matter or electricity. All that is meant by saying 
that a surface is magnetically charged is that at this surface 
lines of magnetic force pass from a medium of one permeabiUty 
into a medium of dijBFerent permeability. 

Problem 11. — A coil of 5 turns of fine wire is connected to a ballistic 
galvanometer, and is placed around a permanently magnetized iron rod in 
such a position that the plane of the coil is perpendicular to the axis of the 
magnet and at a distance of 3 inches from the end of the magnet. When this 
coil is suddenly pulled off the magnet and completely removed from its 
field, the first swing of the galvanometer is 20 centimeters. The coil is 
then put on the magnet again, with its plane 2 inches from the end of the 
magnet, and when it is suddenly removed, the first swing of the galvanome- 
ter is 15 centimeters. The galvanometer, coil and connections have a 
total resistance of 500 ohms, and a swing of 1 centimeter corresponds to a 
discharge of 0.4 microcoulomb through the galvanometer. 

(a) What is the total magnetic flux through the coil when in its first posi- 
tion on the magnet? (6) When in its second position? (c) What is the 
total strength of the pole on that section of the magnet included between 
the two positions of the test coil? 

Answer. — (a) 80,000 maxwells. (6) 60,000 maxwells, (c) 1591 c.g.s. 
electromagnetic units. 

104. Magnetizing Force and Flux Density When Magnetic 
Substances are Present. — ^As pointed out in the fiu-st part of this 
chapter, equation (1), Article 96, and the various formulas derived 
from it for the flux density at any point due to one or more electric 
currents, holds only when the entire magnetic field lies in a non- 
ma^ne^tc medium. Similarly, equation (7), which is merely another 
way of expressing this same relation, and the formulas derived 
therefrom, hold only when the field is in a non-magnetic medium. 

In order to determine the magnitude and direction of the 
flux density at any point in a magnetic field which lies wholly or 
partly in a magnetic substance, a more general relation than 
any thus far stated is necessary. This general relation is that 
the resultant magnetizing force H at any point in any mag- 
netic field whatever is always equal (1) to the magnetizing force 
He which would be produced at this point by all the electric cur- 
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rents in this field were there no magnetic substances present^ 
plus vedorially (2) a magnetizing force Hm which depends only 
upon the location, strength and distribution of the magnetic poles 
in the field. In other words, the resultant magnetizing force 
at any point in a magnetic field may always be looked upon as 
made up of two components, the first due directly to the electric 
currents in the field, and the second due solely to the magnetic 
poles in this field. 

The first component of the resultant magnetizing force at 
any point P, namely, the component due directly to the currents 
in the field, and which may be represented by the symbol He, is 
equal tp the flux density which these currents would produce at 
this point were there no magnetic substances present. Its value 
may always be determined by applying to these currents the 




FiQ. 68. 

general relation expressed by equation (1), taking for He the 
value of B as given by this equation, or by any special formula 
derived therefrom for any particular case. For example, the 

value of He at any point inside and near the center of a long 

4xiVi 
solenoid is He = — t — » irrespective of whether this solenoid is 

wound on a non-magnetic core or on a core of iron or any other 
magnetic material. 

The second component of the resultant magnetizing force at 
any point P, namely, the component due to the magnetic poles in 
the field, which may be represented by the symbol Hp, is found 
by experiment to bear a very simple relation to the strength of 
these poles and their location with respect to the point in ques- 
tion. This relation is that a magnetic pole which has a strength 
of dm electromagnetic units, and which is on an elementary sur- 
face dS at a distance of x centimeters from the given point P (see 
Fig. 68), produces at P a magnetizing force of 



CALCULATION OF FLUX DENSITY 247 

dHp = — 5 gilberts per centimeter (16) 

in the direction from dm to P. In this formula /i, is the permea- 
bility of free space, which in c.g.s. electromagnetic units is 1. 
Hence the numerical value of dHp may be written simply 

dHp = —2 gilberts per centimeter (16a) 

This magnetizing force dHp is entirely independent of the 
nature of the medium at the point P, or between P and the pole 
dm, but depends solely upon the strength of this pole and its 
distance from the given point P. 

In equation (16) dm is to be taken as positive when the pole 
in question is a north pole, and negative when the given pole is a 
south pole. When dm is so interpreted, dHp will have a negative 
value when m is negative. That is, the positive sense of the 
magnetizing force produced at any point P by a south pole is in 
the direction from the point to the pole, whereas the positive sense 
of the magnetizing force due to a north pole is that of a line drawn 
from the pole to the point. 

The magnetizing force Hp due to all the magnetic poles in the 
field is then the vector sum of the magnetizing forces, as cal- 
culated from equation (16), for each of the poles in the field. 
This may be expressed mathematically by the formula 

where the dash ( — ) over the summation sign is used to indicate the 

vector summation of the quotients — ^> the direction of which for 

the pole on any particular element of surface is that of the line 
from this element of surface to the point under consideration. 

The resultant magnetizing force at any point P due to all the 
electric currents and all the magnetic poles in the field is then 
always the vector sum 

H^ Hc + Hp (17) 

where Hp is given by equation (166), and He is the flux density 
which would be produced at P by the electric currents in the 
field were there no magnetic substances present, as calculated 
from equation (1), or from any special formula derived from this 
equation, such as equations (2), (4), (7), (9) or (10). 
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When the penneability at the given point is unity, the resultant 
flux density B at this point is equal to the resultant magnetizing 
force H given by equation (17). When the permeability at the 
point P has the value ^, then the resultant flux density at this 
point is 

B =iiH = ti (h7+ Hp) (18) 

From these relations it is seen that the insertion of a magnetic 
body into a magnetic field in general changes both the magnetiz- 
ing force and the flux density at every point in the field. That 
is, not only are magnetic poles in general "induced" on this 
particular body, but, when there are other magnetic bodies in 
the field, the strengths and distribution of the poles on these 
bodies are likewise altered. 

The exact expression for the magnetizing force at any point 
due to a surface of finite area S, magnetically charged with a 
total pole strength m, is given by equation (166), which involves 
the consideration of each elementary area dS in this surface and 
the distance of this elementary area from the given point. 
However, when the pole at each element of this surface is of the 
same sign, and the surface 5 is so far from the given point P 
that X may be considered as having the same value for every 
point in this surface, equation (166) reduces to 

Hp = ^, (19) 

where m is the total strength of the pole on the entire surface 
S. In using this formula, however, it should always be kept 
clearly in mind that it is not applicable to a point whose distance 
X from the surface S is of the same order of magnitude as the 
dimensions of this surface. 

Problem 12. — ^For points at a distance from the nearer end of a bar magnet 
not less than half its length, the magnetizing force due to the poles of this 
magnet may be calculated, to a rough degree of approximation, by assuming 
its poles to be concentrated at its two ends, in points on its axis, provided the 
magnet has a length equal to at least 20 times its gireatest diameter. (Even 
under the conditions specified, the error in the calculated value of the mag- 
netizing force may, however, be as much as 25 per cent., depending upon 
the location of the point with respect to the magnet.) 

A given permanent bar magnet, of square cross-section, is 40 centimeters 
long, and its cross-section is 2 square centimeters. Each pole of the magnet 
has a strength of 300 c.g.s. electromagnetic units. Draw to scale a longitu- 
dinal section of this magnet, and mark its two poles N and S respectively. 
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Also mark with the letters Pi, Pa and Pa respectively (1) the center of the 
magnet, (2) a point on its axis at a distance of 80 centimeters from its 
center, and (3) a point at a distance of 80 centimeters from the magnet on a 
line perpendicular to its axis at its center. 

(a) What is the magnitude and direction of the resultant magnetizing 
force at Pi due to the two poles of the magnet? Designate this magnetizing 
force by the symbol Hi, and show its magnitude and direction by a line 
through Pi equal in length to Hi and in the proper direction. (6) To what 
extent will the magnetizing force at any other point in the central cross-sec- 
tion of the magnet differ from Hi? (c) What is the magnitude and direction 
of the resultant magnetizing force at Pi due to the two poles of the magnet? 
Designate this magnetizing force by Hi, and show its magnitude and direc- 
tion graphically by means of a Une drawn at Pi. (d) What is the magnitude 
and direction of the resultant magnetizing force at Ps due to the two poles 
of the magnet? Designate this magnetizing force by Hi, and show its 
magnitude and direction graphically by means of a line drawn at P3. (e) 
What is the total number of lines of magnetization through the central 
cross-section of the magnet? (/) What is the magnitude and direction of 
the intensity of magnetization at the center of the magnet, assuming these 
Unes uniformly distributed over the central cross-section? Designate this 
intensity of magnetization by Ji, and show its magnitude and direction by 
means of a line drawn at Pi, (g) What is the flux density at the center of 
the magnet? Designate this flux density Bi, and show its magnitude and 
direction by means of a line drawn at Pi. {h) What is the permeability of 
this magnet at its center? (i) What is the total number of lines of force 
produced by this magnet? 

Answer. — (a) 1.6 gilberts per centimeter, parallel to the axis of the magnet, 
in the direction from its north to its south pole. (6) At every point in the 
central cross-section of the magnet, the magnetizing force is approximately 
equal to Hi, both in magnitude and direction, (c) 0.0533 gilbert per centi- 
meter, parallel to the axis of the magnet in the direction of a Une extended 
through it from its south to its north pole, (d) 0.0214 gilbert per centi- 
meter, parallel to the axis of the magnet in the direction from its north to its 
south pole, (e) 300 lines. (/) 160 c.g.s. electromagnetic units, {g) 1886 
gausses. (Note particularly that Hi and Bi are in opposite directions, but 
that in such a long magnet as above described. Hi is negUgible in comparison 
with Bi.) {h) — 1266 c.g.s. electromagnetic units. (Note particularly the 
negative sign for /n). (i) 3770 maxwells. 

106. Distribution of the Magnetic Poles on the Surface of a 
Magnetic Body. — rAs shown in the preceding article, both the 
resultant flux density and the resultant magnetizing force at 
any point in a magnetic field depend (1) upon the intensities 
of the electric currents in the field and the shape and dimensions 
of their circuits, and (2) upon the strength of the magnetic 
poles in the field, and the distribution of these poles. On the 
other hand, from the definition of magnetic pole strength (Article 
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103), the pole strength at any area in the surface of a magnetic 
body depends in turn upon the resultant flux through this area. 

Therefore, just what distribution of poles will be produced 
when a magnetic substance is placed in a given magnetic field can- 
not in general be predetermined by any simple calculation, for 
it is the resultant flux density due to the original field and all 



Original Field 




Field after Insertion of Bar of Iron 
Fia. 69. — Distortion of magnetic field by a piece of iron. 

the induced poles which determines the pole strength at any 
particular point in a surface. 

However, one important general conclusion may be drawn from 
the relations above developed, namely, that when a magnetic 
body of high permeability is placed in a magnetic field in air or 
other non-magnetic medium, so that the lines of force pass through 



CALCULATION OM FLUX DENSITY . ^ 261 

it, entering at one end (or side), as shown in Fig. 69, the poles 
produced at its surface. wiU be distributed in such a manner 
that the magnetizing force at any point within the body, due 
solely to these poles, will be approximately equal to, but in the 
opposite direction, to the magnetizing force originally at this 
point. 

That this is true follows from the fact that, on account of the 
high permeability of the body, its reluctance to the flux through 
it is practically negligible in comparison with the reluctance of 
the rest of the path of this flux, which is through air. Con- 
sequently the reluctance drop through this body must be approxi- 
mately zero in comparison with the reluctance drop through the 
surrounding air. But the reluctance drop along any portion of a 
line of force is equal to the integral of the resuUant magnetizing 
force along this line (see Article 90). Therefore, the resultant 
magnetizing force at each point inside the body must be approxi- 
mately zero. But this resultant magnetizing force is equal to the 
vector sum of the magnetizing force Hp at this point due to the 
poles "induced " on this body, and the magnetizing force He at this 
point due to the agents which produce the original field. The 
only way in which this vector sum can be approximately zero 
is for Hp to be approximately equal to He, but in the direction 
opposite to that of He- 

This general principle, applied to a bar of iron placed in a 
uniform magnetic field, with its axis parallel to the lines of force 
(see Fig. 69), shows that the poles of this bar must be distributed 
not only over its end surfaces, but also over its lateral surfaces 
near its ends. For were the poles confined solely to its ends, the 
"demagnetizing" force due to these ends would be very much 
greater at points inside the magnet in the vicinity of these end 
surfaces than at points near the center of the magnet, and, there- 
fore, the approximate balance between this demagnetizing force 
and the magnetizing force due to- the original field could not 
hold throughout the length of the magnet. 

Another important fact to keep in mind is that wherever a 
line of force passes through the surface of a highly permeable 
body, its direction in the air just outside this surface is practically 
perpendicular to this surface. (A proof of this statement has 
already been given; Article 95.) That is, the lines of force in the 
air in the immediate vicinity of a magnetic pole on the surface 
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of a highly permeable body are always approximately perpendicu- 
lar to this surface. 

It should also be noted that not only is each element of the 
external surface of a magnet the seat of a magnetic pole, but that 
in general each elementary volume of the magnet also has a 
definite pole strength, except in that portion of the magnet 
through which the lines of force are straight, parallel and uni- 
formly distributed. This follows from the fact that where the 
lines of force are not straight, parallel and uniformly distributed, 
the flux density varies from point to point along each line of 
force, and, therefore, the permeability likewise varies from point 
to point (see Article 112). Hence on the opposite sides of any 
area which intersects divergent or convergent Unes of force within 
a magnet, the pole strengths cannot be exactly equal and op- 
posite. Therefore, at such an area there must exist a resultant 
pole (see the latter part of Article 103). In most practical cases, 
however, the ''internal" poles of a magnet may be neglected. 

106. Solenoid with Magnetic Core. — ^In Fig. 70 is shown a 
longitudinal section of a solenoid with a magnetic core (e.g., an 
iron or steel rod or bimdle of wires) with the axis of the core 
coinciding with the axis of the solenoid, and with the center of 
the core at the center of the solenoid. Let I, be the length of the 
solenoid, and let I be the length and d the diameter of the core. 
Let iV^ be the total number of turns in the winding and let i be the 
current, in abamperes. The + and — signs in the figure 
indicate the direction of the current in the wire which forms the 
winding. 

When the solenoid has a length of 20 or more diameters, the 
flux density which would be produced at its center is, from equa- 

^tNi 
tion (10a) equal to —j — From Article 104, this is also equal to 

the magnetizing force He at this point due directly to the current 
in the solenoid, irrespective of the nature of its core, viz., 

„ 4^Ni 

The direction of this magnetizing force is that of a line drawn 
through the solenoid in the right-handed screw direction, parallel 
to its axis, as indicated in the figure. If the core is originally un- 
magnetized, before the current is established in the solenoid, the 
resultant lines of force through the core will likewise be in this 
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direction, and the north and south poles of the core will have the 
relative positions indicated. 

Let J be the intensity of magnetization of the core at its center. 
From the definition of the pole strength of a magnet, the niuner- 

ical value of the total strength of each of its pole is m = J (jd*) i 

assuming the intensity of magnetization to have the same value 
at each point of the central cross-section. When the length of 




H, 



^J 



-fi 








Fig. 70. — Solenoid with iron core. 

the core of the solenoid is 20 or more times its diameter, its poles 
may, to a rough degree of approximation, be considered as located 
at its ends. On this assumption, the magnetizing force at the 
center of the core, due to its poles, is, from equation(166), 
numerically equal to 

(f) 



"' - ^ (oS)* - ^"^ 



The direction of this magnetizing force is from the north to the 
south pole of the core, and, therefore, opposite to that of the mag- 
netizing force He due to the current in the solenoid. That is, 
this magnetizing force ^p is a demagnetizing force with respect 
to the magnetizing force due directly to the current. 

The resultant magnetizing force at the center of the core is 
therefore 

H^H.-H, = ^-2^j{^y (20) 

H 

From equation (136), J = t~ (m ~" 1)> where fx is the per- 
meability of the core. When fi is large this may be written 
J = -T—9 with negligible error. The substitution of this value for 

J in equation (20) gives for the resultant magnetizing force H 
at the center of the core the value 
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AicNi 



H = 



di + i.(f] <^' 



The flux density B at the center of the core is, therefore, /* 
times this value of Hj and the total flux through the core is, there- 
fore. 



ip = 



1 ld\ 21 (21) 



'•'+'()^ 



The total reluctance of the entire circuit of this flux, including 
both the reluctance of the core and the return path of this flux 
through the air, is then 

^ 47riVi Z, r^ ,1 /d\2-| 

^=-T-=/*sL^ + 2'*(7)J ^22) 

The assumption that the poles of the core are confined to its 
end surfaces is equivalent to the assumption that all the lines of 
magnetization terminate at these end surfaces, and, therefore, that 
these lines, as well as the lines of force, are parallel to the axis of 
the magnet. On the basis of this assumption, the reluctance 
of the core alone, exclusive of the return circuit through the air, is 

(see equation (12) of Article 89). 
For example, a core which has a permeability of 1000 and a 

length equal to 20 times its diameter, the term qM (7) = 1.25. 

Hence, if the winding on this core has an axial length equal to 
that of the core, the total reluctance of the complete circuit of the 
flux is 2.25 times that of the core (i.e., 2.25 times the ''internal 
reluctance" of the electromagnet). Or, the reluctance of the 
return circuit of this flux through the air outside the solenoid 
is 1.25 times its 'internal" reluctance. Compare with a long 
air-core solenoid, for which, as shown in Article 101, the external 
reluctance is practically negligible in comparison with the in- 
ternal reluctance. 

However, it must be carefully noted that equations (20) 
to (22) are only rough approximations. Actually, the lines of 
force through the core are not parallel, particularly near its 
ends, but curve out through its side walls and also pass through 
the lateral walls of the solenoid. Hence the ''effective'' value 
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of the length I in these equations is not the actual length of the 
magnet but something less than this. Consequently, equation 
(22) gives too low a value for the total reluctance of the path of 
the flux. Therefore, if equation (21) is employed to calculate 
the total flux through the core, the calculated ampere-turns will 
be too small. The error in the calculated value of the ampere- 
turns required to produce a given flux may be in error by as 
much as 60 per cent., or even more, unless the length of the core 
is very great in comparison with its diameter. 

Problem 18. — ^An iron rod, 102 centimeters long and 3.3 centimeters in 
diameter is uniformly wound with 770 turns of insulated copper wire, 
forming a winding of the same length as the core. At a flux density of 
16,000 lines per square centimeter the permeability of the core is 490 c.g.s. 
electromagnetic units. Assume the lines of force in the core to be parallel 
to its axis. 

(a) What current is required to establish in this core a flux density of 
16,000 lines at its center? (6) What will be the total flux in this core? (c) 
What will be the total reluctance of the path of this flux? (d) What will 
be the reluctance of the core itself? (c) What perc^itage of the reluctance 
of the core is. the reluctance of air portion of the path of this flux? (/) 
What is the difference of magnetic potential between the two ends of the 
core? {g) What percentage of the total magnetomotive force of the 
winding is this potential difference? 

Answer. — (a) 4.32 amperes. (6) 137,000 maxwells, (c) 0.0305 oersted. 
(d) 0.0243 oersted, (e) 25.5 per cent. (/) 850 gilberts or 676 ampere-turns. 
(g) 20.3 per cent. 

Note. — For the conditions specified 5.98 amperes were actually required 
to produce the given flux, as determined experimentally, showing that the 
error in equation (21), even for a core which has a length of 31 diameters, 
is 27.8 per cent. This error, as pointed out above, is due to the fact that the 
lines of force ''leak" out through the sides of the magnet. This leakage, as 
actually * measured, and expressed as a percentage of the total flux through 
the central cross-section of the core, was as follows: In the fir^t 10 centi- 
meters from the center, 1.2 per cent.; in the second 10 centimeters 8.8 per 
cent.; in the third 10 centimeters 13.7 per cent.; in the fourth 10 centimeters 
24.4 per cent.; in the last 11 centimeters 37.5 per cent.; flux which actually 
came out the end surface of the core 14.4 per cent. 

107. Magnetic Potential Due to a Magnetic Pole. — ^As noted 
in Article 104, the magnetizing force at any point P in space, 
due solely to a single magnetic pole of strength m located at a 
point Q at a distance x from this point, is, when all quantities 
are expressed in c.g.s. electromagnetic units, 

u ^^ 

x^ 
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and its direction is from Q to P (see Fig. 71). From the definition 
of drop of magnetic potential given in Article 92, it follows 
that the drop of magnetic potential V12 from any point Pi to 
any other point P2, due solely to a magnetic pole, is equal to the 
line integral of the magnetizing force due to this pole, along any 
path from Pi to P2. 

Hence, referring to Fig. 71, the drop of magnetic potential 
from Pi to P2 due to a pole of strength m at Q is 

TT r\Ti z>^^l n {cos e)dl 
U 12 = I (H cos 6)dl = m I ^^ y~ 

where B is the angle between the direction of H and dh From 

Fig. 71 it is evident that (cos B)dl = dx. Hence this drop of 

potential is 

'^ dx m m 



Ul2 = 



="X 



X^ Xi X2 



where xi is the distance from m to Pi and X2 is the distance 
from in to P2. 

Since the difference of magnetic potential between the two 

points is equal to the difference in the values of the quantity — 

X 

for these two points, this quantity may be called the ''absolute'' 
magnetic potential due to the pole of strength m. That is, the 
absolute magnetic potential at any point P due to a pole of 
strength m located at any point Q at a distance x from P is 

f/ = ; (23) 

It may readily be shown that the total absolute magnetic poten- 
tial at any point due to any number of magnetic poles, say iV, is 
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the algebraic sum of the potentials at this point due to all these 

poles, i.e., 

N 

C7=X? (23a) 

Since absolute magnetic potential is an algebraic quantity, 
the resultant absolute magnetic potential at any point due to any 
number of poles is much more readily calculated than the 
resultant magnetizing force due to these poles. In particular, 
the absolute magnetic potential U at any point P due to a 
magnetic pole which is distributed over a surface S is simply the 

integral of — over this surface, where dm is the strength of the 

pole on an/elementary area dS of this surface, and . is the dis- 
tance of this elementary area from the given point P, viz.. 



' C7=r^ (236) 

Ja 



X 



When the absolute magnetic potential at any point P due to 
any distribution of magnetic poles has been found, then the 
resultant magnetizing force H at this point may be calculated 
from the relation that 

where dl is an elementary length taken in this direction, dU is 
the increase, or rise, in the magnetic potential along this length, 
and d is the angle between the direction of dl and the direction of 
the resultant magnetizing force H (that is, H cos 6 is the compo- 
nent of H in the direction of dl). 

Problem 14. — ^A magnetic pole of total strength m is uniformly distrib- 
uted over a circular disc (e.g., the end of a round bar) whose radius is r 

tn 
centimeters. Let a — — ^ be the pole strength, or "magnetic charge," per 

unit area of this disc. Let P be any point on the axis of this disc at a dis- 
tance X from it. Consider a ring of radius y in this disc, concentric with its 
center and of a radial width dy. 

(a) Show that the magnetic potential at P due to the magnetic charge on 
this elementary ring is 

V X* + J/* 
(&) Show that the total magnetic potential at P due to the entire disc is 

U = 2T<r[\/a?» + r2 - z] (26) 

17 
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(c) From this last relation show that the magnetiziag force at P due to 
the entire disc is 

and that its direction is parallel to the axis of the disc. Note also that when 
the point P is infinitely close to the disc, the value of the magnetizing force 
becomes H — 2tv, which value is independent of the size of the disc. 

Problem 16. — A circular iron ring is cut through at one point by a hack- 
saw, forming an air gap ^e uich wide, perpendicular to the circumference 
of the ring. The cross-section of this ring (i.e., of the iron perpendicular to 
the circumference of the ring) is 1 square inch. The permeability of the 
iron is 1000. The ring is permanently magnetized to a flux density of 10,000 
lines per square centimeter of its crossHsection. 

(a) What is the numerical value of the total strength of the magnetic 
pole on each wall of the air gap, assuming all the lines of force to pass through 
this gap? (6) What is the numerical value of the pole strength per square 
centimeter of each wall? (c) What is the numerical value of the magnetizing 
force in the air gap due to each pole by itself? (d) What is the resultant 
magnetizing force in the air gap due to both poles? 

Answer. — (a) 5130 c.g.s. electromagnetic units. (&) 796 c.g.s. electro- 
magnetic units, (c) 5000 gilberts per centimeter, (d) 10,000 gilberts x>er 
centimeter. (Note that each pole may be looked upon as producing half 
of the total flux density.) 

108. Flux Density due to a Current in a Toroid. — ^A toroid 
is a uniform winding whose axis is a circle, each unit length of 
which threads the same number of turns. Such a winding forms 
a closed ring, like a "doughnut" (see Fig. 62). The space 
enclosed by the winding {not the hole in the "doughnut") is 
referred to as the core of this winding. This core may be 
non-magnetic (e.g., air) or it may be magnetic (i.e., an iron 
ring). 

Consider first two equal plane loops symmetrically located with 
respect to the plane M which bisects the angle between them, 
as shown in Fig. 72, and let the cm'rents in the two loops have 
the same values and the same relative direction aroimd the loops, 
as shown in the figure. Let P be any point on the plane M. 
Imagine the two loops to be given a linear displacement dz paral- 
lel to this plane. The solid angle at P swept over by each of 
these loops will then have the same value, say dco. The com- 
ponent of the flux density at P, in the direction of dz, due to the 
current in the left-hand loop is then, from equation (7), equal to 

+ -T-' and the component of the flux density at P, in the di- 
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rection of dz, due U> the current in the right-hand loop is - g- 

Hence the component, in the plane Jkf , of the resultant flux dens- 
ity at P due to the current in both loops is zero. Therefore, the 
resultant flux density at any point P in the plane ilf has a direction 
perpendicular to this plane, as indicated by the arrow at P. 

This relation, applied to a uniformly wound toroid, will show 
that the resultant flux density at any point, due to the current in 
all the turns of such a winding, is perpendicular to the plane 
through this point and the axis of the hole in the "dough- 
nut." Hence every line of force due to this ciu-rent must be a 




Fig. 72. 

circle concentric with this hole. Moreover, if the solenoid has 
a magnetic core of the same permeability and same cross-section 
throughout, there will be no tendency for the lines of magnetiza- 
tion in the core to end on the surface of the core, and, therefore, 
the core will have no magnetic poles. Hence the resultant lines 
of force will all be circles even when the core is magnetic. 

As a consequence of the fact that the resultant lines of force 
are circles, it follows that the resultant magnetizing force H 
will have the same value at every point on any given circle 
which is concentric with the hole in the ''doughnut" (see Fig. 
52). Moreover, since no poles are formed on this core, even 
when this core is magnetic, the magnetizing force at any such 
point will have the same value, irrespective of whether the core 
is magnetic or non-magnetic (see equation (17), Article 104). 
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From the fundamental relation that the line integral of the 
magnetizing force around any closed loop is always equal to 
47r times the abampere-turns threaded by this loop (see Article 
90), it follows that the magnetizing force at any point P inside 
the core (whether non-magnetic or magnetic), must have such a 
value H that H X 27rx == 4irNi, where x is the distance of P 
from the axis of the hole in the '* doughnut," N is the total 
number of turns in the winding, and i is the current in this wind- 
ing in abamperes. Whence 

H = - — gilberts per centimeter (27) 

Calling fjL the permeability of the core, the flux density at P is 

B ^ liH ^ ^J^ gausses (28) 

In these formulas t is in abamperes. 

These formulas hold only for points inside the closed tube 
formed by the winding. Outside this space {e.g., in the hole of 
the doughnut) the magnetizing force and the flux density are 
zero, since a circle in this outside space threads no ampere-turns, 
and consequently for each such circle H X 27rx = 0. That is, 
the magnetic field of a uniformly wound toroid is confined entirely 
to the space inside the closed tube formed by this winding. It 
should be noted, however, that any practical winding is not 
actually a closed tube, since there is always a gap between 
successive turns. Hence for such a winding there is actually a 
small 'leakage'' flux in the outside space in the immediate 
vicinity of the wire which forms the winding. This leakage 
flux, however, is usually negUgible when the turns are close to- 
gether and uniformly spaced. 

It should be particularly noted that all the above deductions 
in regard to the magnetic field due to a toroid are based on the 
assumption that the turns which form the winding are uniformly 
spaced and that the winding covers the entire core. When only 
a portion of the core is covered by the winding, there will be an 
appreciable leakage flux through the walls of the uncovered por- 
tion of the core, and when this core is magnetic, there will be 
magnetic poles of appreciable strength formed on these walls. 
Equations (27) and (28) are then no longer applicable. 

When the external and internal radii of the ring formed by the 
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core of a toroid differ by only a small amount, i.e., when the 
radial thickness of the ring is small in comparison with its mean 
radius a (see Fig. 52), equations (27) and (28) may be used to 
calculate the average magnetizing force and average flux density 
over the cross-section of the core, taking for x the mean radius a. 
Of course this is on the assumption that the core is completely 
covered by a uniform winding. The average permeability of a 
sample made in the form of a ring may, therefore, be readily 
determined experimentally, for the magnetizing force H may be 
calculated from equation (27), and the flux density B may be 
measured by means of a secondary coil and ballistic galva- 
nometer (see Article 110). 

When the internal and external radii of the core are not 
substantially equal, the magnetizing force near the inside wall 
of the core will be greater than it is near the outside wall. 
Were the permeability independent of the value of the magnet- 
izing force, the flux density would also vary in the same manner. 
However, the permeability of iron and other ferromagnetic 
substances is actually ja, function of the magnetizing force (see 
Article 111), reaching a maximum value at a definite magnet- 
izing force (dependent upon the nature of the substance) . Hence 
it is entirely possible to have the flux density less near the inside 
wall of the core than it is near the outside wall. These facts 
make it necessary to employ, when determining the permeability 
of a ring sample, a ring whose radial thickness is small in com- 
parison with the internal diameter of the ring (see Problem 12 
of Article 90). 

Another point of importance in regard to the use of such a 
ring sample is that, for accurate results, the sample must be a 
continuous ring. Ring samples are sometimes made up of two 
half rings, which are, of course, much easier to wind than a single 
ring. These two half rings when woimd are then placed together 
so that they form a complete ring. However, even when the 
ends are pressed tightly together, the reluctance of the joints 
may be appreciable in comparison with the total reluctance of the 
ring. Or, looked at from another point of view, the poles formed 
on the two walls of each joint do not exactly coincide, and, there- 
fore, do not completely neutralize each other. Under such con- 
ditions, equation (27) will not give the true value of the magnet- 
izing force in the core. 
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109. The Earth's Magnetic Field. — Since a magnetic needle 
freely suspended at any point near the earth's surface takes up 
a definite position, pointing approximately north and south 
(provided there are no other magnets or any electric currents 
in its vicinity), the region of space in the vicinity of the earth is a 
magnetic field. In any region in the vicinity of which there 
are no magnetic substances and no electric currents, the flux 
density, or "intensity," of the earth's field is practically uniform 
over a large area, though it changes both in magnitude and direc- 
tion with the latitude and longitude of the place of observation. 
The intensity of the earth's field at any point also changes 
slightly from year to year, and even changes, though by an 
extremely small amount, from day to day. 

The earth's field at any point has in general both a horizontal 
and a vertical component. Within a certain limited area of 
the earth's surface in the northern part of Canada, just inside 
the arctic circle, the direction of the earth's field is vertically 
downward, i.e., a magnetic needle freely suspended in this 
region points directly toward the center of the earth. This area 
is called the "magnetic" north pole of the earth. At a corres- 
ponding area in the antarctic zone, approximately diametrically 
opposite, the direction of the earth's field is vertically upward. 
This area is called the "magnetic" south pole of the earth. In 
the vicinity of the "equator" corresponding to these two "mag- 
netic" poles, the earth's field is practically horizontal. The 
diameter of the earth which connects its two magnetic poles is 
called the "magnetic axis" of the earth. This axis is not abso- 
lute fixed with respect to the axis of rotation of the earth, but is 
gradually shifting. 

The horizontal component of the flux density of the earth's 
field in the vicinity of Washington is roughly 0.2 gauss, and its 
vertical component is roughly 0.55 gauss. In any laboratory, 
however, particularly if it be in the vicinity of electric trolley 
lines or other circuits carrying heavy electric currents, the mag- 
netic field may differ considerably from this, and will in general 
vary continually both in magnitude and direction. 

Just what causes the earth's magnetic field is not known. 
For all practical purposes, however, the earth may be thought of 
as a huge magnet, with its two poles located in the areas above 
specified. When this point of view is adopted, it should be noted 
that the magnetic pole in the northern hemisphere is the south 
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pole of this magnet^ and the pole in the southern hemisphere is 
the north pole of this magnet. This follows from the fact that 
the lines of force always enter the south pole of a magnet and 
leave its north pole; i.e., outside a magnet the direction of the 
magnetic field in the vicinity of its south pole is toward this pole, 
whereas in the vicinity of its north pole the field has a direction 
away from the pole. 



IX 



HYSTERESIS, MAGNETIC ENERGY AND EDDY 

CURRENTS 

110. Determination of the Relation Between the Flux Den- 
sity B and the Magnetizing Force J7 in a Magnetic Substance. — 
The relations deduced in the last chapter lead to a method 
whereby the variation of the flux density B with the magnet- 
izing force ff in a magnetic substance may be readily deter- 
mined experimentally. The apparatus required is a sample of 
the material wound with two coils insulated from one another, a 
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ballistic galvanometer, a "standard" solenoid, a source of con- 
stant electromotive force, an ammeter, switches, and the nec- 
essary rheostats or resistance boxes for varying the strength of 
the current employed. 

A "standard'' solenoid is an air-core solenoid having a length 
of 20 or more diameters, uniformly wound with a known number 
of turns, say JVi, and with a second winding of N2 turns of fine 
wire wound on a spool which is placed inside the solenoid at its 
center (see Fig. 73). The two windings are completely insulated 
from one another. Let the primary winding of the standard 
solenoid be connected in series with a reversing switch S, a 
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variable resistance ri, a battery B, and an ammeter A, and let the 
secondary winding be connected in series with a ballistic gal- 
vanometer and a resistance r2. 

As pointed out in Article 86, the first swing of a ballistic 
galvanometer, when a given quantity of electricity Q is discharged 
through it, is approximately proportional to this quantity of 
electricity. Any variation of the current in the primary circuit 
of the solenoid will produce a variation of the magnetic flux 
through the secondary winding on this solenoid, which in turn 
will induce an electromotive force in this circuit, and the latter 
will cause a definite quantity of electricity to flow through the gal- 
vanometer and the rest of the secondary circuit. 

Let a steady current of /i amperes be established in the pri- 
mary winding. Then the flux density at each point in the 
region occupied by the secondary coil is, from equation (10a) 
of Article 101, equal to 

B = — — j—-^ gilberts per centimeter 

where I is the axial length of the primary winding in centimeters. 
Let A 2 be the area of the mean cross-section of the secondary 
coil. Then the total flux through each turn of this secondary 
coil is 

<p2 = BA2 = I— — Y^—jIi maxwells 

From equation (76) of Article 86 the reversal of a flux <p2 
through the secondary winding will cause 

Q = (fQ8^) -^2^2 coulombs 

of electricity to flow through the galvanometer, where JB2 is the 
total resistance of the secondary winding, in ohms, including the 
secondary coil, the galvanometer, the connecting wires and the 
resistance r2. This discharge of electricity through the gal- 
vanometer will cause its moving element to swing out momenta- 
rily from its zero, or equilibrium, position. Hence the reversal 
of a given current in the primary coil, causing a reversal of flux 
through the secondary, will produce a definite momentary deflec- 
tion of the galvanometer. 

By noting this deflection and the value of the current which 
is reversed, a "calibration curve'' for the given galvanometer 
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may be plotted, with deflections D as abscissas and flux linkages 
X as ordinates, these flux linkages being calculated from the 
formula 

This calibration curve should be practically a straight line. It 
would be exactly a straight line were the galvanometer ideally 
perfect. 

The given galvanometer may then be used to measure the 
change in the flux linking any circuit connected to its terminals, 
provided the total resistance of this circuit (including the galva- 
nometer) is kept the same as during the caUbration, and that the 
number of turns, say JV'2, linked by this flux is known. For 
example, suppose that the deflection due to a change in flux is 
D, and that this deflection corresponds to X flux linkages, as 
read from the calibration curve. Then the change in flux 
through the coil of N\ turns is 

A(p2 = -j^r maxwells (2) 

provided each turn is linked by the same flux. 

When the galvanometer has been properly caUbrated, the 
standard solenoid is replaced by the sample to be tested, the 
primary winding on this sample being connected to the middle 
points of the reversing switch S and the secondary winding to the 
ballistic galvanometer. The total resistance of the secondary 
circuit, however, must be kept the same as before. A convenient 
way of avoiding any adjustment of the resistance of the secondary 
circuit is to keep the secondary winding of the solenoid and the 
secondary winding on the sample permanently connected in 
series, both during the caUbration of the galvanometer and during 
the subsequent tests. 

The next step is to thoroughly demagnetize the sample to be 
tested. Experiment shows that this may be done by establishing 
a very strong magnetic field in it, and then, while continually 
reversing this field, gradually reducing its strength. This may 
readily be done by establishing a large current in the primary 
winding on the sample, and then, while rapidly reversing the 
switch S, reducing the primary current by inserting more and 
more resistance in the primary circuit. 

The secondary coil on the sample merely gives a means whereby 
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the total flux through it may be measured. In order to calculate 
the flux density in the sample from the measured value of this 
flux^ it is necessary that the sample be of such a form that the flux 
density will be uniform over its cross-section. This condition is 
reaUzed to a fair degree of approximation (see Article 108) when 
the sample is made in the form of a circular ring of uniform cross- 
section, with its axial width small in comparison with the internal 
radius of the ring (see Fig. 52), provided the primary, or mag- 
netizing coil, is imiformly wound over the entire ring. When 
these conditions obtain, the chainge in the flux density in the ring 
corresponding to a given change in the current in the primary 
coil will be 

^ == iS = NW. gausses (3) 

where X is the flux linkages corresponding to the observed deflec- 
tion of the galvanometer, iV'2 is the number of turns in the 
secondary winding on the sample, and A'i is the cross-section of 
the sample, in square centimeters. 

When such a ring sample is used, the magnetizing force estab- 
lished in the ring by a current of Ii amperes in its primary 
winding is, from equation (27) of Article 108, equal to 

H = i J ) 1 1 gilberts per centimeter (4) 

where d is the mean diameter of the ring in centimeters and iV'i 
is the number of turns in the primary winding. 

In order to obtain the relation between the flux density B and 
the magnetizing force H in the sample under test, the procedure 
is as follows. Starting with the iron completely demagnetized 
as above described, and with a high resistance in the primary 
circuit, close the reversing switch in the upper position, say, 
and note the steady value J'l of the primary current and the 
first swing D of the galvanometer. From the calibration curve 
of the galvanometer read the corresponding value of the flux link- 
ages X. From equation (3) calculate the increase (AB)' in the 
value of the flux density in the core, corresponding to the increase 
in the primary current from zero to J'l. From equation (4) cal- 
culate the value of the magnetizing force H' corresponding to the 
current /'i. 

Next, short-circuit a portion of the external resistance in 
the primary, so that the primary current increases to a new value. 



268 ELECTRICITY AND MAGNETISM FOR ENGINEERS 

I'\ say, and again note the first swing of the galvanometer. (Of 
course, the moving element of the galvanometer should always be 
at rest before any change is made to cause it to swing.) From 
equation (3) calculate the increases (AB)" in the flux density 
corresponding to the increase of the primary current from /'i 
to I"i. From equation (4) calculate the value of the magnetiz- 
ing force ff" corresponding to the current /"i. The increase in 
flux density (ABY' added to (AS)' will give the flux density S" 
corresponding to the magnetizing force ff". 

By proceeding step by step in the manner just described, the 
flux density corresponding to successive values of the magnetizing 
force up to any value i?„ may readily be determined. In a 
similar manner, when this maximum value has been reached, the 
flux density corresponding to successively smaller values of the 
magnetizing force may be determined, by increasing the resistance 
in the primary circuit step by step, and finally opening the 
primary circuit (infinite resistance). The reversing switch may 
then be closed in the opposite direction, and, by the same pro- 
cedure, the flux density corresponding to successively greater 
values of the magnetizing force in the ''negative" direction 
may be determined, until the same numerical value Hm is reached, 
and then for successively smaller values of H down to zero again. 
The current in the primary winding may then again be reversed 
and increased in steps until the magnetizing force again reaches 
the value Hm in the positive direction, and so on for any number 
of cycles. 

Instead of using a ring sample, such as above described, a 
straight bar, rod or bundle of strips may be employed as the test 
sample. The magnetizing winding and the secondary winding 
can be much more readily put on such a sample than on a ring 
sample, but, as noted in Article. 106, the demagnetizing force due 
to its poles can be determined only to a rough degree of approxi- 
mation. However, by providing a heavy soft iron yoke for 
the return circuit of the flux, and by placing at the ends of the 
sample suitable compensating windings, a degree of precision 
equal to that obtainable from a ring sample may be secured 
(see the article on Magnetic Testing in Pender's Handbook for 
Electrical Engineers), 

111. Magnetic Hysteresis. — The results of such a test on a 
typical sample of iron are shown in Fig. 74. From this curve it 
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instead of returning to the same values it had for the increasing 
values of the magnetizing force, decreases less rapidly than it 
increased; that is, the decreasing values of the flux density lag 
behind the values corresponding to an increasing magnetizing 
force. This phenomenon has, therefore, been given the name 
"hysteresis," from a Greek word meaning 'lagging behind." 

When the magnetizing force is reduced to zero, the flux den- 
sity still has a relatively large value; this value is called the 
*' residual magnetism" of the sample. To reduce the flux den- 
sity to zero, the magnetizing force has to be reversed and in- 
creased to a value corresponding to the abscissa of the point 
where the left-hand branch of the curve cuts the horizontal axis . 
This value of the magnetizing force is called the "coercive force." 

When the magnetizing force is still further increased in the 
negative direction, the flux density reverses in direction, increas- 
ing very rapidly at first and then more slowly. When the mag- 
netizing force reaches the same value in the negative direction 
as its maximum value in the positive direction, the flux density 
likewise reaches a maximum in the negative direction equal to 
the maximimi value it "had in the positive direction. When the 
magnetizing force is now reduced to zero and then increased 
again in the positive direction to its original maximmn value, 
the flux density passes through the series of values represented 
by the right-hand branch of the curve, which is symmetrical 
with the left-hand branch. The closed curve formed by these 
two branches is called the ''hysteresis loop." 

It should be noted that when the sample is originally unmag- 
netized, the curve giving the relation between the flux density 
and the magnetizing force, when the magnetizing force is first in- 
creased from zero up to the maximum value, does not coincide 
with either branch of the hysteresis loop, but is a curve which 
lies between the two branches of the loop. After the completion 
of a cycle of changes in the magnetizing force from a positive 
maximum to an equal negative maximum, and then back again 
to the positive maximum, the magnetizing force may then be 
reversed back and forth any number of times between these equal 
positive and negative maximum values, and the relation between 
the flux density and the magnetizing force will be the same for 
each cycle of changes in the magnetizing force as for the first cycle, 
provided each cycle is performed in the same interval of time. 
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Experiment shows, however, that when the cycle of changes 
in flux density is performed quickly, say in 1 second or less, the 
hysteresis loop, though retaining the same general form, may 
differ appreciably in its dimensions from the loop corresponding 
to a cycle which is performed slowly, as; for example, by the 
step-by-step method just described. This is due to the fact that 
when a given magnetizing force is applied, the flux density does 
not immediately come to a constant stable value, but gradually 
''creeps up" to a stable value. In fact, the flux density may 
not become absolutely constant for several minutes, or, in the 
case of very weak fields, for several years, after the magnetizing 
force is established, depending upon the nature of the material. 
For example, steel structures in the earth's magnetic field show 
immediately after erection only a small part of the magnetization 
which they finally assume after many years. 

Since the alternating fluxes employed in practice usually 
alternate very rapidly, passing through a complete cycle of 
values in 3^5 second or less, the hysteresis loop corresponding 
to a rapid change in the flux density is more important, from a 
practical standpoint, than the loop obtained by the slow step-by- 
step method above described. Such a loop may be obtained 
experimentally by starting each time with the current in the 
magnetizing winding at the value corresponding to the tip of the 
hysteresis loop (i.e., corresponding to the magnetizing force Hm 
in Fig. 74), and reducing this ciu'rent by successively greater 
steps, always returning to the maximum value after each step. 
The corresponding deflections of the ballistic galvanometer will 
then be proportional to the (practically) instantaneous change 
AB in the flux density from its maximum value Bn% to the value 
which corresponds to the particular value of H to which the 
magnetizing force is reduced. The flux density corresponding to 
this value of -ff is then B = Bm — AB. The maximum flux density 
Bm, is found by reversing the current, in which case AB = 2B«. 

The curve in Fig. 74 gives for any value of the flux density 
between zero and the maximum value B^ three possible values 
of the magnetizing force. In fact, it is possible, by first increas- 
ing and then decreasing the magnetizing force by suitable 
amoimts (see the dotted loop in Fig. 74), to establish for any 
given final value of the magnetizing force a flux density of any 
value between the two limits given by the two branches of the 
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hysteresis loop. For example, at a magnetizing force of 4 
gilberts per centimeter the flux density in the particular sample 
to which Fig. 74 applies may have any value between 8000 and 
13,500. Again, when the sample is originally magnetized, so 
that the initial flupc density is not zero, the entire hysteresis loop 
is shifted above or below the axis of H, and is in general dis- 
torted, so that it is no longer symmetrical. 

As already noted, when the magnetizing force in a piece of 
iron or other magnetic substance is reduced to zero, the flux 
density does not in general become zero, but may retain a rela- 
tively large value, usually referred to as the "residual magnet- 
ism." This residual flux density is a measiu'e of the degree 
to which the body can be permanently magnetized. In this 
connection it should be noted that in the case of a bar or rod 
which is magnetized by a current in a coil wrapped around it, 
the resuUant magnetizing force does not become zero when the 
current is interrupted, but falls to a negative value, due to the 
effect of the poles at the ends of the bar. Hence the permeability 
of a permanently magnetized bar is always negative. Only in 
the particular case of a uniformly wound toroid does the result- 
ant magnetizing force become zero when the current in the wind- 
ing is. interrupted. The core of the toroid is then permanently 
magnetized, but has no magnetic poles. The permeability of 
the core under these conditions is infinite, i.e., zero magnetizing 
force and a finite flux density. 

The "retentiveness" of a magnetic substance, i.e., its property 
of remaining permanently magnetized, depends both upon its 
composition and its previous heat treatment. Soft iron has only 
a sUght degree of retentiveness, whereas hard steel will retain a 
relatively high degree of magnetism. Jarring a magnet, or any 
violent mechanical shock, tends to reduce its magnetism, this 
effect being much more pronounced for soft iron than for hard steel. 

112. B-H Curves. — Since for any given value of the flux 
density there are in general an infinite number of possible values 
of the magnetizing force, between two definite limits, the per- 
meabiUty of a magnetic substance is not a definite quantity, 
even for a given value of the flux density, but is dependent upon 
the manner in which this flux density is established. 

Starting with a sample of iron completely demagnetized, the 
step-by-step method of determining the relation between the 
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shown by the dotted curve in Fig. 75. Such a curve is some- 
times referred to as the '' alternating" magnetib characteristic. 

Experiment shows that except for the lower values of the flux 
density, the "rising" and the ''alternating" magnetic character- 
istics practically coincide. For engineering purposes, the 
alternating magnetic characteristic is the more important. The 
alternating characteristic may be conveniently referred to as the 
''normal" B-H curve. 

Normal B-H curves for sheet steel, soft cast steel, cast iron, 
cobalt and nickel are given in Fig. 76, and the corresponding 

reluctivity curves (- against Hj in Fig. 77. The curves for iron 

and steel give the average values of the various quantities de- 
termined from a large number of tests made in the laboratories 
of the General Electric Co. The curves for nickel and cobalt 
are from data given in Steinmetz's "Theory and Calculation of 
Electric Circuits." 

The ciu-ves for "annealed sheet steel" refer to low-carbon sheet 
steel made especially for electrical machinery, and specially 
annealed. Silicon steel (i.e., steel containing about 3 per cent, 
of silicon) has a permeability about 10 per cent, less than that of 
this "standard" sheet steel, except for flux densities below 10,000 
gausses. At these lower values of the flux density the permea- 
bility of silicon steel may be appreciably greater than that of 
the ''standard" low-carbon sheets. Ordinary sheet iron has a 
permeability usually much lower than that of "standard" sheet 
steel. 

In general, the shape of the B-H curve for a given material 
is found to depend upon the nature and amount of the impurities 
in it and the heat treatment to which it has been subjected. 
Relatively slight differences in the amount of impurity and in the 
heat treatment may produce a very large variation in magnetic 
properties. In fact, a wide difference is often found in two sam- 
ples taken from the same lot of material. 

The B'H curve also depends upon the temperature of the 
material, though the variation due to ordinary changes of tem- 
perature is slight. For very high temperatiu*es, however, all 
magnetic substances become practically non-magnetic. This 
temperature correspoiids to the major recalescence point, which 
is about 750 degrees for "standard" sheet steel. 
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113. Magnetic Saturation. — Experiment shows that up to the 
highest values of the magnetizing force which have yet been pro- 
duced, the normal flux density B always increases with an in- 
crease in the magnetizing force H. However, such experiments 
indicate that the difference between the flux density B and the 
magetizing force H, that is, the difference (B-H), approaches a 
definite maximum limit, dependent solely upon the nature of the 
material under test. In other words, for any given magnetic 
substance there is a definite limit to the intensity of magnetiza- 

J = r-j which can be established in it. When this limit- 
ing value of the intensity of magnetization is reached, the sub- 
stance is said to be ''magnetically saturated." 

The difference (B-H), when B and H are both expressed in 
c.g.s. electromagnetic units, may be conveniently designated as 
the ''metallic'' component of the flux density corresponding to a 
given magnetizing force H, since it is equal to the excess of the 
resultant flux density over the flux density which this same mag- 
netizing force would produce in free space. The maximum, or 
saturation, value of this metalUc flux density is about 20,000 
gausses for soft iron and steel, 15,000 gausses for cast iron, 12,000 
gausses for cobalt and 6000 gausses for nickel. To increase the 
flux density beyond these values requires an increase in the mag- 
netizing force equal to the increase in flux density desired. 

An inspection of the reluctivity curves in Fig. 77 shows that for 
values of the magnetizing force about greater than 40 ampere- 
turns per inch (or 20 gilberts per centimeter), the relation be- 
tween reluctivity and magnetizing force is approximately a 
straight line one. Due to the fact that there is a definite mag- 
netic saturation point, the reluctivity curves actually have a 

slight downward droop. However, if instead of the reluctivity 

H H 

p = D^> the ratio t> _ u is plotted against the magnetizing force, it 

is found that for very high values of H, this ratio bears an exact 
linear relation to the magetizing force H, viz., that 

2 - H "= " + ^^ (^) 

where a and <t are constants for any given material. Steinmetz 
calls the constant a the "coeflBicient of magnetic hardness," 
and the constant o- the "coefficient of magnetic saturation." 
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Equation (5) may be written 

B-H = — ^ (5a) 

a + an. 

From this relation it is evident that - is the Umiting value of 

the metallic component of the flux density, i,e,, of (B — H). 
This follows from the fact that when H becomes very large, a 
is negligible in comparison with o-ff, and therefore {B — H^ 

becomes equal to -• 

cr 

By dividing equation (5a) through by B, and putting P = ^ = 

the reluctivity, there results the relation 

= a-^-iiH (6) 



1 -P 

From Fig. 77, it is seen that the reluctivity of the substances 
listed is less than 0.02 for all values of H up to 100 gilberts per 
centimeter (or 200 ampere-turns per inch). Hence for H less 
than 200 ampere-turns per inch, equation (6) may be written 

p = a + aH (6a) 

As is evident from Fig. 77, this straight line relation does not 
hold for low values of the magnetizing force. It is, however, 
sufficiently accurate for all practical purposes for all values of 
H between 20 ampere-turns per inch and 200 ampere-turns per 
inch, which is the usual range in most electric apparatus and 
machines. 

Problem 1. — (a) Calculate the saturation value of the metallic component 
of the flux density for annealed sheet steel and cast iron, applying equation 
(5) to the curves given in Fig. 76 at the points corresponding to H = 60 
and H ^ 90 gilberts per centimeter respectively. (6) What are the corre- 
sponding maximum possible values of the intensity of magnetization? 

Answer. — (a) 18,500 gausses for annealed sheet steel and 12,000 gausses 
for cast iron. (6) 1470 and 956 c.g.s. electromagnetic units respectively. 

114. Magnetic Energy and Hysteresis Loss. — Experiment 
shows that energy is always required to establish a magnetic 
field, and that when a magnetic field disappears, energy is always 
transferred to some other region or converted into some other 
form. A magnetic field is, therefore, a source of stored energy, 
just as a compressed spring is a source of stored energy. The 
energy stored in a magnetic field is conveniently referred to as 
*' magnetic energy." 



A 
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A striking manifestation of the energy of a magnetic field is 
the spark which -occm-s whenever the flow of electricity in an 
electric circuit is interrupted, as, for example, by breaking a 
wire or opening a switch in this circuit. The interruption of the 
current causes the magnetic field produced by this current to 
disappear, and the energy thus liberated is transferred to the 
electric circuit, where it is converted into heat, chiefly in that 
part of the, circuit at which the resistance is the greatest, i.e., 
in the air gap between the two ends of the circuit. Hence the 
resulting incandescence of the air at this point. It should be 
noted, however, that the incandescence of the electric spark is a 
secondary effect, the primary effect of the potential difference 
established across the air gap being to produce an actual dis- 
ruption of the molecules of the air (see Article 148). 

As will be shown later (Chapter XI) the mechanical forces 
between conductors carrying electric currents and between mag- 
nets are also manifestations of the energy stored in a magnetic field. 

Experiment also shows that when a magnetic flux has once 
been established, no further transfer of energy to the magnetic 
circuit of this flux is required to maintain the field. This is 
true even for a magnetic field which is maintained by an electric 
current. Under such conditions energy is, of course, required to 
maintain the current, due to the resistance of the electric circuit, 
but none of this energy is dissipated in the magnetic circuit. 
That is, although a steady flow of electricity is always accom- 
panied by a dissipation of heat energy in the path of this flow, 
an unvarying magnetic flux may exist indefinitely in a magnetic 
circuit without causing any dissipation of heat energy in this 
circuit. 

However, experiment shows that whenever the flux in the 
ferromagnetic portion of a magnetic circuit is caused to vary, 
either in magnitude or direction, this variation of flux is always 
accompanied by a dissipation of heat energy, irrespective of the 
nature of this variation, whether it be a variation in magnitude, 
direction or both. Consequently, the amount of energy stored 
in a magnetic field in a ferromagnetic substance is always less 
than the total energy required to establish this field, for part of 
the energy required to establish the field is converted into heat 
energy, and is not recoverable as useful energy when the field 
disappears. Similarly, when a magnetic field in a ferromagnetic 
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substance disappears, only part of the magnetic energy stored in 
the field is recoverable as useful energy, for part of this stored 
energy is converted into heat energy upon the disappearance of 
the field. In both paramagnetic and diamagnetic substances 
(permeability only slightly different from unity) there is no such 
dissipation of heat energy, or at least, if there is such, it is 
inappreciable. 

(The dissipation of heat energy referred to in the preceding 
paragraph is in addition to the heat energy which may be dissi- 
pated in the substance in question by any electric current which 
may be induced in this substance by the varying flux; see Articles 
74 and 118.) 

The dissipation of heat energy due to the change in the amount 
or distribution of flux in ferromagnetic substance may be "ex- 
plained" in terms of a relatively simple hypothesis. This 
hypothesis is that (1) every molecule of a ferromagnetic substance 
is itself a permanent magnet, (2) when such a substance is un- 
magnetized the axes of these molecular magnets have random 
directions, and, therefore, produce externally no magnetic field, 
and (3) when a magnetic field is established in such a substance, 
by some external agent (e.gf., an electric current), these molecular 
magnets turn so that their axes become more or less parallel, 
just as a magnetic needle tends to take up a direction parallel 
to the direction of the field in which it is placed. On this hy- 
pothesis, any increase in the magnitude of the magnetizing force 
tends to turn these molecular magnets so that their axes become 
more nearly parallel, and any change in. the direction of the 
magnetizing force produces a corresponding change in the average 
direction of their axes. If it is further assumed that (4) the 
motion of these molecular magnets is opposed by a molecular 
force of a frictional nature, the production of heat energy when 
these molecular magnets are caused to change their directions 
is accounted for. This particular dissipation of heat energy is, 
therefore, frequently said to be due to ''molecular magnetic 
friction." 

As will be shown in Article 117, this particular dissipation of 
heat energy is intimately related to the phenomenon of magnetic 
hysteresis, and for this reason the amount of energy so lost is 
also commonly referred to as the loss of energy due to hysteresis, 
or briefly, as the "hysteresis loss." 
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It is of interest to note that the above h3rpothesis regarding 
the molecular nature of ferromagnetic substances is also useful 
as a means of "explaining" a number of other magnetic phe- 
nomena. For example, the magnetic saturation of a ferromag- 
netic substance (see Article 113) may be looked upon as cor- 
responding to the condition when all the molecular magnets 
have their axes exactly parallel to each other and in the same 
direction. For any degree of magnetization below this limiting 
value, the axes of the molecular magnets may be thought of as 
making acute angles with one another, instead of being actually 
parallel. 

An equivalent hypothesis, which possesses the advantage of 
coordinating the properties of magnets with those of an electric 
current, is to assume that in each molecule of a ferromagnetic 
substance there exists a permanent electric current flowing in 
a circuit of zero resistance. Such a current would produce a 
permanent magnetic flux, and would be in every way equivalent 
to a permanent magnet of molecular dimensions. One or more 
electrons moving in orbital paths around the center of the mole- 
cule (just as the earth moves around the sun) would constitute 
such a permanent electric current. 

However, aside from any hypothesis in regard to the molecular 
nature of a ferromagnetic substance, the important fact from an 
engineering standpoint is that a varying magnetic flux in a ferro- 
magnetic substance is always accompanied by a dissipation of 
heat energy in this substance, in addition to the heat energy which 
may be dissipated within it by other causes, as for example, by 
electric currents which this varying flux may induce in it. 

116. Total Energy Required to Establish a Magnetic Flux. — 
Consider in a magnetic field any volume which is closed on itself 
and whose walls are tangent at each point to the Une of force 
through that point. Such a volume forms a closed magnetic cir- 
cuit, in the strict sense of this term (see Article 88). This mag- 
netic circuit may be linked by any number of electric circuits, in 
some of which the current may be in the right-handed screw 
direction with respect to the direction of the resultant lines of 
force, and in others in the left-handed screw direction. 

Let Nij N2, etc., be the numbers of turns in these several 
electric circuits. Let ii, i^, etc., be the currents in these circuits, 
taken positive when in the right-handed screw direction with 
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respect to the flux in the magnetic circuit, and negative when in 
the opposite direction. Let <p be the flux in the magnetic circuit, 
which flux will have the same value at every cross-section of this 
circuit, for the walls of this circuit are tangent to the lines of 
force. Let (R be the reluctance of the magnetic circuit to this 
flux (p. Then from the definition of reluctance, when all quan- 
tities are expressed in electromagnetic units, 

4x{Niii + Ntit + etc.) ,-. 

<P ^ (7) 

Imagine this flux to increase by an amount d<p in time dt, due 
to a change in the value of any one or more of the electric cur- 
rents. Then, from the fundamental law of electromagnetic 
induction (equation (4) of Article 85), there will be induced in 
the several electric circuits electromotive forces numerically 
equal to 

6i = Ni -£y' 62 = N2 -^y etc. (8) 

These electromotive forces are each in the left-handed screw direc- 
tion with respect to the increase in flux (see Article 82), and, 
therefore, opposite in direction to the positive sense of the cur- 
rents in these circuits. Hence this change in flux corresponds to 
a conversion of electric energy into some other form (see Article 
34), and the amount of electric energy so converted in time dt is^ 

dW =eiiidt + 62^2^^ + etc. (9) 

Substituting in this equation the values of ei, 62, etc., from 
equation (8) gives 

dW = {Niii + Nih + etc.) dip (9a) 

Substituting in this last equation the value of iNii\ + ^^2^2 + 
etc.) from equation (7) gives 

dW = ^(5i<pd(p ergs (96) 

When the flux increases by a finite amount, say from the value 
ipi to the value ^2, then, from equation (96), the total amount 

^ Note that equation (9) represents an algebraic sum, for in this expression 
any current which links the flux in the left-handed sctew direction is repre- 
sented by a negative number, and the corresponding product H is then 
negative. A negative value of eidt signifies a gain of electric energy by this 
particular circuit. Equation (9), therefore, gives the net or resultant loss of 
electric energy from all the electric circuits which link the flux ^. 
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of electric energy lost by the currents which link the path of this 
flux is 

1 r*"' 
TT = T- I (R <pdip ergs (9c) 

The energy represented by this expression is the net, or result- 
ant, loss of electric energy from all the electric currents which 
link the path of the flux <p, and which is converted into some other 
form, when this flux increases from the value (pi, to the value <pi. 
When the integral is positive, there is an actual conversion of 
electric energy into some other form; when the integral is nega- 
tive, there is an actual conversion of some other form of energy 
into electric energy. When there are two or more electric cir- 
cuits, one of these may gain and the other lose electric energy, 
depending upon the directions of the currents with respect to the 
direction of the flux. . However, irrespective of any transfer of 
electric energy from one circuit to another, a change in the flux 
which Unks one or more electric circuits is always accompanied by 
a conversion of electric energy into some other form, or of some 
other form of energy into electric energy, and the net amount of 
energy so converted is equal to the value of W given by equation 
(9c). 

116. Magnetic Energy in a Circuit of Constant Reluctance.— 

When the reluctance (R of the path of the flux remains constant 
throughout the change in the flux, equation (9c) may be written 

W = ^(5i{<P2^-<Pi^) ergs (9d) 

The conditions which must be fulfilled in order that the reluc- 
tance of the path of the flux remain constant are (1) that the per- 
meability of every substance in this path be constant irrespective 
of the value of the flux density, and (2) that the relative distribu- 
tion of the lines of force which represent this flux remain imaltered 
(i.e., that the shape of these lines of force do not change during 
the change in the magnitude or sense of the flux). 

The first provision precludes the presence of any ferromagnetic 
substances in the path of the flux, and the second precludes the 
relative motion of any ciUTent-carr3ring conductor or magnet 
(permanent or induced) anywhere in the given magnetic field, and 
also precludes the presence of magnetic poles anywhere in the 
field. Under these conditions the change in flux will produce no 
dissipation of heat energy due to molecular magnetic friction. 
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since this phenomenon does not occur in bodies of constant per- 
meability. Also, there will be no conversion of electric energy 
into mechanical energy, for there is no mechanical motion. 
Hence, the condition that the reluctance (R remain constant 
throughout the change in flux is equivalent to the condition that 
this change in flux be accompanied by no production of heat 
energy or mechanical energy. The conversion of energy is then 
solely from electric energy to magnetic energy. 

Consequently, from equation (9d) the total amoimt of magnetic 
energy stored in a volume of constant reluctance (R, when a flux 
is established in this volume (i.e., when the flux in this volume 
is increased from zero to <t>) is 

W = ^(R^2 ergs (10) 

It also follows from equation (9d) that when the flux in a magnetic 
circuit of constant reluctance disappears (i.e., when the flux de- 
creases from (p to zero), an equal amount of magnetic energy is 
liberated. This "liberated'' energy must, of course, be converted 
into some other form of energy; for example, into electric energy 
in the electric circuit or circuits which hnk the magnetic circuit. 

In the deduction of equation (10) the reluctance (R was taken 
as the reluctance of the entire closed circuit of the flux tp. A 
perfectly rational assumption, fully justified by experiment, is 
that a flux of given magnitude and given distribution, in a given 
volume of constant permeability, always represents the same 
amount of magnetic energy, irrespective of the nature of the sub- 
stances outside this volume, and irrespective of how this flux is 
established. Consequently, equation (10) is applicable not only 
to a complete magnetic circuit of constant permeability, but 
also gives the magnetic energy stored in any volume in a magnetic 
field, irrespective of how the flux ip is established, provided only 
that the permeability of this particular volume be constant. 
When this equation is applied to such a portion of a magnetic 
field, (R is, of course, to be taken as the reluctance of this particular 
volume and (p as the flux through this particular volume. 

It is of interest to compare equation (10) for the magnetic 
energy stored in a reluctance (R with the analogous expression 
p = rD for the power dissipated as heat in a resistance r by a 
current /. Both expressions are of the same mathematical form, 
but the physical facts represented are entirely diflFerent. The 
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expression W = kz^^^ gives the value of the energy which is 

stored in a reluctance (R by the magnetic flux <p, whereas the ex- 
pression P = r/2 gives the rate at which energy is dissipated as 
heat in a resistance r by a current I. 

When equation (10) is applied to an elementary portion of a 
magnetic circuit, it may be put in a more convenient form as 
follows. Let I be the length of this volume parallel to the Unes 
of force, let S be the cross-section of this volume, perpendicular 

to these lines. The reluctance of such a volume is (R = ^, and 

the flux through it is ^ = BS, where B is the flux density in this 

volume. The substitution of these values of (R and (p in equation 

(10) gives 

1 B^ 

on fJL 

But {IS) is the volume of the particular portion of the circuit 
under consideration. Hence the energy stored in a magnetic 
field per unit volume of this field is 

B^ 

ix; = Q ergs per cubic centimeter (11) 

OTT/X 

where B is the flux density in this volume in gausses and /x is its 
permeability. 

This relation, like equation (10) from which it is derived, 
holds only when the permeability of the volume in question is 
constant, independent of the flux density established in it. This 
expression is, therefore, not applicable to a volume in a ferro- 
magnetic substance. However, equation (11) is applicable 
to any part of a magnetic circuit for which the permeability is 
constant, even though the rest of the circuit is through ferromag- 
netic substances. For example, this equation gives the energy 
stored per unit volume of the air gap between any two parts of a 
magnetic circuit, such as the air gap between the plunger and 
stop in an electromagnet. Of course, the permeability in such 
a case is the permeability of the air (= 1), not the permeability 
of the iron. 

The energy stored as magnetic energy when a flux is established 
in a ferromagnetic substance is probably always less than the 
energy given by equations (10) or (11), due to the phenomenon 
of molecular magnetic friction (see Article 114). 
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flux remains constant? (d) How much mechanical work must be done by 
the agent which pulls the plunger down this distance? The change in the 
magnetic energy stored in the plunger is negligible (see Article 117). (e) 
What must be the force exerted on the plunger at this agent? (/) What is 
the total upward pull exerted on the plunger due to the current directly and 
to the magnetic pole induced by this current at the end of the stop? 
Give answer both in dynes and in pounds, (jg) Deduce a general formula 
for the relation between the pull on the plunger in pounds, the flux density 
in the plunger in kilolines per square inch, and the cross-section of the air 
gap in square inches, and state the exact conditions under which this formula 
is applicable, {h) If the cross-section of the plunger were reduced to one- 
half its original value, but the total flux kept constant, by how much would 
the pull change? 

Answer.— (a) 0.0394 oersted. (6) 0.000197 oersted, (c) 0.0314 watt- 
second, id) 0.0314 watt-second or 0.0232 foot-poimd. (e) 278 pounds. 
(J) 123.7 X 10« dynes or 278 pounds, (g) 

f = OMZdB^S pounds 

where B is the flux density in kilolines per square inch and S is the cross- 
section of the air gap in square inches. This formula holds only when the 
flux density in the air gap is uniform and when the walls of the air gap are 
perpendicular to the lines of force, (h) The pull would be doubled. 

117. Hysteresis Loss and Magnetic Energy in Ferronuignetic 
Substances. — ^As shown in the last article, whenever a magnetic 
flux <p changes from any value <pi to any other value ^2, the elec- 
tric circuits which link its path lose a net amount of electric 
energy equal to 

1 r**' 

TF = ^ I (R<pd(p ergs (12) 

It was also pointed out in that article that, from the principle of 
the conservation of energy, this loss of electric energy must result 
in the production of an equal amount of some other form or 
forms of energy, these other forms of energy being, in the general 
case, (1) magnetic energy, (2) heat energy due to molecular 
magnetic friction and (3) mechanical energy or work. , 

lii the last article the above equation was used as a means of 
deriving an expression for the magnetic energy stored in a magnetic 
field, when there is no dissipation of heat energy and no change 
in mechanical energy {i.e., no mechanical work done) . In exactly 
the same manner this same general relation may be used to obtain 
an expression for the energy dissipated as heat due to molecular 
magnetic friction, in those special cases in which the change in 
flux is accompanied by no resultant change in magnetic energy 
and no change in mechanical energy. 
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Consider the special case of a magnetic circuit each part of 
which is at rest with respect to the electric circuits which Unk 
it, and in which the lines of force remain fixed in shape through- 
out any change in flux which may take place. These conditions 
are satisfied in the case of a closed circular ring of the same ma- 
terial throughout (Fig. 52), when the variiation of flux in the ring 
is caused solely by variations in the intensity (or sense) of an elec- 
tric current in a uniformly distributed winding completely cover- 
ing the ring. These conditions are also apprteimately realized in 
any core which forms a closed magnetic circuit of Uniform permea- 
biUty, provided this core is at rest with respect to the electric 
circuits which link it, and provided the leakage of flux from the 
core into the surrounding air is relatively small. 

When there is no motion of any part of the magnetic circuit 
under consideration, and no motion of any part of the electric cir- 
cuit, experiment shows that the relation expressed by equation 
(12) appUes not only to the complete (closed) circuit of the mag- 
netic flux <p, but also to any portion of this current. That is, when 
there is no mechanical work done, equation (12) gives the net 
amount of energy which is transferred from all the electric cir- 
cuits in this field to any particular volume in this field, provided 
(R is taken as the reluctance of this volume and <p the flux through it. 

Under the specific conditions just stated, viz., no mechanical 
motion and no change in the shape of the lines of force, equation 
(12) may be put into a more convenient form, as follows: Con- 
sider in such a magnetic circuit an elementary volume of length I 
parallel to the line of force through it, and of cross-section 8 
perpendicular to this line of force. The product (R^ for such a 
volume, i.e., the reluctance drop through this volimie, is equal to 
HI (see equation (19) of Article 90). The flux through this 
volume is BS, and, therefore, d<p = SdB. Whence, for this par- 
ticular volume 

(5i<pd<p = (HI) (SdB) = (lS)HdB 

Hence the product (5i(pd(p per unit volume of the field is 

( 5i(pd(p ^ jj^jg 
IS 
Therefore, the total magnetic energy and heat energy developed 
per unit volume of a magnetic field, when the change in flux is ac- 
companied by no mechanical motion and no change in the shape 
of the lines of force, is 
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decreasing magnetizing force than it increases for an increasing 
magnetizing force. Consequently, to reduce the flux density 
from the value B2 to its original value Bi, the magnetizing force 
must in general be reduced to a value Hz smaller than its original 
value Hiy and the relation between B and H during this reverse 
change will be represented by some such curve as that connecting 
the points 2 and 3 in Fig. 79B, For this change in the flux den- 
sity from Bi to Bi, the product HdB will be negative, since dB 
here represents an actual decrease, or a "negative increase." 
The area 2-3-4-5 in Fig. 79B, multipUed by 3^x, therefore, rep- 
resents the energy transferred from the given unit volume of the 
magnetic circuit to the electric circuit or circuits which link this 
magnetic circuit. 

The area 2-3-4-5, however, does not represent the total amount 
of magnetic energy lost by this imit volume during the decrease in 
flux density from B2 to Bi, for part of the magnetic energy lost 
during the decrease in flux density from B2 to Bi, is converted 
into heat energy in the particular unit volume in question, due 
to molecular magnetic friction. Just how much magnetic energy 
is gained or lost by a unit volume of a ferromagnetic substance, 
for a given change in flux density, cannot in general be deter- 
mined from the relations thus far stated. The only general 
conclusion that may be drawn is that J^gr times the area 1-2-5-4 
is equal to the magnetic energy Wm gained by the unit volume, 
plus the heat energy Wh developed in it, during the increase in the 
flux density from Bi to B2, and that 3^7r times the area 2-3-4-5 is 
equal to the magnetic energy w'm lost by the unit volume less 
the heat energy w\ developed in it during the decrease in flux 
density from Bt to Bi, viz., 

■J- (Area 1-2-5-4) = Wm + Wh 
47r 

^ (Area 2-3-4-5) = iz?'« - w'h 
4ir 

Therefore, J^tt times the difference in these two areas, namely, 
3^7r times the area 1-2-3, is equal to the difference between the 
gain and the loss of magnetic energy, plus the total amount of 
heat energy developed, during the given increase and decrease 
of the flux density, viz., 

^ (Area 1-2-3) = w„ - w'„ + {wh + w\) (14) 
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As shown in Fig. 79^1, the increase in the magnetizing force re- 
quired to increase the flux density from any value Bi to some other 
value ^2 is in general less than the amoimt by which the magnet- 
izing force must be decreased in order to produce the reverse 
change in the flux density. However, experiment shows that 
after a number of repetitions of the same cycle of changes in flux 
density (say from Bi to Bt and then back again from B2 to J?i, 
and so on repeatedly) the maximum value of the flux density 
alwa3rs corresponds to the same maximum value of the magnet- 
izing force, and the minimum value of the flux density always 
corresponds to the same minimum value of the magnetizing 
force. In other words, the ascending 5-H curve and the de- 
scending B'H curve coincide at their ends, and form a closed loop. 
As already noted, such aloop is called a "hysteresis loop." A sym- 
metrical hysteresis loop, i.e., one whose ends correspond to nu- 
merically equal but opposite values of the flux density, is shown in 
Fig. 74. 

Experiment justifies the assumption that the magnetic state 
corresponding to any given point on a closed hysteresis loop is 
characterized by a definite amount of magnetic energy. That is, 
when the magnetizing force and the fiux density eotch passes 
through a complete cycle of values, the magnetic energy at the 
end of the given cycle is equal to the magnetic energy at the 
beginning of this cycle. Consequently, from equation (14) it 
follows that J^TT times the area of a dosed hysteresis loop is 
equal to the total heat energy developed per unit volume, due to 
molecular magnetic friction, during the corresponding cycle of 
changes in the flux density and magnetizing force. As already 
noted, the energy thus dissipated as heat is called the "hvsteresis 
loss." 

Hence the hysteresis loss per cycle per cubic centimeter in any 
magnetic substance, due to a complete cycle of changes in the 
flux density and' the magnetizing force, is equal to J^ir times 
the area of the corresponding hysteresis loop, provided this loop 
is determined imder such conditions that there is no mechanical 
motion and no change in the relative distribution of the lines of force. 

The relation just stated is on the assumption that unit dis- 
tance on the ordinate scale of the hysteresis loop represents a 
flux density of 1 gauss, and imit distance on the abscissas &cale 
represents 1 gilbert per centimeter. When unit distance on the 
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ordinate scale is taken equal to b gausses^ and unit distance on 
the abscissa scale equal to h gilberts per centimeter, and the 
actual area of the hysteresis loop is A, then 

Hysteresis loss = j-A ergs per cu. cm. per cycle (15) 

The hysteresis loss in iron and other magnetic materials is an 
important factor in the design of all apparatus and machines 
whose operation depends upon a varying magnetic flux. In fact, 
the h35steresis loss in a ferromagnetic substance is usually of 
more importance, from a practical standpoint, than its permea- 
bility. The variation of the hysteresis loss with the limiting 
values of the flux density and with the quality of the iron or steel 
employed has, therefore, been extensively investigated. 

The results of these investigations may be summarized in a 
relatively simple empirical* law, first stated by Steinmetz, viz., 
that in any given volume of iron or steel the hysteresis loss per 
unit volume per cycle varies as the 1.6th power of the maximum 
flux density, provided the cycle corresponds to a symmetrical 
hysteresis loop. That is, calling Bm the maximum value of the 
flux density in gausses during the given cycle (i.e., the numerical 
value of flux density corresponding to either of the two pointed 
ends of the hysteresis loop), the hysteresis loss is 

Wh = rjBm^*^ ergs per cu. cm. per cycle (16) 

The coefficient ij, which depends on the nature of the substance in 
question, is called by Steinmetz the "coefficient of hysteresis" of 
this particular substance. For annealed sheet steel the value of 
the hysteresis coefficient ranges from about 0.001 to 0.002. For 
annealed sheet steel containing about 3 per cent, silicon its value 
is about 30 per cent. less. 

It should be carefully noted that equation (16) is not an exact 
law (like Ohm's Law, for example), but is only an approximate rep- 
resentation of the actual facts. However, for. flux densities be- 
tween about 1000 and 12,000 gausses, this relation is sufficiently 
accurate for most practical purposes. At higher flux densities 
the hysteresis loss increases faster than the 1.6th power of the 
flux density, particularly if the material under test is non-homo- 
geneous. It should also be noted that the equation (16) is applic- 
able only to variations in flux density between equal and opposite 
maximum values, i.e., to sjonmetrical hysteresis loops, and then 
only when the change from —Bm to +Bm is a continuous increase, 



MAGNETIC ENERGY AND EDDY CURRENTS 293 

and the reverse change a continuous decrease in the flux density^ 
(see Chapter IV of Steinmetz's "Theory and Calculation of 
Electric Circuits"). 

The hjrsteresis coefficient ly, like the permeabiUty, depends 
not only upon the chemical composition but also upon the physi- 
cal characteristics of the substance in question. In general, hard 
steel has a much higher hysteresis coefficient than soft steel. The 
sheet steel used for armature cores, and for other parts of mag- 
netic circuits carrying a varying flux, is, therefore, always care- 
fully annealed. The reduction in hysteresis loss by annealing 
may be 100 per cent, or more. 

When iron or steel is exposed continuously to temperatures 
above 100**C. the hysteresis coefficient, and, therefore, the hystere- 
sis loss, may undergo a gradual increase. This phenomenon is 
known as magnetic " ageing.'' Silicon steel is practically free from 
ageing. The ageing of other steels depends upon their composi- 
tion and heat treatment. The ageing of sheet steel made espe- 
cially for electric apparatus, when of proper chemical composition 
and properly annealed, is practically negligible. Slight varia- 
tions in chemical composition or heat treatment, however, may 
produce appreciable ageing. 

As already noted, a dissipation of energy as heat due to mole- 
cular magnetic friction takes place not only when the flux density 
in a ferromagnetic substance changes in magnitude and sense, but 
also whenever there is a change in the direction of the lines of 
force in such a substance with respect to a line fixed in this body, 
as, for example, when a piece of iron is rotated in a stationary 
magnetic field. Through a surface of unit area fixed in a body 
which rotates in a magnetic field of constant flux density B, the 
flux varies continuously from this value B to an equal value in 
the opposite direction and back again, repeating this cycle for 
every revolution. Experiment shows that under these conditions 
the energy dissipated per unit volume as heat, due to molecular 
magnetic friction, is exactly the same as would be dissipated were 
the magnetic substance kept at rest and the flux density varied 
between these same limits by varying its magnitude and sense. 

The energy which is dissipated as heat in this case suppUed 

^ If during the change from one value to another there is a subsidiary 
loop like the dotted loop shown in Fig. 74, the hysteresis loss is increased by 
an amount proportional to the area of this subsidiary loop. 
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as mechanical work by the agent which produces this motion. 
When the flux density of the field and the hysteresis coefficient of 
the substance in question are known, the mechanical work re- 
quired to produce this "loss" of energy may be calculated from 
the Steinmetz formula. 

It should be noted that equation (13), when applied to a sub- 
stance of constant permeability m (and, therefore, free from mole- 
cular magnetic friction), gives for the total energy developed per 
unit volume, when a flux density B is established in this volume 
the value 

w = i^l HdB = 7^ I BdB = #- 
^Jo ^f^Jo Sir/* 

This is identical with equation (11), as it should be, since when 
the permeability is constant, aU the energy transferred to the field 
is stored as magnetic energy. 

In the case of ferromagnetic substances, however, equation (13) 
gives the change in the magnetic energy per unit volume jilus the 
heat energy developed, when the flux density changes from B\ to 
B2. In particular, when the flux density changes from zero to 
any value B, the integral 

w = ^C^HdB 



Wo 



is equal to the magnetic energy stored per unit volume during this 
change plus the heat energy developed in this volume during 
this change. Even when the substance is originally unmagnet- 
ized, and the change in magnetic state corresponds to the "rising" 
B-H characteristic (see Fig. 80), it is probable that some heat 
energy is developed in magnetizing the body. Just how much 
heat is developed imder such conditions is a matter of experiment, 
but, as far as the author is aware, this has never been determined. 

From equation (13), the total energy input per unit volume 
of the given magnetic substance, when it is magnetized to a flux 
density B, starting from an originally unmagnetized state, is equal 
to 3^T times the shaded area in Fig. 80. This area, when the 
flux density is well up on the B-H curve, is always less than one- 
half the area of the triangle 0-1-2. The area of this triangle is 
}^BH, where H is the magnetizing force corresponding to the flux 

density B. Or, since B = ^ff, where n is the permeability cor- 

1 B* 
responding to the flux density B, the area of this triangle is ^ — 
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Hence the total energy input per unit volume, when the flux den- 
sity is well up on the B-H curve, is always less than ^ — ergs per 

cubic centimeter. Consequently the magnetic energy stored per 

B^ 
unit volume must also be less than o— , since this magnetic energy 

cannot be greater than the total energy. It is also probable that 
even for the lower values of the flux density, the magnetic energy 

B^ 

per unit volume is less than ^ — , 

fyiTfi - 

One important conclusion which may be drawn from these con- 
siderations is that, for a given flux density B, the magnetic energy 




Fig. 80. 

per unit volume of a substance whose permeability is greater than 
unity is always less than the magnetic energy per unit volume of 
a non-magnetic substance. In fact, in any magnetic circuit 
which is partly iron and partly air, even though the length of the 
air gap is only a very small part of the total length of the circuit, 
practically all the magnetic energy is stored in the air gap, and 
only a relatively small amount of energy is stored in the iron. 
In other words, where the reluctance is greatest the magnetic 
energy is greatest (compare with equation (10)). 

Problem 6. — (a) What is the hysteresis loss per cubic centimeter per cycle 
corresponding to the hysteresis loop shown in Fig. 74? (&) What is the 
hysteresis coefficient of this sample? 

Answer.— ia) 11,500 ergs, (h) 0.00239. 
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Problem 6. — In a certain laminated steel core the flux is caused to alter- 
nate continuously between equal and opposite values, making 60 complete 
cycles (or 120 changes in direction) per second. The cross-section of this 
core is 30 square inches and its length is 15 inches. The maximum value of 
the flux density during each cycle of variation is 50 kilolines per square inch. 
The hysteresis coefficient of the steel is 0.0012. 

What is the power (energy per second) dissipated in this core due to 
hysteresis? 

Answer. — 89 watts. 

Problem 7. — The flux density established at each- point in the armature 
core of a certain motor by an unvarjring (direct) current in the field winding 
is 75 kilolines per square inch. The volimie of this core is 2 cubic feet. 
The hysteresis coefficient of the sheet steel of which the core is made is 
0.001. The core has no winding on it. By means of a crank attached to 
the armature shaft a force can be applied by hand to turn the core. The 
lever arm of this crank is 1 foot. 

Neglecting all mechanical friction, what is the average force in pounds 
which must be applied to this crank in order to turn the armature at a con- 
stant speed? 

Answer, — ^2.13 pounds. 

(Note. — ^When the flux density varies appreciably from point to point 
in the core, as would ordinarily be the case in practice, the total hysteresis 
loss cannot be calculated by taking for B^ the average value of the maximum 
flux density, and multiplying the loss per unit volume by the total volume of 
the core. Instead, the average value of the 1.6th jnyvoer of the maximum 
flux density would have to be used as the value of B^^-^ in equation (16) 
in order to obtain the average loss per unit volume.) 

118. Eddy Currents and Eddy-current Loss. — ^A varying mag- 
netic flux induces an electromotive force in every path which 
links this flux; this is the fundamental law of electromagnetic 
induction (see Article 81). Every conducting path which links 
a varying magnetic flux, and which contains no other source of 
electromotive force, must have a current induced in it equal at 
each instant to the electromotive force induced by this varying 
flux, divided by the resistance of the path. 

The iron and steel portions of the magnetic circuits of electric 
apparatus and machines are conductors. Consequently, when- 
ever the lines of force in an iron (or other ferromagnetic) core 
vary with time, either in number or in direction with respect 
to any fixed line in this core, electric currents are induced in 
this core. These currents result in a dissipation of energy in the 
core, for a current i in a resistance r always causes a dissipation 
of energy as heat at a rate equal to n*. The loss of energy due 
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to these induced currents in the magnetic circuit is in addition 
to the hysteresis loss. 

The electric currents which are induced in any conducting 
mass due solely to the line of force which pass through the space 
occupied by this masSj as distinguished from the current which 
may be induced in this conductor by lines of force which link 
it, but which do not paps through the space occupied by it, are 
called "eddy currents/' or "Foucault currents.'' The conducting 
mass may form no part of the main electric circuit, as is the case 
with the iron and steel parts of the magnetic circuits of apparatus 
and machines. In this case the only currents in the conducting 
mass are the eddy currents. Eddy currents, however, may also 
be induced in the copper or other conductors which form the main 
electric circuits. In this case, the resultant current in the given 
conductor is the sum of the main current and the eddy currents. 

The power which is dissipated in a conductor as heat, due 
to the existence of eddy currents in it, is called the "eddy-current 
loss." When there are no other currents in the conductor, 
as is the case in the iron and steel parts of magnetic circuits, 
the eddy-current loss, in the path of an eddy current of intensity 
i, is n^, where r is the resistance of the path. When the con- 
ducting mass in which the eddy currents are induced is also 
the path of some other current, the eddy currents may merely 
alter the distribution of the current over the cross-section of the 
conductor, without changing the magnitude of the total current. 
This alternation in the distribution of the current,* however, 
always increases the heat energy developed, thereby making the 
"effective" resistance of the conductor to the main current 
greater than its ohmic, or d.c, resistance (see Article 178). 

It is to reduce the amount of heat energy developed by eddy 

currents that the iron or steel parts of a magnetic circuit are 

"laminated," i.e., built up of thin sheets. In order to secure the 

maximum reduction of the eddy-cxurent loss, the laminations 

which make up the core are always so arranged that their planes 

are practically parallel to the lines of force through them; i.e.,' 

the lines of force enter the laminations "edgewise." It should 

be particularly noted that the lamination of a core has no effect 

whatever on the hysteresis loss;^ the core is laminated solely 

for the purpose of reducing the eddy-current loss. 

^ This, of course, on the assumption that each lamination has the same 
chemical and physical characteristics as a solid core would have. 
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•Of course, it is necessary to laminate only those parts of a 
magnetic circuit in which eddy currents are induced, i.e., those 
parts in which the flux varies in magnitude or direction with 
respect to the core. For example, the field cores and yokes of 
a direct-ciurent dynamo need not be laminated, but the armature 
core must be, since the flux through each elementary volume 
of the core reverses in direction, with respect to the core, as the 
core rotates in the field. Due to the pulsation in the flux caused 
by the teeth of the armature core, as they rotate under the faces 
of the field poles, eddy currents are also induced in these pole 







Fig. 81. 

faces. The pole faces are, therefore, also frequently laminated. 
The thickness of sheet steel used for laminations ranges from 
0.014 to 0.025 inch. 

An approximate expression for the power dissipated as heat 
in a laminated core, due to eddy currents, may be deduced as 
follows. Consider first the case of a stationary core in which the 
lines of* force are parallel and remain fixed in direction and in 
which the variation in flux is due solely to a variation in the 
magnitude and sense of the flux density. This condition is 
realized when a straight core is magnetized by an alternating 
current in a winding placed around it. 

When the laminations which make up the core are thoroughly 
insulated from one another, the eddy-current stream lines will 
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form closed loops confined to individual laminations, i.e., there 
will be no flow of electricity from one lamination to the next. 
The shape of the eddy-current stream lines in a single lamination 
is indicated in Fig. 81. The planes of the loops formed by these 
stream lines are perpendicular to the lines of force, and the long 
sides of these loops are parallel to the surface of the lamination, 
as indicated. |» 

Consider the eddy-current stream line whose long side is at 
a distance of x centimeters from the central plane of the lami- 
nation. Neglecting the curvature at the two ends of the loop 
formed by this stream Une, this loop may be considered as a rec- 
tangle having a width of 2x centimeters and a length of y centi- 
meters. When the flux density B has the same value at each 
point in this rectangle, the total flux through it is ^ = 2xyB 
maxwells. Hence, when the flux density is changing at the rate 
of dB gausses in dt seconds, the electromotive force induced in 
the particular stream line which forms this rectangle is 

This electromotive force induces in the loop formed by this 
rectangle a current whose density must be such that the total 
resistance drop around the closed path formed by this stream 
line is equal to this electromotive force. Let <r be the density 
of this induced current, in abamperes per square centimeter, at 
any point in the long side of the rectangle formed by the stream 
line, and let p be the resistivity of the lamination in abohm- 
centimeters. Then from equation (16) of Article 64, the resist- 
ance drop per unit length of each long side is pa. The total 
resistance drop in both of the long sides is, therefore, 2pat/ ab- 
volts. When the rectangle is very thin, as is here assumed, 
the resistance drop in the two ends of the rectangular loop may be 
neglected, and 2pat/ may then be taken as the total drop around 
this rectangle. Hence, equating 2 pay to the value of e just 
found, the current density must have the value 

, = ? f .ba^per. per .,. c». (.7, 

That is, except for points near the edge, the current density 
at any point in the lamination is (a) directly proportional to 
the distance of this point from the central plane of the lamination, 
(b) inversely proportional to the resistivity of the lamination. 
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and (c) directly proportional to the time-rate of change of the 
flux density. Note particularly that at the center of the lamina- 
tion there is no eddy current, and that at the surface of the lami- 
nation the density of the eddy current is a maximum. 

The resistance of an elementary cube of any conductor to a 
current which is perpendicular to any one of its faces is p . , .^ 

= -p, where dx is the length of the edge of this cube and p is its 

resistivity. The current through such a cube is a{dxy where 
(T is the current density. Hence the rate at which heat is dissi- 
pated in an elementary cube of volume (dxy, by a current whose 
density is cr, is 

Whence, the rate at which heat energy is developed per unit 
volume at any point in a conductor is equal to p<r^ where p is 
the resistivity at this point and a the current density at this 
point. 

Applying this general relation to the lamination under con- 
sideration, the rate at which heat is developed per cubic centi- 
meter at any point^ which is at a distance x from the central 
plane of the lamination is 



.2 _ 



x^ /dB\ 2 



(-^) ergs per cu. cm. per second. 



p \dtJ 

At the center of the lamination the heat developed is, therefore, 
zero and at the surface a maximum. 

The average rate at which heat is developed per cubic centimeter 

for the entire cross-section of the lamination is the average of 

a 
this expression between the limits x = and ^ = o' ^^ *^® 

assumption that the flux density is constant over the cross- 
section, -^ likewise has the same value at every point of this 
cross-section, and, therefore, the average of pa^ over this cross- 
section is equal to - (-jr) times the average of x^ between the 

limits X = and ^ = o' -^^^ ^^^ average of x^ between the 

limits X = and x = « is equal to the integral of x^ between these 
1 Except near the edges of the lamination. 




Pe = tq- ("37) ergs per'cu. cm, per second (18) 
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two limits divided by s* The integral of x^ between these limits 

= 24> and this divided by « gives j^. 

Hence, the average rate at which heat energy is dissipated 
per unit volume of the lamination, at any given instant of time, 
due to the eddy currents in it, is 

a^/dB\^ 
12p \ dt 

This expression not strictly correct, since no account is taken' 
of the fact that for points near the edge of the plate the current 
density is not equal to the value given by equation (17). How- 
ever, for any lamination whose width is, say, 20 times its thick- 
ness, the error involved is practically negligible. 

From equation (18) it is seen that the eddy-current loss varies 
(a) directly as the square of the thickness of the laminations, 
(6) inversely as their resistivity, and (c) directly as the square of 
the raie of change of the flux density. Hence the thinner the 
laminations and the higher their resistivity the less is the eddy- 
current loss. Also, the more rapidly the flux density varies 
with time, the greater is the eddy-current loss. 

Equation (18) gives the power loss at any instant during the 
variation in the flux density. For a complete cycle of variation, 
e.g., from a maximum value B« in one direction to an equal 
value in the opposite direction and back again, the average rate 



a2 



at which the eddy currents develop heat is equal to js times the 

average value of the square of -yr for this cycle. The average 

dB 
value of -T7 will, of course, depend upon the manner in which the 

flux density varies with time during this cycle. 

Consider the special case, which is usually more or less closely 
approximated in practice, when the variation of the flux density 
with time may be represented by the sine of an angle which 
increases uniformly with time, viz., when 

B = B« sin (^) (19) 

where Bm is the maximum value of the flux density during the 
cycle, and T is the time required for the flux density to pass 
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through a complete cycle of values. This time interval T is 
called the "period" of the given cycle. The reciprocal of T, 
namely, the number of times the given cycle of values is passed 
through in unit time, is called the "frequency" of the cycle. 
In terms of the frequency, which is usually represented by the 
symbol /, equation (19) may also be written 

B = Bn, sin {27rft) (19a) 

Any quantity which varies with time in the manner just de- 
scribed may be conveniently described as varying "sinusoidally" 
with time. 

The student should note carefully that in both equation (19) 
and in equation (19a) the angle is in radians , not in degrees. 
For example, when the frequency is 25 cycles per second, the 
value of the flux density 3^oo second after it passes through its 

zero value is Bm times the sine of 27r X 25 X oaa = 0.785 radians. 

Oflfi 

Since 1 radian = -^ = 57.3 degrees, this angle of 0.785 radians 

is equal to 0.785 X 57.3 = 45 degrees. 

When the flux density in the core varies sinusoidally with time, 
at a frequency of / cycles per second, the time rate of change of 
the flux density at any instant is 

^ = I [fi^sin (27r/0] = 2TfB„, cos (27r/0 (20) 

where Bn is the maximum value of the flux density during the 

dB 
cycle. The average value of the square of -^ for a complete 

cycle is then (2ir/Bm)^ times the average value of the square 
of the cosine of (27r/0 during this cycle, i.e., during the time re- 
quired for t to change from zero to T = > When t changes from 

zero to the value j, the angle {2Tft) changes from zero to 2t. 

Hence the average value of the square of the cosine of {2Trft) 

between the limits t = and i = t is the same as the average 

value of cos^ x, between the limits x = and x = 2t, where x 
is any angle which increases continuously from zero to 27r. 

The average value of cos^ x between the limits x = and x = 
27r is equal to }4- This may be proved as follows. Note first 
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that cos 2x = cos^x — sin ^a: = 1 — 2 cos^x, and, therefore, cos^x 
= 3^(1 — cos 2x). Hence the average value of cos^ x is equal to 
}i times the average value of (1 — cos 2x). The average value of 
cos 2x between the limits x = and a: = 27r is zero, since for every 
positive value of the cosine there is within these limits an equal 
negative value. Hence the average value of cos^ x is equal to J^. 

Consequently, when the flux density in a laminated core varies 
sinusoidally with time between equal and opposite maximum 
values, the average amount of power dissipated as heat 'by the 
eddy currents induced in it, is 

Pe = w^ (afB^y ergs per cu. cm. per second (21) 
op 

provided (a) that the lines of force are parallel to the planes of 
the laminations, (6) that the laminations are thoroughly insulated 
from each other, and (c) that the thickness of each lamination 
is small in comparison with its other dimensions. 

The three conditions just stated are seldom fully realized in 
practice. In particular, the laminations are seldom thoroughly 
insulated from each other. Frequently the only insulation be- 
tween laminations is the natural scale which forms on the sheets 
when they are annealed. This scale forms a surprisingly good in- 
sulation, but does not entirely prevent a flow of electricity from 
one lamination to the next. Even when the laminations are 
varnished before being built into a core, the insulation between 
adjacent laminations is not perfect at every point. Consequently, 
equation (21) usually gives too low an eddy-current loss. This is 
usually taken into account in practice by writing this formula 

Pe = eiafBfn)^ ergs per cu. cm. per second (21a) 

and determining the coefficient e experimentally. This coefficient 
€ is called the "eddy-current coefficient;" compare with the hys- 
teresis coefficient rj (Article 117). 

Comparing equations (21) and (21a) it is seen that the eddy- 
current coefficient € varies inversely as the resistivity. For 
example, steel which contains about 3 per cent, of silicon has a 
resistivity about three times that of ordinary "standard" 
electrical sheet steel. Hence the eddy-current coefficient for 
silicon steel is about one-third of the value of this coefficient for 
"standard" sheet steel, and the eddy-current loss is correspond- 
ingly less. This is the chief advantage of silicon steel over 
"standard" sheet steel. Also note that since the resistivity of 
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steel increases with increase of temperature, the eddy-current 
loss decreases with increase in temperature. 

Average values of the eddy-current coeiHicient, for a sinusoidal 
variation of the flux density, and normal working temperature 
(about 75°C.), are as follows: 

For standard sheet steel (annealed) 0.00022 
For siUcon sheet steel (annealed) 0.000065 

These values apply only when all quaiitities in equation (21a) 
are expressed in c.g.s. electromagnetic units. Variations of 25 
per cent, or more from these average values may occur, depending 
upon the physical and chemical characteristics of the material 
in question. The eddy-current coefiicient also depends on the 
manner in which the flux density varies with time, how thoroughly 
the laminations are insulated from one another, and upon how 
tightly they are pressed together. 

Equations (21) and (21a) are deduced above on the assumption 
that (a) the core is stationary, (6) that the lines of force have 
a fixed direction with respect to this core, and (c) that the 
change in the flux which threads any area in the core is due to 
variations in the magnitude and sense of the flux density, and 
not to changes in the direction of the lines of force. Eddy 
currents, however, are also in general induced in a conductor 
whenever it moves in a magnetic field, or whenever the lines of 
force through this conductor change in direction, even though the 
flux density may remain constant in magnitude. 

For example, eddy currents are always induced in the armature 
of a dynamo, irrespective of whether the armature or the field 
structure is the moving member. That this is true may readily be 
seen by imagining in the core a closed path fixed with respect to 
the core. When the core moves with respect to the field, or when 
the field moves with respect to the core, the lines of force will 
link this closed circuit first in one direction, and then in the op- 
posite direction, and, therefore, induce an alternating current in 
this circuit. 

It may be shown, by an analysis similar to that given above, 
that the eddy-current loss in a laminated core which rotates in a 
magnetic field of constant flux density, or in which a magnetic 
field of constant flux density continually changes in direction, is 
also given by equation (21a), when for JB« is taken the value of 
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this constant flux density and for / is taken the number of times 
per second that the flux which links a circuit fixed in the core 
passes through a complete cycle of values. 

Problem 8. — The resistivity of a certain sample of sheet steel is 10 microhm- 
centimeters at CC. Its resistivity temperature coefficient is 0.006 per 
degree Centigrade. A laminated core is built up of this steel, and the 
laminations are thoroughly insulated from one another. 

(a) What is the eddy-current coefficient of this core at 20*C.? (6) 
At OO'^C? 

Answer.— (a) 0.000147. (6) 0.000107. 

Problem 9. — The laminations in the core described in Problem 8 are 
0.0188 inch thick. The total volume of this core is 300 cubic inches. A 
magnetic field which varies sinusoidally with time, at a frequency of 60 
cycles per second, is established in this core. The maximum flux density 
during each cycle is 70 kilolines per square inch, and has the same value at 
each point in the core. 

(a) What is the total eddy-current loss in watts, when the temperature 
of the core is 20°C.? (6) When the temperature of the core is 90*^0.? 
Answers. — (a) 70.2 watts. (6) 51.1 watts. 

Problem 10. — A circular rod which has a radius of r centimeters and a 
length of I centimeters is placed with its axis parallel to the Unes of force in 
a uniform magnetic field.* The resistivity of the rod is p abohm-centimeters. 

(a) Prove that when the flux density at each point of this field is changing 
at the rate of -tt gausses per second, the density of the eddy current induced 
in this rod, at any point at a distance x from its axis, is 

X dB 



<r — 



abamperes per square centimeter. 



p. = ^ l~^] ergs per second. 



2p dt 

.(&) Prove that the total power dissipated in the entire rod at any instant is 

Tlr^ 
8p 

(c) Prove that when the flux density varies sinusoidally with time, at a 
frequency of / cycles per second, between the limits B« and — B«, the 
average rate at which heat is developed in the rod is 

Pg = ^ ergs per second. 

(d) A soUd copper rod 1 inch in diameter and 1 foot long is placed inside 
a long solenoid, with its center at the center of the solenoid and with its 
axis parallel to the axis of the solenoid. The solenoid is wound with 40 
turns to the inch, and carries a current which alternates at a frequency 
of 60 cycles per second between a maximum value of 10 amperes in one 
direction and an equal value in the opposite direction. The resistivity of 
the rod is 1.7 microhm-centimeters. How much heat energy is developed 
in the rod per second? (c) How large a direct current would have to be 

20 
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established through this copper rod (parallel to its axis) to produce the same 
amount of heat? 

Ansioer, — (d) 5.08 watts, (e) 705 amperes. 

(Note. — In this problem no account is taken of the reaction of the 
magnetic field due to the current induced in the copper rod, which reaction 
would be appreciable.) 

119. Total Core Loss. — Whenever the flux in iron or other 
magnetic substance varies with time, teat energy is developed in 
this core due to both magnetic hysteresis and eddy ciurents. 
The average rate at which heat energy is thus developed, i.e., the 
average power dissipated as heat, due to both hysteresis and eddy 
currents is called the total ''core loss." That portion of the core 
loss which is due to eddy currents, when the core is built up of 
thin sheets, is given by equation (21a). The heat energy per 
cycle due to hysteresis given by equation (16). The average 
power Ph dissipated as heat due to hysteresis, namely, the rate 
at which heat energy is thus developed, is equal to the energy 
developed per cycle multipUed by the number of cycles per 
second, viz., Pa = vfBm^'^ ergs per cubic centimeter per cycle. 

Hence the total core loss in a core having a volume of V cubic 
centimeters, when the maximum value of the flux density has the 
same value at every point in the core, and varies sinusoidally with 
time, is 

Pc = lO-'V [rifBJ'^ + c {afBj 2] watts (22) 

where 

ri = the hysteresis coefficient. 
€ = the eddy-current coefficient. 

/ = the number of times per second that the flux passes 
through a complete cycle of values. 
Bfn = the maximum value of the flux density in gausses. 

The total core loss Pe may be determined experimentally 
by any one of several different methods (see the article on Mag- 
netic Testing in Pender's Handbook for Electrical Engineers). 
Since the power loss due to hysteresis varies directly as the 
frequency, and the eddy-current loss varies as the square of the 
frequency, the two losses may be separated by determining the 
total core loss at the two different frequencies, keeping the flux 
density Bm constant. 

It should be kept in mind in applying equation (22) that 
the hysteresis loss is independent of the manner in which the 
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flux density varies with time during each cycle of its variation, 
provided (a) that the corresponding hysteresis loop be a sym- 
metrical one, (6) that the flux change suflBiciently rapidly to 
avoid "creeping" (see Article 111), and (c) that the change in 
flux from its maximum value in one direction to the maximum 
value in the opposite direction be a continuous increase or a 
continuous decrease. The eddy-current loss, on the other hand, 
depends upon the instantaneous relation between flux and time 
throughout the cycle, and may be greater or less than the value 
given by the second term of equation (22) when this variation 
with time is not sinusoidal. 

It should also be noted, in applying equation (22), that when 
the maximum flux density varies appreciably from point to point 
in the core, Bm cannot be taken as the average value of the maxi- 
mum flux density. In general, if x be any quantity which has 
different values at different points, and n be any number greater 
than unity, the average of x" is always greater than the nth power 
of the average of x. Consequently, when the maximum value of 
the flux density varies from point to point in the core, equation 
(22) will always give too low a value for both the hysteresis and 
the eddy-current loss. For example, were the flux density in one- 
half of a given core 10,000 gausses and in the other half 20,000 
gausses, giving an average flux density of 15,000, the ratio of the 
true eddy-current loss to the eddy-current loss calculated from 
equation (22), using 15,000 as the value of B^, is as (3^ X P + 
3^ X 22) is to (1 X 1.52), or as 2.5 is to 2.25. 

Problem 11. — The armature core of a certain six-pole dynamo has a 
volume of 2 cubic feet. The core is made up of laminations 0.0188 inch 
thick. The eddy-current coefl&cient is 0.0002 and the hysteresis coefficient 
0.001. The average flux density of the magnetic field in which the core 
rotates is 75 kilolines per square inch. The armature rotates at a speed of 
750 r.p.m. 

(a) How many times does the flux linking a circuit fixed in this core pass 
through a complete cycle of values in 1 second? (6) Applying equation 
(22), and taking for B„^ the average flux density in gausses, what is the total 
power dissipated in this core due to eddy currents? (c) Due to hysteresis? 
(d) What is the total core loss? (e) Are these calculated losses too small or 
too large, and why? 

Answer. — (a) 37.5 times per second. (6) 492 watts, (c) 678 watts, 
(d) 1170 watts, (e) Too small, due to nonuniformity of flux and to the as- 
sumption that the laminations are perfectly insulated from one another. 
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120. General. — Practically all apparatus and machines whose 
action depends upon the principle of electromagnetic induction 
consist essentially of two or more electric circuits, so arranged that 
a change in their relative position, or change in the intensity of 
the currents in them, induces electromotive forces in one or both 
of these circuits. 

As shown in Article 85, the electromotive force e induced in a 
coil by any variation in the flux which links its turns is always 
equal to the time rate of change of the linkages X between this 
flux and these turns, viz., 

6 = -^ abvolts (1) 

where all quantities are in c.g.s. electromagnetic units. By 
the flux linkages X is meant the sum of the fluxes, say ^i, ^2, 4>3, 
— 0n which link the separate turns of the coil, viz., 

X = «1 + «2 + 08 + — *» (2) 

In the special case when each turn is linked by the same flux, 
the flux linkages are 

X = N<A (3) 

where N is the number of turns in the coil. 

From the fundamental relations developed in Chapter IX, 
it may be shown that the total flux linkages X, of any given 
circuit, say No. 1, due to the current z'l in this circuit and to cur- 
rents ^2, iz, etc., in any number of other circuits, is always equal 
to the algebraic sum of the flux linkages of this circuit due to 
each of these currents acting by itself, provided the permeability 
at each point of the magnetic field is independent of the value 
of the flux density established at this point. That is, calling 
Xii the flux linkages of circuit No. 1 when the current in this coil 
is ii, and there are no currents in any other conductors in the 
field; X12 the fiux linkages of circuit No. 1 when the current in 
circuit No. 2 is t2, and there is no current in circuit No. 1 or in any 

308 
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other conductor in the field; and so on- for Xis, etc., then the total 
flux linkages of circuit No. 1 due to all the currents in the field is 

Xi = Xii + Xi2 + Xi8 +, etc. (4) 

When there is iron or any other ferromagnetic substance 
present, this relation does not hold, for the permeability at any 
point in such a substance depends upon the resultant flux density 
at this point. However, if the component linkages Xn, X12, Xis, 
etc., are each calculated on the assumption that the permeability 
at each point in the field has the value corresponding to the 
resultant flux density established at that point, then, for the 
particular values of the currents which produce this resultant 
flux density, equation (4) will give the total flux linkages of the 
circuit under consideration. 

It may also be shown, from the relations developed in Chapter 
VIII, that for a given value of the permeability at each point in 
the field, the flux linkages of a given circuit, due to a current in 
this particular circuit, is directly proportional to this current. 
That is, the flux linkages of circuit No. 1 due to a current ii in 
this circuit may be written 

Xii = Liii (5) 

where Li is a coeflBicient whose value depends upon (1) the num- 
ber of complete turns made by the conductor which forms this 
circuit, (2) the shape, size and arrangement of these turns, and 
(3) the shape, size, location and permeabiUty of every magnetic 
substance in the field. This coefficient Li is called the "coeffi- 
cient of self-induction," or simply the "self-inductance," of the 
given circuit- 
When the field contains no iron or other ferromagnetic sub- 
stances, the self-inductance of any given electric circuit in the 
field is entirely independent of the value of the current in it, 
and also of the value of the current in any other conductor in the 
field. ^ On the other hand, when the magnetic field produced by 
the current in the given circuit lies wholly or partly in iron or 

^ This, of course, is true only for a given distribution of the current in the 
conductors which form the circuits. Due to the eddy currents induced in a 
conductor when the current in it varies rapidly with time, the self -inductance 
of a circuit to a rapidly varying current may be appreciably different from 
the self -inductance of this circuit to a current which varies slowly. . This 
effect, however, is not as a rule appreciable in ordinary circuits for frequencies 
below 60 cycles per second. 
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other ferromagnetic substance, the self-inductance of this circuit 
in general depends upon the value of the current in it and also 
upon the value of the current in every other conductor in the 
field. 

Similarly, for a given value of the permeability at each point in 
the field, the flux linkages X12 of any circuit No. 1 due to a current 
12 in any other circuit No. 2, is directly proportional to the current 
in circuit No. 2, viz., 

X12 = Mi2i2 (6) 

where M12 is a coeflicient whose value depends upon (1) the 
number of complete turns made by the conductors which form 
each circuit, (2) the shape, size and arrangement of these turns, 
(3) the position of the two circuits with respect to each other, 
and (4) the shape, size, location and permeability of every mag- 
netic substance in the field. This coeflBicient M12 is called the 
"coeflBicient of mutual inductance," or simply the "mutual 
inductance" of circuit No. 2 with respect to circuit No. 1. 

When the field contains no iron or other ferromagnetic sub- 
stance, the mutual inductance of one circuit with respect to 
another is. entirely independent of the values of the currents in 
the two circuits, and also of the value of the current in any other 
circuit in the field. (This is strictly true only when the eddy 
currents in the conductors which form the circuits are negligible; 
see the footnote on preceding page.) On the other hand, when 
the magnetic field lies wholly or partly in iron or other ferro- 
magnetic substance, the mutual inductance of one circuit with 
respect to another in general depends upon the values of the 
currents in both circuits, and upon the value of the current in 
every other conductor in the field. 

Brief and easily remembered definitions of these two coeffi- 
cients are: 

1. The self-inductance L of a circuit is the number of flux 
linkages of this circuit due to unit current in it. 

2. The mutual inductance M of one circuit with respect to 
another is the number of flux linkages of the first circuit due to 
unit current in the second. 

• 

In applying these simple definitions to circuits wound on iron 
cores, it must be remembered that they apply, not to the flux 
linkages which would be produced by actually sending unit 
current through the coil in question, but to the flux Unkages 
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which unit current would produce if the permeability at each 
point remained constant at the value corresponding to the re- 
svitant flux density at this point at the particular instant of time 
under consideration. 

With this understanding, the total flux linkages of any given 
circuit, say No. 1, may always be written 

Xi = Liii +,Mi2i2 + Muiz +, etc. (7) 

where L\ is the self-inductance of this circuit, and Af 12, Af 13, etc., 
are the mutual inductances, with respect to this circuit, of all the 
other electric circuits in the field. 

In this summation the positive sense of the currents ^2, is, 
etc., must be so chosen with respect to the direction of ii that, 
when these currents are actually in this direction, they produce 
through the circuit of ii a flux in the same direction as that due to 
ii, viz., in the right-handed screw direction with respect to ii. 
When the current in any circuit, say No. 2, is actually in the oppo- 
site direction, and i% is used as the symbol to designate this cur- 
rent, then the term ^12^2 in equation (7) must be written with a 
negative sign in front of it (see Article 125). 

From equations (1) and (7) it follows that the total electro- 
motive force induced in any circuit, say No. 1, due either to (a) 
a variation in the value of the current in this circuit or in any other 
circuit, or to (6) a variation in the size, shape, direction or loca- 
tion of any one or more of a group of circuits, may always be 
expressed by a relation of the form 

ei =-^(Liii + Mi2i2 + Miziz +, etc.) (8) 

In the particular case when there is no iron or other ferromagnetic 
substance in the field, and when every circuit remains fixed in 
size, shape and position, the induction coeflBicients are all con- 
stants, and this relation becomes 

ei = L^^ + M,^ + Mi,^ +, etc. (8a) 

When the convention above stated in regard to the algebraic 
signs of the currents is adopted, the electromotive force Ci given 
by either of these equations is in the left-handed screw direction 
with respect to the current t'l. That is, a positive value of ei 
in either of these equations means a hack electromotive force 
with respect to the current i\. 
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Equation (8) is a general relation of fundamental importance 
in the calculation of the performance of all electric devices in 
which a variable or alternating current exists. Several simple 
practical applications are given in the latter part of this chapter. 

When the flux linkages X are expressed in practical units, viz., 
in volt-seconds, and the current i in amperes, the corresponding 
unit of inductance is called the ''henry." When the inductances 
are expressed in henries, the currents in amperes, and time in 
seconds, equation (8) or (8a) gives the induced electromotive 
force in volts. The c.g.s. electromagnetic unit of inductance, 
namely, flux in maxwells divided by current in abamperes, is 
called the "abhenry." When the inductances are expressed in 
abhenries, the currents in abamperes, and time in seconds, equa- 
tion (8) or (8a) gives the induced electromotive force in abvolts. 

The relation between the henry and the abhenry is that 

.1 henry = 10® abhenries 
A convenient submultiple of the henry is the millihenry, which 

is TK^ henry. Hence 

1 millihenry = 10' abhenries. 

121. Self -inductance of a Coil. — ^From the definitions given in 
the preceding article it is always possible to express the value of 
the self-inductance of a circuit in terms of (1) the dimensions and 
arrangement of the conductors which form it and of (2) the mag- 
netic permeability of these conductors and of the surrounding 
medium. In the particular case of a coil of N turns so arranged 
that each of the lines of force produced by a current in it links 
every turn, the value of its self-inductance may be expressed 
directly in terms of the number of turns in it and the reluctance 
(R of the magnetic circuit of the flux which is produced when a 
current is established in it. Such a coil will be referred to as a 
coil with no magnetic leakage. 

A coil with no magnetic leakage can never be absolutely realized, 
but is closely approximated in any concentrated winding, and 
also in a distributed winding, provided this winding has an iron 
core. Again, a long air-core solenoid may be considered as ap- 
proximately a coil without leakage, provided the radial thick- 
ness of the winding is small in comparison with the internal 
radius of the winding. 
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As shown in Article 88, the* total flux 4> due to a current i in a 
coil of N turns, when there is no magnetic leakage, is equal to 
the magnetomotive force of this current, divided by the reluc- 
tance (R of the path of the flux 4>. That is 

^ 4irNi 

where 9,11 quantities are in c.g.s. electromagnetic units. The 
number of linkages between the turns of this coil and the lines 
of force which represent this flux 4> is then N(t>, Whence the 
flux linkages of the coil due to the current i in it is 

^" CR 
Hence the linkages per unit current, namely, the self-inductance 
of the coil, is 

L = ^ (9) 

That is, the self-inductance of a coil with no magnetic leakage is, 
in cg.s. electromagnetic units, equal to 4^ tim^es the square of the 
number of turns in the coil, divided by the reluctance of the path of 
the flux which is produced by a current in it. 

It should be carefully noted that the reluctance (R in equation 
(9) is always to be taken as the reluctance of the path of the flux 
which a given current i in the coil under consideration would 
produce were there no other currents in its vicinity. When the 
magnetic fleld is due to currents in several different circuits, (R 
is not the reluctance of the path of the total or resultant flux 
through the given coil, but is the reluctance of the path of the 
flux which would be produced by the current i acting alone. 
When the permeability at every point in the magnetic fleld is 
constant, this reluctance (R is a constant, and therefore the self- 
inductance L is constant. 

When the magnetic field contains iron or other ferromagnetic 
substanjce, the reluctance (R is not constant, but depends upon 
the value of the current in the given coil. Moreover, when, in 
addition to the current in the given coil, currents also exist in 
other circuits in its vicinity, the reluctance (R is to be taken as the 
reluctance of the path of the flux which the current in this par- 
ticular coil would by itself produce in a medium whose permea- 
bility at each point is equal to that corresponding to the resultant 
flux density at this point due to all the currents in the fleld. 
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Hence, when there are two or more coils on a common iron core, 
as in a transformer, the self-inductance of each coil is a function 
not only of the current in that particular coil but also of the cur- 
rent in the other coil or coils. 

To illustrate the application of equation (9), consider the 
simple case of a long air-core solenoid. As shown in Article 101, 
the total reluctance of the path of the flux produced by a current 

in such a winding is approximately -«, where I is the length of the 

winding and S the cross-section of the space enclosed by it. 
Also, as shown in Article 101, except for those turns near the two 
ends of the winding, each turn is linked by the same number of 
lines of force. Therefore, from equation (9), neglecting the 
lateral leakage of flux near the two ends, and the flux in the 
space occupied by the conductors which form the turns and in 
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the insulation between them, the self-inductance of a long air- 
core solenoid is 

L = — ^ — abhenries (10) 

when J is in centimeters and S in square centimeters. 

Such a solenoid is sometimes used as a variable inductance, 
with a slider so arranged that any desired number of turns may 
be inserted into the circuit, as indicated in Fig. 82. It should 
be noted, however, that when a solenoid is used in this manner, 
the inductance of that part which is in the circuit, i.e., between 
the sUder and the terminal A, varies directly as the number of 
active turns, and not as the square of this number of turns, 
except when the slider is close to the terminal A. This follows 
from the fact that as the sUder is moved toward the right, both 
the active length (l) and the number of active turns (N) increase 
at the same rate. When the slider is close to the terminal A, 
equation (10) is of course no longer applicable, for the reluctance 

is then no longer o, but is practically a constant irrespective of 
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the length I. The inductance of the active part of the coil, when 
I is small, then varies as the square of the number of active turns. 
Hence, when the sliding contact is moved from A to the right, 
bringing into the circuit more and more turns, the inductance 
first increases as the square oi the distance between the slider 
and A, then less rapidly, and finally becomes directly proportional 
to this distance. 

Exact formulas for the self-inductance of a coil can be deduced 
only by taking into account not only the lines of force which link 
each turn, but also those lines which pass through the con- 
ductor which forms the winding and those which pass between 
successive turns. Such calculations are too complicated to be 
giv^n here. Exact formulas for a number of practical cases are 
given in the Bviletin of the Bureau of Standards, Vol. 8, p. 1 
(1912). A number of such formulas are also given in the article 
on Inductance and Inductive Reactance in Pender's Handbook 
for Electrical Engineers. 

Problem 1. — A current of 5 amperes in a certain coil of one turn produces 
a total flux of 15,000 maxwells, (a) What is the reluctance of the path of 
this flux? (6) What is the self -inductance of this coil? (c) If the coil had 
a concentrated winding of 10 turns instead of 1, what would be the total 
flux produced by a current of 5 amperes? (d) What would be the reluctance 
of the path of this flux? (e) What would be the self -inductance of this 
coil of 10 turns? 

Answer,— {a) 0.000419 oersted. (6) 0.03 millihenry, (c) 150,000 max- 
wells, (d) 0.000419 oersted, (e) 3.0 millihenry. 

Problem 2. — A solenoid 100 centimeters in length is uniformly wound 
with 1000 turns in one layer. The mean diameter of the solenoid is 5 centi- 
meters, (o) What is the self -inductance of this solenoid? (6) Were the 
solenoid cut in half, what would be the self-inductance of each half? (c) 
If the winding of the solenoid were in two layers, each of 1000 turns and the 
mean diameter were kept the same (namely, 5 centimeters) what would be 
its self-inductance? 

Answer, — (a) 2.47 milUhenries. (6) 1.23 millihenries. (c) 9.88 
millihenries. 

Problem 3. — ^What is the self-inductance of the winding on the iron core 
described in Problem 12 of Article 90, for the particular value of the current 
specified? 

Answer. — 0.855 henries. 

Problem 4. — (a) Referring to Fig. 59 and Problem 4 of Article 98, prove 
that the average value of the flux which links the current i in the loop formed 
by the two conductors of a transmission Une (two parallel wires) is 

[2D ul 
log, "T" + T maxwells (11) 
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where d is the diameter of each conductor, in centimeters, { the length of the 
line Qength of each conductor) in centimeters, D is the distance between the 
centers of the two conductors in centimeters, /i is the permeabiUty of the 
wire in c.g.s. electromagnetic imits, and i is the current in each wire in 
abamperes. In this formula the flux produced by the current in the two 
ends of the loop {i.e., by the current in the circuits which are connected to 
the two ends of the transmission line) is neglected. 

(6) From equation (4) prove that the self-inductance of the transmission 
line per centimeter length of wire is 

L = 2riog. ^ + j] abhenries (12) 

(c) From equation (12) prove that the self-inductance per mile of wire 
in the line is 

L = 0.741 logio (^) + 0.0805 millihenries (12a) 

where both D and d are in the same unit. 

{d) From equation (12a) calculate the total self-inductance of a trans- 
mission line, 100 miles long, made up of two No. 0000 A. W. G. aluminum 
wires, when the distance between the centers of these two wires is 6 feet. 

Answer. — (d) 0.386 henries; 

Note: — Tables of self-inductance of various sizes of parallel wires, for 
various distances between centers are given in electrical engineering hand- 
books. See, for example, pp. 787 and 788 of Pender's Handbook for 
Electrical Engineers. The inductance of a stranded wire is equal, to a 
close approximation, to that of a solid wire which has the same cross-sec- 
tional area of metal. 

122. Muttial Inductance of Two Coils. — ^Just as the self-induc- 
tance of a coil may be expressed in terms of the number of turns 
in it and the reluctance of the path of the flux produced by a 
current in it, so may the mutual inductance of two coils be ex- 
pressed in terms of the number of turns iVi and N2 in these two 
coils and a definite reluctance. 

In Fig. 83 are indicated, by means of the small circles 1 and 1' 
and 2 and 2', two electrically independent coils. The circles 
represent the intersection of the windings of the two coils by a 
plane through the center of each. For the sake of simplicity, 
the figure is drawn for coils of one turn each, but in the deduc- 
tions given below the two coils will be considered as having Ni 
and N2 turns respectively. In these deductions it is also assumed 
that the number of lines of force in the space occupied by the 
conductors and the insulation between turns is negligible in 
comparison with the number of lines of force which link all the 
turns of either coil. 
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Consider first the case when the current in coil No. 2 is ii 
and the current in coil No. 1 is zero. (In the particular case 
when there is no iron or other ferromagnetic substance in the 
field, and coil No. 2 has but one turn, the lines of force due to 

this current will have the general shape indicated in Fig. 83.) 

^wNiii 



The total flux produced by the current i^ will then be </>2 = 



(R2 



where (R2 is the reluctance of the path of this total flux <^2. Each 
line of this flux will link coil No. 2, but only a portion of these 





Fig. 83. 

lines, say ^12, will link coil No. 1. (In Fig. 83 the flux 02 is rep- 
resented by 9 lines and the flux <^i2 by 2 lines.) 

Let the reluctance of the path of the flux ^12 which links both 
coils be (R12. Then, since by hypothesis there is no current in 
the second coil, the resultant magnetomotive force which acts on 
this reluctance (R12 is simply 4TiViii. Whence 

4irN2i2 



012 = 



CR12 



This is the flux which, under the conditions specified in the 
first paragraph of this article, links each of the Ni turns of coil 
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of coil No. 1 due to a 

coil No. 2 with respect 
(13) 





with respect to a coU 

J^equal to 4ir Umes the -product 

.w.^/^^^'SS'^^!^*' dmded hy the reluctance of 

*>^^I=^^'f'''i^*'^i^^S^' in ^o. 2 onfif, which links 

jrdj6t§J^§SjKi™^0^ (9), is directly applicable. 

;'§i^^?^^^'!^^?'^P'^ by the winding of the 

^■*^iSfc?9eitfP^^i^» "^h the total flux which links 

f|<Rn should be carefully noted. 

lat portion of the flux which 

j»irrent in any other coil than 
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coil No. 2. When there is no iron or other ferromagnetic sub- 
stance in the field, this reluctance is a constant, and therefore 
the mutual inductance Mn is a constant. When the coils have 
iron cores, the mutual inductance Mu is not a constant, but its 
value depends upon that of the permeabiUty corresponding to the 
resultant flux density established by the currents which may 
exist in the two windings. 

When currents exist simultaneously in the two coils, the 
resultant lines of force are entirely different in shape and distri- 
bution from those produced by a current separately in either 
coil. For example, considering the same two coils as shown in 
Fig. 83, when a current is established in No. 1 as well as in No. 2, 
in the same relative direction as that in No. 2, the resultant lines 
of force are as- indicated in Fig. 84. Were the current in either 
coil reversed, an entirely different distribution of lines of force 
would result. 

The resultant lines of force which link the turns of two separate 
coils are usually referred to as the "mutual" flux between these 
coils. The reluctance of the path of this mutual flux may also 
be called the mutual reluctance. The value of this mutual 
reluctance is not a constant, but in general depends upon the 
relative values and directions of the currents in the two coils, even 
when there are no ferromagnetic substances present. A particu- 
lar value of this mutual reluctance is that corresponding to 
no current in coil No. 1, and it is this particular value of the mu- 
tual reluctance that must be used for the reluctance (R12 in 
equation (13). 

It is also of interest to note in this connection that in general 
the mutual flux between two coils bears no fixed relation to their 
mutual inductance. In fact, the mutual inductance may be 
zero, and yet when currents exist in both coils, a part of the 
resultant lines of force due to these two currents may link both 
coils. For example, two coils arranged with their planes mutually 
perpendicular and with the center of each coil on the axis of the 
other, have no mutual inductance; yet, when these two coils 
carry currents, some of the resultant lines of force will in general 
link both coils. In the particular case of a transformer, however, 
the mutual flux is substantially proportional to the mutual 
inductance (see Article 127). 

Equation (13) gives the value of the mutual inductance of 
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coil No. 2 with respect to coil No. 1. In exactly the same man- 
ner, the mutual inductance of coil No. 1 with respect to coil No. 
2is 

4tNiN2 



M,i = 



(Rti 



(14) 



where (Rji is the reluctance of the path of the flux which is pro- 
duced by a current in coil No. 1 when there is no current in coil 
No. 2 (see Fig. 85). The shape and location of the path of this 




Fig. 85. 

flux is in general entirely different from that of the path of the 
mutual flux produced by a current in coil No. 2 when there is no 
current in coil No. 1 (compare Figs. 83 and 85). 

However, as is shown in the next article, the mutual inductance 
of one of two given coils with respect to the other is always equal to 
the mutuxil inductance of the second coil with respect to the first, viz., 

Mi2 = M21 (15) 

Comparing this relation with equations (13) and (14), it follows 
that, although the shape and location of the path whose reluc- 
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tance is CR12 may be different from the shape and location of the 
path whose reluctance is (R21, the numerical values of these two 
reluctances are always equal. 

Equations (13) and (14) for the mutual inductance of two 
coils are based on the assumption that every line of force which 
links any one turn of either of the two coils links every other 
turn of this particular coil, i.e., the flux in the space occupied by 
the conductors which form the turns and by the insulation be- 
tween turns is neglected. It is possible, by considering each 
turn separately, to take this "leakage" flux into accoimt, but the 
resulting formulas are too complicated to be given here. See the 
Bulletin of the Bureau of Standards, Vol. 8, p. 1 (1912) and 
the article on Inductance and Inductive Reactance in Pender's 
Handbook for Electrical Engineers. 

Problem 6. — Two electric circuits, each of a single turn, are fixed in a 
definite position with respect to each other. There are no magnetic sub- 
stances in their vicinity. When there is a current of 6 amperes in No. 1 
and no current in No. 2, the total flux produced is 135,000 maxwells, of 
which 75,000 maxwells link No. 2. When there is no current in No. 1 and 
10 amperes in No. 2, the total flux produced is 195,000 maxwells. 

(a) What is the self-inductance of circuit No. 1? (6) Of circuit No. 2? 

(c) What is the mutual inductance of one circuit with respect to the other? 

(d) How much flux is produced through circuit No. 1 when the current in 
No. 2 is 5 amperes and there is no current in circuit No. 1? (e) When the 
current in circuit No. 1 is S amperes and the current in circuit No. 2 is 
3 amperes, and both currents link the mutual flux in the same direction, 
what is the total flux through each circuit? (/) When the currents have 
the same values as in (e), but link the mutual flux in opposite directions, 
what is the total flux through each circuit? 

Answer. — (a) 0.27 millihenry. (6) 0.195 millihenry, (c) 0.15 milU- 
henry. (d) 75,000 maxwells, (e) 261,000 maxwells through No. 1, and 
178,500 maxwells through No. 2. (/) 161,000 maxwells through No. 1, and 
71,500 maxwells through No. 2. 

Problem 6. — Referring to Problem 9 of Article 101, what is the mutual 
inductance between the windings of the standard solenoid there described? 
Calculate this inductance first from the relation that the mutual inductance 
of the two windings in abhenries is equal to the flux linkages of the secondary 
per abampere of current in the primary, and secondly from the relation that 
the mutual inductance is equal to 4ir times the product of the number of 
turns in the two windings divided by the reluctance of the path of that part 
of the flux due to a current in the primary which links the secondary turns. 

Ansvoer, — 0.997 millihenries. 

Problem 7. — In Fig. 86 are shown the two wires A and B of a power 
transmission line and the. two wires 1 and 2 of a telephone line which is 
21 
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parallel to, and in the same horizontal plane, as the transmission line. The 
distances are as indicated in figure. Consider the wires as geometrical lines. 

(a What is the mutual inductance per mile, between the transmission 
line and the telephone line? (&) When the currentj^in the transmission line 
is 200 amperes, how much of the flux due to this current links each mile of 

Trantmiuion Telephone 
ji Line B 1 Li»« 2 
-Q- Q- O- Q- 



-6 f t^ 



-60 f tr 



fi 



Fig. 86. 



the telephone line (t.«., links the loop which would be formed were the two 
wires of the telephone line short-circuited at points 1 mile apart) ? (c) If 
this current has a maximum value of 200 amperes and is varying sinusoidally 
with time at the rate of 60 cycles per second, what is the maximum value of 
the electromotive force induced in the mile of telephone line. 

Anstoer.—ia) 0.00100 millihenries. (6) 20,000 maxwells, (c) 0.0754 
volts. 

123. Mutual Inductance and Mechanical Forces. — Experi- 
ment shows that when a conductor which carries an electric 




Fig. 87. 

current is in a magnetic field due to any other agent {e.g., another 
current-carrying conductor or magnet), a mechanical force is 
exerted on this conductor, tending to displace it with respect to this 
agent. A fundamental principle, from which a number of 
important relations may be deduced, is that the value of this 
force; for a given value of the current in the given conductor^ is 
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always such that, when the conductor moves, the mechanical 
work done by this force is equal to the amount of electric energy 
transferred to the conductor as a result of this motion. 

For example, consider a coil of any shape and dimensions. 
Let i be the current in the coil, and let X be the number of flux 
linkages of the coil when it is in any given position. Let the coil 
be given a linear displacement dx in any direction in an interval 
of time dt (see Fig. 87). Let d\ be the corresponding increase in 
the flux linkages of the coil, and let /« be the component, in the 
direction of dx, of the mechanical force which is exerted upon the 
coil by the agents which produce the field. 

The mechanical work done by the force is then fgfiix. At the 
same time, due to the increase dX in the flux linkages, a back 

electromotive force e = ^ is induced in the coil. During the 

interval of time dt an amount of electric energy equal to 

eidt = -TT idt = idX 
dt 

is therefore transferred to the coil. Equating this energy to the 
mechanical work fjix, it follows that the value of the force /» is 

/* = **^ dynes . (16) 

where i is in abamperes and x in centimeters. That is the 
mechanical force exerted on a coil, by the agents which produce 
the magnetic field in which the coil is located, has in any direction, 
a component equal to the product of the current in this coil by 
the change in the flux linkages of this coil per unit displacement of 
the coil in this direction. 

Note that when the displacement dx is such that the motion of 
the coil in this direction results in an increase in the number of 
Unes of force which Hnk it, the force /x has a positive value, i.e., the 
force has a positive component in the direction of dx. Conse- 
quently, the force exerted on a coil by any other coil or by magnet 
always tends to move the given coil into such a position that it will 
be linked by the maximum possible number of lines of force. 

Equation (16) is one of fundamental importance in the 
analysis of the mechanical forces in a magnetic field. These 
forces will be considered in detail in a subsequent chapter 
(Chapter XI). From this fundamental relation, may also 
be deduced the important corollary that the mutual inductance 
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of one coil with respect to another is always equal to the 
mutual inductance of the second coil with respect to the first. 
To prove this, let Mn be the mutual inductance of coil No. 
2 with respect to coil No. 1, and let ti and it be the currents 
in the two coils (see Fig. 88). Then the flux Unkages of No. 1 
due to the current it is X12 = Mni^. Imagine coil No. 1 to be 
displaced a distance dx in any direction, the position of coil No. 2 
and the current it remaining unaltered. The change in the flux 
linkages of No. 1 will then be dXi? = i^Mi^. Hence, from 
equation (16), the component, in* the direction of dx, of the force 
exerted on coil No. 1 by the current i% in coil No. 2 is 

* . . dMi2 J /<»^\ 

/* = ^1^2 -Zizr dynes (17) 



dx 



where ii and ^2 are in abamperes and Mn in abhenries, and x in 
centimeters. 





Similarly, the flux linkages of coil No. 2 due to the current 
ii in coil No. 1 is \n = Jlf 21^1. The change in these flux linkages 
when coil No. 2 is displaced a distance dz in any direction, the 
current ii and the position of coil No. 1 rema ning unaltered, is 
d\2i = iidM2i. Therefore the component, in the direction of 
dZf of the force exerted on coil No. 2 by the current ii in coil No. 1 
is 

/. = iii2 —r^" dynes (17o) 

From the fundamental mechanical principle that action and re- 
action are equal and opposite, it follows that, when dz is taken 
equal to — dx, the force/, given by equation (17a) must be equal 
and opposite to the force /, given by equation (17). Con- 
sequently, the change in the mutual inductance Mn when coil 
No. 1 is moved a distance dx must be equal to the change in M21 
when coil No. 2 is moved an equal distance dx in the opposite 
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direction. Hence Af 12 and Af 21 must be eqi;ial to each other, for 
both of these coefficients are zero when the coils are at an infinite 
distance apart. 

It is important, in applying equation (17), to note the positive 
sense of the force /,. When t'l and 12 are both in the same direc- 
tion, and dx is so chosen that dM is positive, i.e., when the dis- 
placement dx brings the coils nearer together, the force /« given 
by equation (17) has a positive value. This means that two 
currents flowing in the same direction attract each other. When 
ii and ^2 are in opposite directions, i.e., when they link the 
mutual flux in opposite directions, a positive value of dM gives 
a negative value for /«. This means that two currents flawing in 
opposite directions repel each other. 




Fig. 89. 

Problem 8. — ^Two coils are arranged on an iron core as indicated in Fig. 
89. The lower coil is stationary and the upper one is so mounted and 
counterbalanced that it can move up and down. (This is the principle of 
the constant-current transformer.) When the upper coil is 12 inches above 
the lower coil, the mutual inductance of the two coils is 1 henry. When this 
coil is 13 inches above the lower the mutual inductance of the two coils is 
decreased one-half of 1 per cent. 

. When the currents in the two coils are respectively 30 amperes and 6 am- 
peres and are in opposite directions, what is the average force in pounds 
exerted by one coil on the other during the motion of the upper coil from its 
first to its second position, and what is the direction of this force on the 
upper coil? 

Ansiioer. — ^7.96 pounds upward. 

124. Energy of the Magnetic Field Due to One or More 
Electric Currents in Terms of the Induction Coefficients of Their 
Circuits. — In Chapter IX expressions were deduced for the energy 
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of a magnetic field (a) in terms of the magnetic flux <^ and the 
reluctance (R of the path of this flux, and also (6) in terms of the 
flux density B, the magnetizing force JT, and the volume of the 
space occupied by the magnetic field. The energy of the mag- 
netic field due to one or more currents may also be expressed (c) 
in terms of the intensities of these currents and the induction 
coefficients of their circuits, provided there is no iron or other 
ferromagnetic substance in their vicinity. These expressions, 
which will now be deduced, are also approximately correct even 
when the coils do have iron cores. 

Consider first a single coil by itself. Let L be the self-induc- 
tance of this coil, and let i be the current in it at any instant, and 

di 
let -jz be the rate of increase of this current at this instant. Then 

the flux linkages of the circuit of this current at this instant is 
X = Li. When L is constant, i.e., when there are no ferromag- 
netic substances present, the rate of increase of these flux link- 
ages is ^ = L-p9 which in turn is equal to the back electromo- 

tive force e induced in the circuit due to the increase of the cur- 
rent in it. To produce the increase di in the current therefore 
requires a transfer of 

dW = eidt = Lidi 

units of energy from the electric circuit to the magnetic circuit 
of the flux produced by this current. 

The total energy stored in the magnetic field during the in- 
crease of the current from zero to any value i is then the integral 
of Lidi between the limits and i, viz., 

W = ^ Li^ (18) 

In this expression, when L is in henries and i in amperes, the 
energy TF is in joules, or watt-seconds. When L is in abhenries 
and i in abamperes, the energy TT is in ergs. 

It is of interest to compare this expression with that for the 
kinetic energy of a mass M moving with a velocity F, viz.. 

Kinetic energy = xilf V* 

Comparing this expression with equation (18), and noting that 
the intensity i of an electric current is equal to the rate or velocity 
of flow of electricity, it is evident that the self-inductance of the 
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circuit of an electric current may be looked upon as a measure of 
the "effective mass," or inertia, of the electricity in this circuit. 
From the same point of view, the magnetic energy of an electric 
current may be considered as 'the "electrokinetic" energy of the 
moving electricity which constitutes the current. There is a 
fundamental difference, however, between the inertia of a mass 
M and the "inertia" of the electricity in a circuit, in that the 
inertia of a mass M is property of this particular mass, whereas 
the inertia of a given quantity of electricity in motion depends 
upon the shape and size of the circuit in which this flow takes 
place, and upon the nature of the surrounding medium. 

Consider next two coils whose self-inductances are Li and L2 
and whose mutual inductance is M. Let ii and i^ be the currents 
in these coils at any instant, in the same direction relative to the 
mutual flux which links them both. The flux linkages of the 
two coils at this instant are then respectively 

Xi = Liii + Mii 
X2 = Liii + Mil 

When ii and ii vary with time, and Li, La and M are constants 
(i.e., no ferromagnetic substances present), the back electro- 
motive forces due to the variations in these linkages are 

- dii , -.jrdii 

Hence, in time M the total energy transferred to the magnetic 
field of the two currents is 

dW = eiiidt + eii^ 

= Liiidii + Liiidii + M{iidi% -|- i^idii) 
= Liiidii + Liiijdii + Md{iiii) 

The total energy W stored in the magnetic field of the two currents, 
when they increase from zero to the values ii and ii respectively, 
is the integral of this expression between the Umits ii = 0, 
ii = and ii = ii, ii = ii. This integral is 

« 

W = 1 Liii^ + Miiii + ^ Liii^ (18a) 

In an exactly similar manner it may be shown that when the 
coils are sO placed that the currents ii and ii in them link the 
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mutual flux in opposite directions, the total energy of their mag- 
netic field is 

W = ]^ Liii' ~ Mi,i2 + \ Uii" (186) 

In general; the total energy of the magnetic field due to cur- 
rents in any number of coils, when there are no ferromagnetic 
substances present, may be written 

± Miiiiii ± Miziiis ± M2zi^iz, ± etc. (18c) 

where the L's are their self -inductances and the Af 's the mutual 
inductances of the various pairs of coils. The plus sign is to be 
used before an JIf-term when the two currents link their mutual 
flux in the same direction, and a minus sign when the two cur- 
rents link the mutual flux in opposite directions. 

Problem 9. — The currents in two air-core coils, whose total self-induc- 
tances are 2 millihenries and 5 millihenries, are maintained constant at 20 
and 30 amperes respectively. The mutual inductance of these two coils is 
3 millihenries. 

(a What is the energy of the magnetic field of these two currents when 
their directions are such that they tend to produce a magnetic flux in the 
same direction? (6) In opposite directions? (c) What would be the 
energy of their magnetic field were the center of one coil on the axis of the 
other and were their axes perpendicular? 

Answer, — (a) 4.45 joules. (6) 0.85 joules, (c) 2.65 joules. 

126. Leakage Inductance and Exciting Current. — ^As noted 
in Article 122, the path of the mutual flux produced by currents 
in both of two coils is in general different from the path of the 
mutual flux when there is a current in only one of the coils, and 
the reluctances of these two paths are in general different. 
However, when the two coils have a common iron core, as in a 
transformer (see Fig. 90), the path of the mutual flux is conflned 
practically to the iron core, irrespective of the relative values 
of the currents in the two coils. The reluctance of the path of 
this flux is then practically the reluctance of the iron core. 

In Fig. 90, the lines of force representing the mutual flux are 
shown as full lines marked <^i2, and the lines of force which link 
one coil but not the other are shown as dotted lines, marked ^n 
and <^22. Another arrangement of two coils on a common iron 
core is shown in Fig. 53, in which the mutual flux is marked <^m. 
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in the primary coil alone, with no current in the secondary coil, 
provided this current t« produces in the core a flux which has the 
same distribution sis that due to the two currents ii and it acting 
jointly. In a practical transformer this provision is substan- 
tiaUy fulfilled. 

The current i« defined by equation (19), namely, the current 
which is equal to the actual primary current^ less the actual second- 
ary current multiplied by the ratio of the secondary to the primary 
turns J is called the ^^ exciting currenV^ of the transformer referred 
to the primary. As a first approximation, usually sufficiently 
close for all practical purposes in a properly designed transformer, 
the exciting current is equal to the current which would be taken 
by the primary winding were the secondary circuit open (^2 = 0), 
viz., to the "no-load" primary current. 

The mutual flux ^12, namely, the lines of force which link both 
windings of a transformer, for any values i\ and i% of the primary 
and secondary currents, may then be written 

*" "" (R12 ~ CR12 

The flux Unkages of the primary winding due to this mutual flux 
are then 

X12 = i\ri«x2 = -^^T" ^- = F2 \-^;r) '• 

and the flux linkages of the secondary winding due to this mutual 
flux are 

X2I = N2<I>12 - [-^^) U 

Note that ( — ^ — ^j is equal to the mutual inductance between 

the two windings, as given by equation (19). Hence the flux 
linkages of the two windings due to the mutual flux ^12 may be 
written respectively 

' ^i«=©^^** (20) 

X21 = Mi. (20a) 

The flux linkages X12 of the primary are in the right-handed 
screw direction with respect to the primary current ii. The 
flux linkages X21 of the secondary, however, are in the left- 
handed screw direction with respect to the secondary current ^2, 
since the positive sense of it is taken opposite to that of ti and ie- 
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Referring to Fig. 90, it is evident that in addition to the mutual 
flux <^i2, the primary winding is linked by a certain number of 
lines of force which do not hnk the secondary winding. The 
flux which links the primary winding only is called the ^'primary 
leakage flux,'^ and may be designated ^lo. Similarly, the flux 
which links the secondary winding only is called the secondary 
leakage flux, and may be designated <^2o* Let (Rio and (R20 be the 
reluctances of the paths of these leakage fluxes. 

As indicated in Fig. 90, some of the hues of force which repre- 
sent the leakage fluxes' (shown as dotted lines in the figure) pass 
through the space occupied by the conductors which form the 
windings and by the insulation between the successive turns and 
layers of the windings. Were all the lines which represent the 

primary leakage flux linked by all the primary turns, the value 

^^irN tit 
of this flux would be simply -— r — » for this flux would be due to 

(Rio 

a magnetomotive force 47riViii acting on a reluctance (Rio. How- 
ever, due to the fact that some of these lines link less than all the 
turns of this winding, the actual value of the primary leakage 
flux is 

. 47r(fciiVi)ii 

*^^ = (Rio 

where Ai is a factor less than unity. Or, looked at from another 
point of view, with respect to the primary leakage flux, the 
primary winding is equivalent to a coil of (kiNi) turns. 

Similarly, with respect to the secondary leakage flux, the 
secondary winding is equivalent to a coil of (^2-^2) turns, where 
^2 is a factor less than unity. The secondary leakage flux is then 

4^(k2N2)ii 

The flux linkages of the primary due to the primary leakage 
flux is then 

Aio = KlCiJyi)<pio = ^ 

(Hio 

and the flux Unkages of the secondary due to the secondary leak- 
age flux is 

X20 = {k2N2) <t>2o = ;^ 

(H20 

The quantity 

L.. = ^^ (21) 

CHio 
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which represents the flux linkages of the primary, per unit of 
primary current, dtie solely to the flux which links the primary only, 
is called the ''primary leakage inductance." Similarly, the 
quantity, 

L,.=-^^' (21a) 

which represents the flux linkages of the secondary, per unit of 
secondary current, due solely to the flux which links the secondary 
ony, is called the "secondary leakage inductance." 

The leakage inductance of a winding must not be confused 

s 

with the total self-inductance of this winding. The total self- 
inductance of a winding is that quantity by which the current in 
this winding must be multiplied in order to give the total flux 
linkages of this winding when there are no other currents present 
(see Article 121). The leakage inductance of a winding, on the 
other hand, is that quantity by which the current in this wind- 
ing must be multiplied in order to give that portion of the total 
flux linkages of this winding due to those lines of force which link- 
this particular winding and no other. The leakage inductance of 
a winding when there is any other winding in its vicinity is 
always less than its total self-dnductance. 

In terms of the leakage inductances Ln and L22, the flux link- 
ages of the primary and secondary windings of a transformer, 
due respectively to the primary and secondary leakage fluxes^ 
may then be written 

Xii=Liiti \22) 

X22 = X/22^2 (22o) 

These linkages are each in the right-handed screw direction with 
resp.ect to the corresponding currents. 

From equations (20) and (20a) and (22) and (22a), the total 
flux linkages of the primary and secondary windings, in the right- 
handed screw direction respectively with respect to the currents 
ii and 1*2 in these windings, may then be written 

Xi = Lioii + (^^) Mie (23) 

X2 = 1/2012 — Mit (23a) 

In these expressions ,the current i,, namely, the exciting current, 
has the value (see equation 19a), 

i. = h - (^) i, (236) 
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In terms of the total self-inductances Li and L2 of the two 
windings and the mutual inductance M, the total flux linkages of 
the two windings may be written 

Xi = Liii - Mii (24) 

X2 = Liii — Mil (24a) 

In these equations Li is the number of flux linkages of the primary 
which would be produced by unit current m this winding and no 
current in the secondary winding, were the permeability of the 
core constant at the value corresponding to the resultant flux den- 
sity which the two currents jointly establish in the core (see 
Articles 121). Similarly, Li is the number of flux linkages of 
the secondary which would be produced by unit current in the 
secondary winding and no current in the primary winding, were 
the permeability of the core constant at this same value. The 
coefficient M is the number of flux linkages of the primary which 
would be produced by unit current in the secondary were there 
no current in the primary (or conversely), were the permeabiUty 
of the core is constant at this same value. The negative sign 
before Mii and Mii is used since the two currents are con- 
sidered as having the same algebraic sign when they link the 
mutual flux in opposite directions. 

On the assumption that the mutual flux is confined to the iron 
core, and that its distribution is independent of the relative values 
of the currents in the two windings (which is substantially in 
accord with the facts in the case of a transformer with a closed 
iron core), the relation between the total self-inductances Li 
and Li and the leakage inductances Lio and L20 niay be readily 
determined as follows. Substitute in (23) and (23a) the value 
of ie given by (236). There results 



\2 = [Lio + (^^M]ti ^ Mi, 



Comparing these expressions with (24) and (24a), it is evident 
that 

Li = ^10 + (^^ M (25) 



L^^ L 



20 



+ (I?) M (25a) 
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That is, the leakage inductance Lio of the primary is equal to 
its total iaductanoe less the product of the mutual inductance 
of the two windings by the ratio of the primary to the secondary 
turns. Similarly, the leakage inductance L20 of the secondary 
is equal to its total inductance less the product of the mutual 
inductance by the ratio of the secondary to the primary turns. 

In a transformer with a closed iron core the reluctance of the 
path of the mutual flux, which is entirely in iron, is only a very 
small fraction of the reluctance of the path of the leakage flux, 
which is largely in air (see Fig. 90). Hence the leakage flux is 
but a small fraction of the total flux, and therefore the leakage 
inductance of each winding is only a very small fraction of the 
total inductance of this winding. In other words, Li is very 

nearly equal to l^j M, and L2 is very nearly equal to ( ^ j M. 

In the limiting case when there is no leakage flux, i.e., when all 
the lines of force due to the currents in both windings Unk every 

turn of each coU, Li = i-^j M and L2 = [j^jM. Under these 

conditions L1L2 = Af ^ or Af = y/hjl^. When ther e is le akage, 
the mutual inductance M must always be less than y/hiL^- The 
ratio of the mutual inductance M to the square root of the prod- 
uct of the two total inductances Li and L2, viz., the ratio 

M 
K = -^^= (26) 

VI/1L2 
is called the "coefficient of coupling" of the two windings. The 

maximum degree of coupling, corresponding to no leakage, is 

unity. 

The two methods of expressing the total flux linkages of each 
of two coils, as given respectively by equations (23) to (236) 
and (24) to (24a), are equally valid representations of the facts, 
provided the exact significance of the coefficients is kept clearly 
in mind. Which set of formulas is to be used in any particular 
case is solely a matter of convenience. 

When there is no iron or other ferromagnetic substan^ce present, 
the total self -inductances Li and L2 and the mutual inductance M 
are all three independent of the values of the currents. On the 
other hand, except, when the two coils are closely coupled, so 
that the leakage fluxes are relatively small, the leakage induc- 
tances Lio and L20 are not constants, but depend upon the values 
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of these currents. Hence when there are no ferromagnetic 
substances present, equations (24) and (24a) are the most con- 
venient to use. 

When the coils have iron cores, or when there is any ferromag- 
netic substance in their vicinity, none of the induction coefficients 
are strictly independent of the values of the currents in the two 
coils. This is due to the fact that the values of these currents 
determine the resultant flux density in the cores, and this in turn 
determines the permeability of the cores. However, when the 
coils are on a common closed iron core, as in a transformer, the 
two leakage inductances are substantially independent of the 
values of the currents. This arises from the fact that these 
leakage inductances correspond to fluxes whose paths are largely 
in a non-magnetic region of definite dimensions {e.g., the winding 
space occupied by the coil and the air space immediately in the 
vicinity of the conductors). Under these conditions equations 
(23) and (23fc) are the more convenient expressions for the flux 
linkages of the two coils. In fact, this method of expressing the 
flux linkages is almost invariably adopted when dealing with an 
iron-core transformer. 

Although the leakage inductances of the windings of an iron 
core are substantially constant, the mutual inductance of these 
two windings is not constant, but depends at each instant upon 
the particular value of the flux density and magnetizing force 
established in the core at this instant. This variation has an 
appreciable influence upon the practical performance of the 
apparatus. For a further discussion of the transformer, see 
Article 127. 

Problem 10. — In a certain transformer the reluctances of the paths of the 
leakage fluxes which link the primary and secondary windings are equal to 
each other and each is equal to 0.15 oersted. The primary winding has 
180 turns and the secondary 9 turns. When the current in the primary 
winding is 45 amperes, the current in the secondary winding is 860 amperes, 
and links the core in the direction opposite to that in which the core is 
linked by the primary current. The reluctance of the core of the trans- 
former to the mutual flux is 0.00012 oersted. (These data are taken from 
tests on a 100-kilowatt alternating-current transformer.) 

Calculate: (a) the exciting current referred to the primary, (6) the 
mutual inductance of the two windings, (c) the leakage inductance of the 
primary winding, (d) the leakage inductance of the secondary winding, (e) 
the total self -inductance of the primary winding, (/) the total self -inductance 
of the secondary winding, (g) the mutual flux, (A) the primary leakage flux, 
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(t) the secondary leakage flux, (j) the total flux which links the primary, 
(k) the resultant flux which links the secondary, (Z) the total flux linkages 
of the primary, (m) the total flux linkages of the secondary, (n) What 
percentage of the total primary self -inductance is the primary leakage in- 
ductance? (o) What percentage of the total flux which links the primary 
is the primary leakage flux? (p) What percentage of the total secondary 
self -inductance is the secondary leakage inductance? (q) What percentage 
of the total flux which links the secondary is the secondary leakage flux? 

Answer. — (a) 2.0 amperes. (6) 0.1697 henries, (c) 0.0271 henries, (d) 
0.00000678 henries, (e) 3.42 henries. (/) 0.00849 henries, (g) 3,770,000 
maxwells, (h) 67,800 maxwells, (t) 64,800 maxwells. (J) 3,383,000 max- 
wells, (k) 3,705,000 maxwells. (Z) 690,800,000 maxwells, (p) 0.08 per 
cent, (g) 1.75 per cent. 

126. Establishment and Decay of a Cuixent in a Circuit Con- 
taining Resistance and Inductance Only. — ^Fig. 91 represents dia- 
grammatically a circuit of total resistance r and total self-indue- 

— ^wwv — nmmw — 




U 



Fig. 91. 

tance L, containing a battery whose electromotive force is E and 
a switch S. In such diagrams, for the sake of simplicity, the 
resistance and inductance are usually shown separately and 
"lumped.'^ It should be clearly kept in mind, however, that 
each part of the circuit has a definite resistance, and that each 
part is linked by a definite number of lines of force, and therefore 
contributes to the total self-inductance. The major portion of 
the self-inductance, however, is due to those parts of the circuit 
which consist of coils of wire* 

Let the circuit be initially open, i.e., let the blade of the switch 
S make contact with neither of the two segments 1 and 2. Now 
let the blade be moved into the position indicated in the figure. 
A flow of electricity wUl immediately begin, and its rate of flow, 
i.e., the intensity of the current, will increase until the total 
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resistance drop ri is equal to the electromotive force E of the 
battery. 

As the current increases, however, the flux produced by it also 
increases, and this increase of flux induces in this circuit an electro- 
motive force equal to the rate of change of the total flux linkages 
of the circuit, viz., equal to 

e = % (JA) (27) 

This electromotive force is in the opposite direction to that of the 
current (see Article 82), and therefore opposite to the electro- 
motive force of the battery. Hence at any instant t seconds 
after closing the switch, the resultant electromotive force in the 
circuit is jE — e, and this resultant electromotive force must be 
equal to the resistance drop ri at this instant. Whence, at any 
instant, 

E - ^- (Li) = ri (28) 

This relation is a perfectly general one, provided E is taken to 
represent the resultant of all the electromotive forces in the given 
circuit, other than the electromotive force induced by the flux 
which is produced by the current in this particular circuit. 
When the self-inductance L is constant (i.e., no ferromagnetic 
substances present), equation (28) may be written 

E^ri + L-^^ (28a) 

In order to find the value of the current t seconds after closing 
the switch, rearrange the terms of this equation thus: 

d{E - ri) _ r 
E^ri " " L^ (28fc) 

and integrate both sides between the limits ^ = and t =^ t. 
Note that in the special case under consideration i = 0, when t 
= 0, and i = i when t = t. Integration gives, when E is con- 
stant, 

, /E - ri\ rt 

or 

E -ri _ rf 

E 

where c is the base of the natural system of logarithms, viz., 
€ = 2.718. Whence 

22 
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E ^ 

»=f (l-€"^) (29) 

(For tables of values of €"*, where x is any number, see article 
on Exponential Functions in Pender's Handbook for Electrical 
Engineers). 

The physical interpretation of this equation is that the current 

E 
reaches its steady value / = — only after the time t measured 

from the instant of closing the circuit has become sufficiently 
great to make the term € ^ sensibily equal to zero. However, 

becomes practically zero for t equal to a small fraction of a second, 

E 
and the current therefore reaches its steady value I = — almost 

immediately after the circuit is closed. When the self-induc- 
tance is large, as in the case of a coil of a great number of turns 

wound on a core of high permeabiUty, the ratio - may be rela- 
tively large, in which case several seconds may elapse before the 
current reaches its steady value. 

In any case, after an interval of time T = —, the current is 



,v = f(i-o = f(i-2:^)=b. 



632 



E 



That is, after an interval of time T = —, the current reaches 63.2 

per cent, of its final value. This interval of time T = - is called 

the "time constant" of the circuit. 

The relation between current and time given by equation (29) 
may be represented graphically by plotting the current i as the 
ordinates against the time t as abscissas. The curve has the 
general shape shown by curve A in Fig. 92, that is, the current 

rises rapidly at first and then more slowly, becoming asymptotic 

E 
to the line corresponding to / = — , which represents the final 

steady value of the current. The abscissa T of the point whose 
ordinate is i = 0.632/ is equal to the time constant of the circuit. 

Equation (29) holds only when the inductance of the circuit is 
constant, and is therefore not strictly applicable to a circuit which 
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contains a coil with an iron core. However, when for L is taken 
the average self-inductance of such a circuit, equation (29) will 
give the relation between current and time to a rough degree of 
approximation. 

It must always be kept in mind, in supplying equation (29), 
that the L in this equation is the total self-inductance of the 
circuit, and the r is the total resistance of the circuit. For 




Fig. 92. — Rise and fall of current in an inductive circuit. 



example, when the source of the electromotive force J5? is a direct- 
current generator, the self-inductance of the generator must be 
included as part of the total self -inductance L. 

When the current in the circuit at time ^ = has a value 
lo) say, the left-hand member of equation (286) must be inte- 
grated between the Umits i = /© and i = i. The value of the 
current at time t is then 



r 



% + /o« 



L 



(29o) 
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In particular, when the source of the electromotive force E is 
short-circuited at a given instant, and then removed from the 
circuit, by shifting the blade of the switch S in Fig. 91 from the 
contact 1 to the contact 2, the current in the circuit t seconds after 
this change is made will be 

i = lo €-2 . (296) 

The current will therefore not fall to zero immediately. In- 
stead, the flow of electricity in the circuit will continue for an 
appreciable time, but the rate of flow (i.e., the intensity of the 
current) will rapidly decrease, falling to 36.8 per cent, of its initial 

value in time T = . The change of the current with time under 

r 

these conditions is shown by curve B in Fig. 92. 

The effect just described is due to the fact that when the current 
decreases, the flux linking it in the right-handed screw direction 

decreases, and therefore an electromotive force (numerically 

di 
equal to L-rp is induced in the circuit in the same direction as 

the current, thereby tending to maintain the current. Or, 
looked at from another point of view, the energy which is stored 
in the magnetic field of the current when the current is estab- 
lished, is returned to the circuit when the current dies out, and 
is sufficient to supply, for an appreciable interval of time, the 
energy which is dissipated as heat in the resistance of the circuit. 

Problem 11. — The primary winding of the transformer described in 
Problem 9 of Article 125 is connected in series with a 110-volt direct-current 
generator and a switch S. The resistance of this winding is 1.5 ohms. The 
internal resistance and inductance of the generator and the resistance and 
inductance of the leads are negligible in comparison with the resistance and 
inductance of the primary winding of the transformer. The secondary 
winding of the transformer is left open-circuited. Assume the induction 
coefficients of the transformer to be constant, at the values found in Problem 
9. 

(a) What is the time constant of the primary winding of the transformer? 
(6) What will be the final steady value of the current established in this 
winding when the switch is closed? (c) How long will 'it take the current 
to reach 63.2 per cent, of this final value? {d) What is the value of the 
voltage induced in this winding at the instant the switch is closed? {e) 
What is the value of this induced electromotive force when the current is 
equal to 63.2 per cent, of its final value? (/) Draw, to scale, curves' showing 
the value of the current and the electromotive force induced in this winding 
for the first 10 seconds after closing the switch, {g) What is the value of 
the electromotive force induced in the secondary winding when the current 
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in the primary winding is 63.2 per cent, of its final value 7 (h) If the second- 
ary winding had 100 times as many turns as the primary winding, what 
would be the value of the secondary induced electromotive force at this 
instant? (i) If 3 seconds after closing the switch, the generator were short- 
circuited, how long would the current in the primary coil take to fall to 
5 amperes? 

Answer. — (a) 2.28 seconds. (&) 73.4 amperes, (c) 2.28 seconds, {d) 
1 10 volts, (e) 40.5 volts, (g) 2.02 volts. (A) 4060 volts. {%) 6.39 seconds. 

127. Alternating-current Transformer. — As has already been 
noted, two coils wound on a common iron core, as shown digram- 
matically in Fig. 90, constitute what is known as an alternating- 
current transformer. Such a device is also called a *' static'' 
transformer, since there are no moving parts in it. In general, 
any two stationary electric circuits, so arranged that a current 
in one produces a magnetic flux through the other, may be called 
a transformer. When there is no magnetic core the combination 
of the two coils is usually called an "air-core" transformer. 

The principal use of a static transformer is to convert electric 
power at one voltage into electric power at another, voltage. 
Since there are no moving parts to the apparatus, such a conver- 
sion of power can be produced by it only when the currents in 
the two windings vary with time. It is the ease with which the 
power of an alternating current can be "stepped up" or "stepped 
down" to any desired voltage, by means of such a simple device, 
that has led to the common use of alternating currents for lighting 
and industrial purposes. 

Consider first the ideal case of two coils of negligible resistance, 
and also of negligible leakage inductance, i.e., so arranged that 
all the flux which links one coil links the other. Let be this 
flux, and let Ni be the number of turns in one coil and N2 the 
number of turns in the other. The flux linkages of the two coils 
are then respectively Ni<l> and N2<l>, and the electromotive forces 
induced in them when this flux varies by an amount d<t> in dt sec- 
onds are 

ei = -^1^ and 62 = N^j 

Let the first coil to be connected to a source of electromotive 
force (e.g.y an alternating-current generator) which establishes 
between its terminals a varying potential difference Vi, and let the 
second coil be left open, i.e., no external circuit connected to its 
terminals. The potential difference Vi impressed across the termi- 
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nals of the first coil will establish a vaiying current tio in this coil, 
and the flux <l> produced by this current will link both coils, in- 

ducing in them electromotive forces ei = Ni-rr and C2 = Ni -ir- 
respectively. 

The direction of each of these electromotive forces will bear 
a left-handed screw relation to the direction of the flux ^, and 
since the flux <^ bears a right-handed screw relation to the current 

iio, the electromotive force ei = iVi -^ will be a ba^k electro- 
motive force with respect to this current. Moreover, since by 
hypothesis the resistances and leakage inductances of the two 
coils are negUgible, this back electromotive force must be equal 
to the voltage Vi impressed on the terminals of the primary, viz., 

Similarly, the electromotive force 62 induced in the secondary 
winding will be 

,, d<t> N2 

and this in turn will be equal to the potential difference V2 between 
the terminals of the secondary winding. Hence the ratio 
of the secondary terminal voltage to the primary impressed 
voltage is 

"-^ = f-* (30) 

V2 N2 

That is, the two terminal voltages are in the same ratio as the 
numbers of turns in the two windings. 

When an external circuit (e.g., a group of lamps or an alter- 
nating-current motor) is connected to the terminals of the 
secondary winding, this potential difference V2 will cause a 
current ^2 to flow in the closed circuit thus formed. When the 
secondary gives out electric energy to this external circuit, the 
current 12 must be in the direction of the electromotive force 62 
induced in the secondary, and therefore in the left-handed screw 
direction with respect to the mutual flux <^, whose rate of change 
produces this electromotive force. The secondary current there- 
fore tends to decrease this mutual flux 0. However, for the 
same primary impressed voltage vi, the value of this mutual flux <^ 
must be the same when there is a current in the secondary winding 
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J, 

as when there is no current in this winding, for Ni -rr must still 

be equal to the primary impressed voltage vi, since, by hypothe- 
sis, the resistance and leakage inductance of each of the two 
windings are negligible. 

Consequently, the primary current ii must be greater than 
the "no-load" primary current tio by such an amount that the 
total magnetomotive force acting on the path of the flux 0, for a 
given primary impressed voltage Vi, remains unaltered. That is, 
the value of (JViti — -^"2^2) for a given impressed voltage Vi must 
be independent of the value of the secondary current 2*2. Hence, 
on the assumption of negligible resistance and leakage inductance, 
the primary current ii, when the secondary current is ta, must be 

ii = iio + (^*) ii 

where iio is the primary current when there is no secondary 
current. Comparing this expression with equation (19a), Article 
125, it is evident that, on the assumption of negligible resistance 
and leakage inductance, the exciting current z« is equal to the 
no-load primary current, viz., 

/Ni\ . 

Since the mutual flux is not altered by the presence of the 
secondary current, the secondary induced voltage e^ will like- 
wise remain imaltered. Moreover, since by hypothesis the re- 
sistance and leakage inductance of the secondary winding are 
negligible, the secondary terminal voltage V2 will still be equal 

to C2, and therefore to -j^ vi. 

The electric power input to the primary winding when the 
primary current is ii is pi = viii, and the corresponding electric 
power output of the secondary winding (to the circuit connected 

in series with it) is p2 = ^2^2. But ii = iio + yj^-) ^2 and 
V2 = (at)*'!' Therefore 

Pi = viii = vi \j^j %% + vitio 

P2 = v%i% = vi \^J it 
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Hence, neglecting the resistances and leakage inductances 
of the two windings, the power input to the primary winding for 
any given value of the primary voltage is equal to the power out- 
put of the secondary winding, plus an amount of power viiio equal 
to the power input to the primary when there is no load on the 
secondary. This component viiio of the primary power input is 
equal at each instant to the power lost in the core due to hys- 
teresis and eddy currents, plus the rate at which magnetic 
energy is being stored in the magnetic circuit at this instant. 

From the relations just developed it follows that the second- 
ary terminal voltage, when the resistances and leakage fluxes 
are neglected, is fixed by the primary impressed voltage , and is equal 
to the primary impressed voltage multiplied by the ratio of 
the primary to the secondary turns. The secondary current, 
on the other hand, is determined solely by the characteristics of 
the external circuit connected to the terminals of the secondary 
winding, i.e., by the resistance, inductance and electromotive 
force in this external circuit. Under normal operating condi- 
tions, the secondary current i^ usually has such a value that the 

corresponding component ij^j i^ of the primary current is 

very much larger than the no-load primary current iio. Hence, 
for normal load on a transformer, the power input to the primary 
is approximately equal to the power output of the secondary, 

viz., viii = v^iii ^^^i since — = tt approximately, the ratio of 

the primary to the secondary current is approximately inversely 
as the ratio of the numbers of turns in these two windings, viz., 

approximately (30a) 



ii N2 



i% Ni 

That winding of a transformer which has the larger number 
of turns, and therefore the higher terminal voltage, is usually 
referred to as the "high-tension'' winding, and the winding with 
the fewer turns is called the '* low-tension" winding. Either 
winding may be connected to the source of power, t.e., either 
winding may be made the "primary'' winding. When the low- 
tension winding is the primary, the transformer is called a "step- 
up" transformer, since the secondary terminal voltage is then 
greater than the primary impressed voltage. When the high- 
tension winding is made the primary, the transformer is called a 
"step-down" transformer. The ratio of the number of turns in 



^^ = -^ = W di (^^-^ + 1 (^-« <3i) 
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the high-tension winding to the number of turns in the low-tension 
winding is called the 'Hum ratio" of the transformer; this ratio 
is never less than unity. 

In a practical transformer, the resistances and leakage induc- 
tances of the two windings are always of appreciable magni- 
tude, and the current and voltage relations just deduced are 
therefore approximate only. The exact current and voltage 
relations may, however, always be expressed in terms of the in- 
duction coefficients of the two windings and their resistances. 
From equation (23) the total back electromotive induced in 

the primary is 

dki /Ni\ d ,T^^.^ , d 

dt 

and from equation (23a) the resultant electromotive force induced 
in the secondary winding, in the direction of the secondary cur- 
rent i%f is 

where i. is the exciting current, referred to the primary, viz., 

U = ii - (^;) H (316) 

In these expressions M is the mutual inductance between the two 
windings and Lio and L20 are the leakage inductances of the two 
windings, as calculated from equations (19), (21) and (21a) 
respectively. 

The term v. {MQ in equation (31a) represents the electro- 
motive force induced in the secondary due to the mutual flux be- 
tween this winding and the primary winding. Let e' represent 
this electromotive force. On the assumption that the leakage 
inductances Lio and L20 are constants, as is usually the case, at 
least to a close degree of approximation, equations (31) and 

(31a) may be then written 

(Ni\ , , J diy 

62 = 6 — JL/20 -^ 

Hence, calling ri and r^ the resistances of the primary and 
secondary windings respectively, the primary terminal voltage 
t'l ( = Ci + nil) and secondary terminal voltage t;2( = ^2 — r2Z2) 
are respectively 
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•'x=§;)«' + rxn + L,.f (32) 

^2 = e' — r2t2 — ^20 -jj (32a) 

From these two equations and the relation that 

e' = j^ {MQ (325) 

the primary current and secondary terminal voltage maybe found 
for any given load (e.flf., lamps or motors) connected to the 
secondary terminals. The complete solution of these equations, 
however, leads to a more detailed discussion of the alternating- 
current transformer than can be given here. 

Problem 12. — ^A transformer which has a turn ratio of 10:1 has 120 
turns in its low-tension winding. The resistance of the high-tension winding 
is 15 ohms, and the resistance of the low-tension winding is 0.2 ohms. The 
mutual inductance between the two windings is 20 henries, the leakage 
inductance of the high-tension winding is 0.1 henries and the leakage in- 
ductance of the low-tension winding is 0.0008 henry. The transformer is 
used as a step-up transformer. At a certain instant the current in the pri- 
mary winding is 158 amperes and the current in the secondary winding is 
15 amperes. At this particular instant each current is increasing, the 
primary current at a rate of 53,000 amperes per second, and the secondary 
current at a rate of 5150 amperes per second. Assume the mutual and leak- 
age inductances to be constant. Calculate, for the particular instant 
specified, the following: 

{a) The exciting current referred to the primary, (b) The rate of change 
of this exciting current, (c) The induced voltage in the secondary due to 
the mviual flux, {d) The total induced voltage in the secondary, (e) The 
total induced voltage in the primary, if) The secondary terminal voltage. 
{g) The primary impressed voltage, (/i) The ratio of the secondary ter- 
minal voltage to the primary impressed voltage. 

Answer. — (a) 8 amperes, (b) 1500 amperes per second, (c) 30,000 
volts, (d) 29,485 volts, {e) 3042 volts, (j) 29,260 volts, {g) 3073 volts. 
(A) 9.52. 

128. Alternating-current Generator. — An alternating-current 
generator, or "alternator," consists essentially of two windings, 
one stationary and the other mounted so that it can be rotated 
(by means of steam engine or other driving motor) about an axis 
perpendicular to its own axis. One of the windings, called the 
"field winding" is supplied with a direct (non-varying) current. 
The other winding, in which an alternating electromotive force 
is induced by the relative motion of the two windings, is called 
the "armature winding." Either the field winding or the arma- 
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ture winding may be the stationary one. In practically all 
modern alternators it is the field winding which is rotated. 

The essential features of an alternator may best be understood 
by considering a simple, two-pole, stationary field type, as 
shown in Fig. 93. The field and armature cores are identical 
in construction with those of a direct-current generator (Article 
83), except that the field cores are usually laminated. The 
field winding is identical with that of a shunt generator, i.e., 
has a large number of turns of relatively small wire. The 




Fio. 93. — Two-pole alternator with stationary field. 

armature winding is also similar to that of a direct-current gen- 
erator, except that, in the single-circuit, or "single-phase," 
alternator it usually covers only a part of the armature core. 

The fundamental difference in construction between an alter- 
nator and a direct-current generator is that an alternator has no 
commutator, but instead, the two ends of the armature winding 
are brought out to two closed rings, as shown in Fig. 93, called 
"sUp-rings." Carbon or copper brushes Si and Bz, rubbing on 
these rings, serve to connect the armature winding to the ex- 
ternal circuit to which electric energy is to be supplied. 

The current for the field winding, which is a direct current, 
is usually supplied from a small direct-current generator (called 
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an " exciter '0> which may be an entirely separate machine, or 
may have its armature mounted on the shaft of the alternator. 

An inspection of Fig. 93 will show that as the armature ro- 
tates in the magnetic field due to the field current, the number 
of lines of force which link the coil formed by the armature 
winding varies continuously, being a maximum when the axis of 
the armature coil coincides with the axis of the field coils, and zero 
\yhen the axis of the armature coil is perpendicular to the axis 
of the field coils. Also, as the armature rotates, the lines of 
force enter first one face, and then the other face, of the armia- 
ture winding. Hence, during a complete revolution, the flux 
which links the armature winding in the right-handed screw 
direction with respect to the direction around the winding from 
the brush Bi to the brush B2, changes from a maximum positive 
value to an equal negative value and back again to its original 
positive value, repeating this cycle for each revolution. 

This varjring flux will therefore induce in the armature winding 
an- electromotive force which will vary from a maximtim value 
in one direction to an equai value in the opposite direction, and 
back again to its original value in the first direction, repeating 
this cycle of values for each revolution of the armature. Con- 
sequently, when the armature is driven at a constant speed of, 
say, n revolutions per minute, an alternating electromotive 

force is estabUshed between the brushes Bi and S2, this electro- 

n 
motive force passing through Wr: complete cycles of values per 

second. This last relation is for a two-pole machine; when the 
alternator has p poles, the "frequency,'' or nxmiber of times per 
second that the electromotive force passes through a complete 
cycle of values, is 

When an external circuit is connected to the brushes Bi and 
B2, this alternating electromotive force will establish in this 
circuit an alternating current, which will pass through/ complete 
cycles of values each second, i.e., will have this same frequency/. 
The value of this current at any instant will depend upon (1) 
the value of the electromotive force induced in the armature 
at this instant by its rotation in the magnetic field, upon (2) the 
resistance and inductance of the armature, and upon (3) the 
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resistance, inductance and electromotive force (if any) in the 
external circuit. 

The terminal voltage of the armature, i.e., the voltage be- 
tween the brushes Bi and Bz, will also be an alternating voltage, 
and its value at each instant will, in turn, depend upon the cur- 
rent in the armature and the internal resistance and inductance 
of the armature. 

Consider first the case when there is no current in the arma- 
ture winding, i.e., when there is no external circuit connected to 
the brushes Si and S2. Under these conditions the only change 
in the flux linkages of the armature winding is that due to its ro- 
tation in the field due to the field current. These flux linkages 
will be a maximum when the axis of the armature winding coin- 
cides with the axis of the field winding, i.e., when the angle (at 
in Fig. 93 is zero. Let <^to be the total flux through the armature 
when in this position. The field current 7/ required to establish 
this flux may be calculated in exactly the same manner as for a 
direct-current generator (see (Article 91). 

Due to the fact that the armature winding is distributed over 
the surface of the armature core, all the armature turns Na will 
not, at any given instant, be linked by the same number of lines 
of force. Let (kaNa) be the average number of armature turns 
linked by the lines of force which represent the flux <l>^, when 
the axis of the armature winding coincides with the axis of the 
field winding, that is, when (at = 0. For a distributed armature 
winding the factor ka is always less than unity. It is called 
the ''distribution factor" of the winding. 

The total flux linkages of the armature winding when its axis 
coincides with the axis of the field winding, is then 

Xm = {kaNa)<l>m (34) 

As already explained, when the armature rotates, the linkagies 
between its turns and the fiux 0« decrease from this value Xm 

to zero (corresponding to (at ^ ^ in. Fig. 93), then increase to 

Xw in the opposite direction with respect to the direction around 
the armature from J8i to J82 (corresponding to cot =t), then de- 

Q 

crease to zero again (corresponding to (at = -w), and then increase 
to their original value in the original direction (corresponding 

to (at^= 27r). 
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The exact relation between these flux linkages and time, as 
the armature rotates, wiU depend upon the distribution of the 
lines of force in the air-gap. By properly shaping the pole 
faces it is possible to make this distribution such that at any 
instant the linkages Xo between the flux <^,» and the armature 
turns may be represented, to a close degree of approximation, by 
a sinusoidal function of time, viz., by the relation 

Xa = Xm cos 0)t (35) 

In this expression t is time in seconds measured from the instant 
at which the axis of the armature winding coincides with the 
axis of the field winding and, for a two-pole machine, « is equal to 
27r times the number of revolutions per second. The angle (at is 
then the angle, in radians, at any instant between the axis of 
the armature winding and the axis of the field winding. In the 
general case of a machine which has p poles. 

CO = 27r/ (36) 

where / is the frequency in cycles per second, as given by equa- 
tion (33). 

The electromotive force induced in the armature winding at 
any instant is then 

e = -^ = coX« sin (at (37) 

Or, substituting for w and Xm their values, as given by equations 
(36) and (34), the electromotive force induced at any instant 
in the armature winding of an alternator, when there is no cur- 
rent in this winding, may be written 

e = E„, sin (2irft) (37a) 

where, when 0« is in maxwells, 

Em = 2irf {kaNa)<l>m X lO"* volts (376) 

The electromotive force Em given by equation (376) is the 
maximum value reached, during each cycle, by the electromotive 
force induced in the armature winding. As already noted, 
and as shown by equation (37a), this induced electromotive 
force varies during each cycle from this maximum value +Em 
to —Em and back again to +Em> A negative value of induced 
electromotive force e merely signifies that its direction, instead 
of being from the brush J8i to the brush B2, is from the brush 
Bi to the brush J8i. 
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When the alternator supplies current to an external circuit, 
this current, which also alternates between equal values in 
opposite directions, flows through the armatxu'e winding and 
therefore modifies the flux which Unks the armature turns. 
The effects of the armature current are too complex to be con- 
sidered in detail here. It should be noted, however, that these 
effects can be expressed quantitatively in terms of the self- and 
mutual inductances of the field and armature windings, in much 
the same way that the effects produced by the currents in the two 
wmdings of a transformer are expressed. 

In the case of an alternator, however, the variation in the 
values of the induction coefficients with time, due to the rela- 
tive motion of the two windings, must be taken into account. 
A brief consideration of these variations will be instructive at 
this point. 

Were the permeability of the iron constant, the self-induc- 
tance L/ of the field winding would be constant, except for the 
pulsations in the reluctance of the path of the flux, due to the 
motion past the pole faces of the slots in the armature core. 
Actually, however, the permeabiUty of the iron depends upon the 
resultant flux density estabhshed in it, which in turn depends 
upon both the field current and the armature current. Hence, 
due to the variations in the armature current with time, the self- 
inductance of the field winding, even for a constant field current, 
is only approximately constant. 

The self-inductance La of the armature winding is Ukewise 
a function of time, and to an even more marked extent, for the 
reluctance of the path of the flux which is produced by a current 
in this winding is greater when its axis is at right angles to the 

axis of the field Icot = ^j than when the axes of the two windings 

are parallel (cat = 0). This is due to the fact that when the 
armature winding is in the first position, the path of the flux 
produced by a current in this winding will pass through the 
air space between the poles, whereas when this winding is in 
the second position, this flux will pass through the field cores 
and yokes. The self-inductance La will therefore have its maxi- 
mum value when o)t = and its minimum value when <at = «. 

The mutual inductance M , as may be readily seen from Fig. 93, 
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will decrease from a maximum value, say Af«, when the axes of 
the armature and field windings coincide {(at = 0), to zero when 

these axes are at right angles uat = ^ j . Also, as the armature 

rotates through the next quarter revolution, M wiU increase from 
to Mm) will then decrease from M^ to zero for the third quarter 
revolution, and increase from to Mm for the last quarter. 

As already noted, during the first and fourth quarter revolu- 
tions the flux linkages of the armature winding, due to the mutual 
flux, are in the right-handed screw direction with respect to the 
direction around this winding from the brush Si to the brush Ba, 
whereas during the second and third quarter revolutions these 
flux linkages are in the opposite direction. Hence, since the posi- 
tive sense around the armature winding is taken as the direction 
through the armature from Bi to B2, the flux linkages of the arma- 
ture current in the right-handed screw direction with respect 
to this positive sense changes from +MnJf, when cat = 0, to 
—MmJff when cot = v, and back again to -hAf,»7/, when (at = 
2nr, This fact may be conveniently taken into account by con- 
sidering the mutual inductance M as passing through a complete 
cycle of values during each revolution, from a positive maximum 
+Af„ to a negative maximum — Af« and back again to +Afm. 

Let if and ia be the currents in the field and armature windings 
at any instant, in the directions indicated by the arrows in Fig. 
93. The total flux linkages of these two windings at this instant, 
in the right-handed screw direction with respect to the currents, 
are then respectively 

X/ = Lfif + Mia (38) 

Xa = Laia + Mif (38a) 



The electromotive forces induced in these two windings at this 

iXj 

dt 



instant, in the directions of the currents, are then e/ = — -,/ 



__ _ dXa 
dt' 



and Cfl = — 



Let Tf and Va be the resistances of the field and armature 
windings respectively. Let v/ be the voltage across the ter- 
minals of the field winding, and let Va be the terminal voltage 
of the armature at the instant under consideration, i.e., the net 
rise of potential from the brush Si to the brush S2. Then at 
this instant Vf = r/if — e/ and Vo = ^o — Tia, whence 
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f vf^rfif + ^^ (39) 

where X/ and Xa are given by equations (38) and (38a). 

These are the general equations which must be used in order 
to take into account all the components of the electromotive 
forces mduced in the two windings. However, as a first approxi- 
mation, the two self-inductances L/ and La piay be assumed 
constant, and the mutual inductance may be assumed to have 
at any instant t the value M = Mm cos cat. Also, as a first 
approximation, the alternating electromotive force induced in 
the field winding may be neglected, and the field current may 
be assumed constant and equal to 

// = "^ (396) 

On these assumptions, the armature terminal voltage Va becomes 

Va = coMnJf sin ((at) - (rJa + ^^-jf) (40) 

The electromotive force represented by the term (coMmlf sin «0 
is commonly referred to as the "electromotive force of rotation." 
or as the "generated" electromotive force, since it is due to 
the relative motion of the armature and field. Comparing 
equations (40) and (37a), and noting that Va = Ca when there is 
no armature current, it is evident that the maximum value of the 
"generated" electromotive force, namely wM«J/, is equal to the 
electromotive force Em\ given by equation (376). This, of course, 
is on the assumption that Af „ is independent of the value of the 
armature current, which is only approximately true. Equation 
(40) may then be written 

Va = Em sin (coO - {faia + La^) (40a) 

The term Vaia is the resistance drop in the armature winding, 

dia 
and the term La ~^ is the back electromotive force induced 

in the armature due to its total self-inductance. Equation (40a) 
therefore merely states that the generated voltage varies sinusoid- 
ally with time, and that the terminal voltage at any instant is 
less than the generated voltage at this instant by an amount equal 

23 
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to (1) the resistance drop in the armature plus (2) the back 
electromotive force of self-induction. 

Problem 18. — The total flux entering the armature of a two-pole single- 
phase alternator is 35 X 10* maxwells, and the field current required to 
produce this flux is 150 amperes. The armature is driven at a constant 
speed of 3600 revolutions per minute. The armature winding has 40 turns, 
and the distribution factor for this winding is 0.6. The self-inductance of 
the armature winding, assumed constant, is 0.5 millihenry, and the resistance 
of the armature winding is 0.04 ohm. Assume the flux through the arma- 
ture winding to vary sinusoidally with time. 

(a) What is the maximum value of the electromotive force induced in 
the armature? (&) If, when the axis of the armature winding makes an 
angle of 45 degrees with the axis of the field winding, the armature current 
is 2500 amperes, and is increasing at the rate of 500,000 amperes per second, 
what is the armature terminal voltage at this instant? (c) What is the 
maximum value of the mutual inductance between the armature and field 
windings? 

Answer, — (a; 3167 volts, (h) 1890 volts, (c) 56 millihenries. 



XI 

MECHANICAL FORCES IN MAGNETIC FIELDS 

129. General. — Experiment shows that every current-carrying 
conductor and every magnetized substance in a magnetic field 
is in general acted upon by a mechanical force due to the agent 
which produces this field. More specifically, 

(a) Between every two current-carrying conductors there 
exists a mechanical force whose value depends, among other 
things, upon the product of the currents in the two conductors 
(see Article 123). 

(6) Between every current-carrying conductor and every mag- 
netic pole there exists a mechanical force whose value depends, 
among other things, upon the product of the current in the con- 
ductor and the strength of the pole. 

(c) Between every two magnetic poles there exists a mechan- 
ical force whose value depends, among other things, upon the 
product of the strength of the two poles. 

These mechanical forces may be briefly described as forces 
exerted on the conductor or magnet by the magnetic field in 
which it is located. It should always be kept in mind, however, 
that the magnetic field is merely the medium through which one 
agent (a current-carrying conductor or magnet) exerts a force 
on the other agent (a second current-carrying conductor or 
magnet), and that whenever a force is thus exerted by one agent 
or another, the second agent exerts an equal and opposite force 
on the first. In other words, "action and reaction are always 
equal and opposite." 

The value of the mechanical force exerted by a magnetic 
field on an electric circuit may always be deduced from the 
fundamental principle stated in Article 123, namely, that 
the mechanical work done by this force, when the circuit is 
moved, is equal to the amount of electric energy transferred to 
this circuit as a result of this motion. 

From this general principle it follows, as shown in Article 
123, that the component /, of the mechanical force exerted on an 

355 
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electric circuit in any direction is equal to the product of the 
current i in this circuit multiplied by the increase in the number 
of flux linkages of this circuit per unit linear displacement of 
the circuit in this direction. That is 

where d\ is the increase in the flux linkages of the circuit, in the 
right-handed screw direction with respect to the current i, 
corresponding to a Unear displacement dx of the circuit in the 
given direction. 

When the circuit consists of but a single turn of wire, the 
flux linkage X are equal to the flux which threads this turn. In 
this case this relation may be written 

/. - 't <'«) 

This formula is applicable not only to a complete circuit, but 
to any length of the wire in the circuit, provided d<l> is taken 
as the increase in the flux which links this particular length 
of wire, or to the number of lines of force cut by this length of 
wire, when it is displaced the distance dx. 

In exactly the same manner as equation (1) was deduced 
(see Article 123) it may be shown that the torque, or mechanical 
couple, r, tending to turn an electric circuit about any given 
axis, is equal to the product of the current t in this circuit multi- 
plied by the increase in the number of flux linkages of this cir- 
cuit per unit angular displacement of the circuit about this 
axis. That is^ 

T-if, (2) 

where d\ is the increase in the flux linkages of the circuit, in the 
right-handed screw direction with respect to the current i, 
corresponding to an angular displacement dO of the circuit about 
the given axis. 

^Equation (2) may be deduced as follows: (a) the mechanical work corre- 
sponding to a torque T and an angular displacement d$ is Td$; 

(p) the corresponding induced electromotive force ib e = -^t where dt is 

the time required for the displacement dB; (c) the electric energy which 
must be suppUed to the circuit to keep the current constant at the value 
i is eidt » id\\ Kd) equating this to the mechanical work Tde gives for the 
torqiie T the value stated in equation ^2). 
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The direction of the force or torque produced by a magnetic 
field on a conductor which carries an electric current may always 
be determined from the general rule that every part of an electric 
circuit tends to move into such a position as vnll increase the number 
of lines of force which link this circuit in the right-handed screw 
direction with respect to the' currerU in it. 

For example, two parallel conductors which carry currents 
in opposite directions (as in a transmission line) always repel 
each other, since the further apart the conductors get the greater 
will be the number of lines of force between them. Again, two 
coils with their faces parallel and their axes coinciding will 
attract each other when the currents in them are in the same 
direction, but wiU repel each other when the currents are in 
opposite directions. 

From the fundamental relations above stated in regard to the 
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magnitude and direction of the mechanical forces in a magnetic 
field, numerous special formulas apphcable to particular cases 
which arise in practice may be deduced. The more important of 
these special formulas wiU now be developed. 

130. Force Exerted on a Straight Wire by a Uniform Magnetic 
Field. — Consider a straight wire MN so placed in a magnetic 
field that it is perpendicular to the lines of force, as indicated 
in Fig. 94. The dots represent the intersections of the Unes of 
force with the plane of the paper. The direction of these lines of 
force is assumed to be away from the eye of the reader. This wire 
may be thought of as part of a closed circuit, as indicated in the 
figure. 

Let I be the length of the wire MN in centimeters, i the current 
in it in abamperes, and B the flux density of the magnetic field at 
the wire. Were the wire moved parrallel to itself, perpendicular 
to the lines of force, a distance dx to the right, the increase in the 
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flux through the loop CMND, in the right-handed screw direction 
with respect to the ciirrent i, would be d<i> = Bldx, Whence, 
from equation (la) the force exerted on the wire by the magnetic 
field is 

/ = Bli dynes (3) 

A motion of the wire parallel to the lines of force would result 
in no change in the number of Unes of force through the loop 
of which it forms a part; hence this is the resultant force acting on 
the wire. 

Note that the direction of this force may be specified, with- 
out reference to the loop of which the wire forms a part, as 
follows. Point the forefinger of the left hand in the direction of 
the lines of force, the middle finger in the direction of the current y 
and hold the thumb perpendicular to these two fingers; the thumb 
will then point in the direction in which the wire tends to move. 
This rule is usually referred to as the ''left-hand rule." Com- 
pare with the "right-hand rule" for the direction of the electro- 
motive force induced in a wire when it is moved across a mag- 
netic field (Article 82). Also compare the above formula for 
the mechanical force acting on the wire, with the formula e = Bh) 
ioT the electromotive force induced in a wire when moved with a 
velocity of v centimeters per second in a direction perpendicular 
to its length and to the lines of force (see Problem 3, Article 81). 

It should be carefully noted that equation (3) gives the force 
acting on the wire only when the wire and the lines of force are 
mutually perpendicular. When the lines of force and the wire 
make any angle B with each other the resultant force on the 
wire is 

/ = Bli sin B dynes (3a) 

The direction of this force is always perpendicular to the plane 
determined by the wire and the direction of the lines of force. 

Problem 1. — In Fig. 95 are shown the two poles of an electromagnet. 
The total flux in the air-gap is 400,000 maxwells. The side ABoi the air- 
gap is 4 inches and the side AC i&2 inches. A single loop of wire carrying 
a current of 200 amperes is held in the air-gap in the position shown in the 
figure, the current being in the direction indicated by the arrow. 

(a) Assuming the lines of force in the air-gap to be straight and uniformly 
distributed, what is the force in pounds required to hold the wire in the posi- 
tion shown? (6) What is the direction of this force? (c) How much me- 
chanical work would be done were the wire allowed to move across the air- 
gap from the lower to the upper edge of the gap? (d) Assuming the lines 
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of force to be confined entirely to the air-gap, by how much would the force 
on the wire be changed were the length of the horizontal portion of the wire 
doubled? 

Atwtoer.r— (o) 3.54 pounds, {h) Upward, from C to A. (c) 0.59 foot- 
pound, {d) Not at all, provided the opposite ends of the horizontal portion 
of the wire are kept on opposite sides of the magnet, as in the figure. 

Problem 2. — {a) Prove that the force of repulsion between the two wires 
of a transmission line, or feeder, carrying a current i is 

/ = 0.54 X 10-« ^ pounds (5) 

where I is the length of each wire in feet, i the current in amperes, and D 
the distance between the centers of the two wires in inches, (h) The leads 
from a 5000-kilowatt generator are cables each 1,000,000 circular mils in 
cross-section. These cables are held in clamps attached to a wall. The 




Fig. 95. 

clamps are 6 feet apart, and the distance between the centers of the two 
cables is 6 inches. The feeder is accidentally short-circuited, and during 
the short circuit the current reaches a value of 20,000 amperes. What is 
the force Id pounds exerted on each clamp tending to shear it off from the 
wall? 

Answer. — {b) 216 pounds. (Note. — Cases have occurred in practice 
where this force of repulsion, due to a sudden short circuit, has been sufficient 
actually to tear the cables from their supports.) 

131. Force of Attraction or Repulsion Between Two Coils. — 

An expression for the force exerted by one coil on another has 
already been deduced in Article 123, viz., the force exerted by 
one coil on another in any direction dx (see Fig. 88) is 

fx = iiii -^ dynes (6) 
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where ii and tj are the currents in the two coils, and dM is the 
increase in their mutual inductance when one coil is given a linear 
displacement of dx centimeters with respect to the other. In this 
formula ii and 12 are in abamperes and the mutual inductance M 
in abhenries. 

An important appUcation of this formula is the determination 
of the mutual force between the movable and fixed coils of an 
absolute current balance (see Article 33). This requires first a 
determination of the mutual inductance between the two coils, 
and then the differentiation of this mutual inductance with 
respect to the distance between the coils. This deduction is 
too complicated to be given here, but it should be noted that 
the calculation may be effected with a high degree of precision. 
It is on this account that the current balance may be used as a 
means for the accurate comparison of the practical and the c.g.s. 
electromagnetic units of current, viz., the ampere and the 
abampere. 

From equation (6) it is evident that when the same current 
is caused to pass through each of two coils in series the force 
exerted by one coil on the other varies as the square of this cur- 
rent. This is a fundamental characteristic of a current balance. 

Problem 3. — Referring to Fig. 18, p. 59, the mutual inductance between 
the movable coil at each end of the balance and each stationary coil is 0.001 
millihenry when the movable coil is midway between the two fixed coils. 
When the movable coil is displaced a distance of 0.1 millimeter vertically 
downward, its mutual inductance with respect to the lower fixed coil in* 
creases by 0.000006 millihenry, and its mutual inductance with respect 
to the upper fixed coil decreases by the same amount. The distance from 
the knife edge to the center of each movable coil is 20 centimeters. What 
weight, hung from the beam at a distance of 10 centimeters from the knife 
edge, will be required to maintain the beam in its equilibrium position when 
a current of 50 amperes is established through the balance? 

Answer. — 122.4 grams or 4.32 ounces. 

132. Torque Exerted on a Coil by a Magnetic Field. — ^As noted 
in Article 129, when a coil in a magnetic field carries a current 
i, it is in general acted upon by a torque, or couple, as well as by 
a direct pull or push. As shown in that article, the value of the 
torque tending to turn the coil about any axis is 

.« . d\ 
where d\ is the increase of the flux linkages of the coil, in the 
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When the coil is displaced from its "zero" position by an angle 
d$, as indicated in the figure, the number of lines of force which 
thread it will be 

d^ = B(l X FG) 

where FG is the small arc indicated in the figure. But FG = 

2 XOF X ddy and OF = w- Consequently, FG = wdS, and 

therefore d4> = B{lw) dd. Let N be the number of tiu-ns in the 
coil, and let these turns be so close together that the coil may 
be considered as a concentrated winding. Then the increase in 
the flux linkages of the coil when it turns through the angle d$ 
is 

d\ = NB{lw)de 

Hence, from equation (2), when a current i is estabUshed in 
the coil, the magnetic field in which it is located produces on it 
a torque of 

T = (Nwl) Bi dyne-centimeters (7) 

where all quantities are in c.g.s. electromagnetic units. This 
then is the torque which, in the case of a galvanometer, ammeter, 
or electrodynamometer, tends to deflect the movable coil from its 
zero position. 

This formula can also be deduced directly from equation (3), 
noting thajb the force on each side of the coil is / = N(Bli)y and, 
since the forces on the two sides of the coil are in opposite di- 
rections, the couple formed by these two forces is T = Jw — 
wN{Bli). 

When the magnetic field in which the coil rotates is produced 
by a permanent magnet, as in a galvanometer or direct-current 
ammeter (see Figs. 15 and 16), the flux density B will be independ- 
ent of the strength of the current i, and the torque exerted on 
the coil when a current is sent through it will therefore be directly 
proportional to the strength of this current. 

By mounting inside the coil a fixed, soft iron core, as indicated 
in Fig. 96, the flux density in the air-gap may be made practically 
constant throughout a relatively large part of the air-gap, so 
that even for a relatively large displacement of the coil from its 
zero position (45 degrees or more in the case of an ammeter), 
the torque will still be proportional to the current. Hence, 
when the motion of the coil is opposed by a torsional force (due 



MECHANICAL FORCES IN MAGNETIC FIELDS 363 

to a fiber or spiral spring) which is proportional to its deflection, 
the amount by which the coil is deflected when a current is sent 
through it will be directly proportional to the strength of this 
current. 

In an electrodynamometer the flux density B at the wires of 
the movable coil is directly proportional to the current in the 
stationary coil. Consequently, when the instrument is used as 
an ammeter and the same current is sent through both coils, the 
torque exerted on the movable coil is proportional to the sqiuire 
of the current. This accounts for the fact that the scale of an 
electrodynamometer type of ammeter is not uniform. For 
example, when the division corresponding to 5 amperes, say, is 
1 inch from the zero, the division corresponding to twice this 
current (10 amperes) is at a distance of 4 inches from the zero, 
or approximately this amount, depending on the design of the 
instrument. The electrodynamometer type of ammeter, how- 
ever, has the advantage that it can be used to measure either 
direct or alternating currents. 

Problem 4. — A certain millivoltmeter at full-scale deflection carries a 
current of 0.025 ampere. The movable coil is made of 200 turns of fine 
wire, wound in the form of a rectangle 1 inch by 1.5 inches. The flux 
density in the air-gap in which this coil moves is 800 lines per square centi- 
meter. What is the torque at full-scale reading exerted on the movable 
coil by the permanent magnet? Give answer in gram-millimeters, i.e., the 
force in grams which, acting at a radius of 1 millimeter, will balance this 
torque. 

Answer. — 39.5 gram-millimeters. (Note. — This is equivalent to a force 
of about H ounce acting at a radius of 0.1 inch.) 

133. Average Torque Exerted by a Magnetic Field on a Rotat- 
ing Coil. — In Fig. 97, is shown diagrammatically the field coils 
and armature conductors and the field and armature cores of a 
2-pole direct-current dynamo. By means of the commutator 
the current in all those armature conductors which are under one 
pole is maintained in the same direction, and the current in all 
those armature conductors under the other pole is maintained in 
the opposite direction, as indicated by the plus and minus signs. 
Let Z be the total number of armature conductors, let <^ be the 
flux per pole which enters or leaves the armature core, and let i/ 
be the current in each armature conductor; this is one-half the 
current which is suppUed to (or supplied by) the armature (see 
Article 83). 
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Consider two armature conductors in two diametrically oppo- 
site slots, for example Ai and At" These conductors may be 
considered as forming a coil of one turn. When the two slots 
Ai and A 2 are in the position shown in the figure, practically 
all the lines of force which represent the flux 4> will thread this 
coil in the left-handed screw direction with respect to the current 
in it. When -the armature has rotated through such an angle 
that the slot Ai occupies the position A\ and the slot At the 
position A'j (substantially 180®, or ir radians), the coil will 
again be threaded by substantially all the lines of force 4>, but in 
the right-handed screw direction with respect to the current in it. 

Hence, during a half revolution, i.e., during an angular dis- 
placement of T radians, the flux through the coil increases by an 
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amount 2^. Throughout this half revolution the current in the 
coil is in the same direction. Hence the average torque exerted 
on the armature by the field magnets, due to the current in this 
particular coil, is 

i o = *1 = - 0tl 

When there are a large number of armature conductors, located 
in uniformly spaced slots as shown in the figure, the torque 
exerted on the armature at any instant due to the currents in all 

Z 

the o V<^i'^^ of conductors must have this same value. Hence 

the total torque exerted on the armature at any instant by the 
field magnets is 
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r = - *»i' (8) 

In this formula all quantities are in c.g.s. electromagnetic units. 

In exactly the same manner it may be shown that when the 
dynamo has p poles instead of 2, and a parallel paths between the 
brush sets instead of 2 as above assumed, the average torque 
exerted on the armature by the field magnets is 

Ta = w— ^i dyne-centimeters (80) 

where <t> is the flux per pole and i is the total current supplied to 
(or supplied by) the armature. In this formula all quantities 
are in cg.s. electromagnetic units. When 4> is expressed in 
maxwells and i in amperes, the torque in pound-feet is 

Ta = 0.1174 X 10"' (^) «i pound-feet (86) 

That is, the average torque exerted on the rotating member of a 
dynamo is always proportional to the prodv^ of the resultarU flux 
per pole by the current in the winding on this member. Note par- 
ticularly that the torque developed by a motor for (1) a given 
armature current and (2) a given resultant flux ^ per pole, is 
independent of the speed at which the armature rotates. 

It should be noted that equation {8b) gives the gross torque 
developed by the armature of a motor. The net torque available 
at the pulley is this gross torque less that required to overcome 
the friction of the bearings and wiiidage and the opposing torque 
due to the eddy-current and hysteresis loss in the magnetic 
circuit of the machine. 

Problem 6. — The following data are for a certain 50-hor8epower, 125- 
volt, shunt motor. 

Number of poles, 6. 

Number of conductors, 218. 

Number of parallel paths, 2. 

Resultant flux per pole at full load, 1.2 X 10* maxwells. 

Armature resistance (hot), 0.015 ohm. 

Friction, windage and core-loss at full speed, 3 horsepower. 

Power lost in field winding, 0.75 kilowatt. 

(a) What Is the gross torque developed by this motor when the armature 
current is 300 amperes. (&) What is the back electromotive force developed 
in the armature, when the current is 300 amperes and the impressed voltage 
125? {c) What is the corresponding speed of the motor (see equation (3) 
of Article 84). {d) What is torque required to overcome friction, windage 
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and core-loss? (e) What is the net torque available at the shaft? (/} 
What is the horsepower output of the motor at the pulley when the current 
is 300 amperes? {g) What is the efficiency of the motor at this load? 

Anatoer. — (a) 276 poimd-feet. (6) 120.6 volts, (c) 921 revolutions per 
minute, {d) 17.1 pound-feet, (e) 259 pound-feet. (/} 45.4 horsepower. 
{g) 88.5 per cent. 

134. Forces on Magnetic Poles in a Non-magnetic Medium. — 

As shown in Article 130, when a wire which has a length of I 
centimeters and which carries a current of i abamperes makes 
with the lines of force which represent a magnetic field the angle 
6 J the agent which produces this field exerts on the wire a mechan- 
ical force 

/ = BU sin 6 dynes 

where B is the flux density produced at P by this agent. The 
direction of this mechanical force is perpendicular to the length 
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I and the lines of force which represent the magnetic field, in the 
sense determined by the ''left-hand" rule (see Article 130). 

Referring to Fig. 98, imagine at any point P a positive (or 
north) magnetic pole of strength m, concentrated in a point in a 
non-magnetic medium. Such a condition can never be actually 
realized, but is closely approximated by placing at P one end of a 
long sUm magnet (see Article 104), surrounded by air or other 
non-magnetic medium. A magnetic pole which is confined to a 
surface so small that it may be considered as concentrated in a 
point is called a " point-pole." 

Imagine at any other point Q, at a distance x from P, an elemen- 
tary length dl of wire carrying a current of i abamperes, and let 
this elementary length make with the line PQ the angle 6. The 



m 



X 



magnetizing force at Q due to magnetic pole at P is Hm = 

(see Article 104), and, since by hypothesis the surrounding 
medium is non-magnetic, this is also equal to the flux density at 
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Q due to the magnetic pole at P. Hence the mechanical force 
exerted on the elementary length dl of wire is 

in 
df = —^i dl (sin B) 

From the fundamental relations stated in Article 104, the 

expression 

i{dl sin B) 

is equal to the magnetizing f prce dHc at P due to the current i 
in the elementary length dl. Whence, the mechanical force 
exerted on elementary length of wire at Q by the pole at P may 
also be written 

df = m,dHc dynes (9) 

Moreover, since action and reaction are always equal and 
opposite, the mechanical force exerted on the magnetic pole m 
by the current in the elementary length dl is Ukewise equal to 
m.dHe. Note also that this force is in the direction of the line 
of force at P due to the current in dl. That is, the mechanical 
force exerted on the given north pole by the magnetic field due 
to the current is in the direction of this field, whereas the mechan- 
ical force exerted on a current-carrying conductor by a magnetic 
field is always perpendicular to the direction of this field and the 
direction of the current in the conductor. Were the given pole 
a south pole, the mechanicg,l force exerted on it would be in the 
opposite direction (compare Article 75). 

The resultant mechanical force exerted on the given magnetic 
pole by the currents in all the elementary lengths which make up 
all the. electric circuits in the field is the vector sum of the forces 
as calculated from equation (9) for all these elements, i.e., 
is equal to the strength of this pole multiplied by the resultant 
magnetizing force H due to all these currents, or 

/ = mH dynes (9a) 

On the hypothesis that a magnet is merely an aggregation of 
electric circuits of molecular dimensions (see Article 114), it 
would be expected that the mechanical force exerted by a magnet 
on the pole of another magnet would likewise be equal to the 
strength of the latter pole multipUed by the resultant magnetiz- 
ing force at this pole due to the poles of the given magnet. Ex- 
periment is entirely in accord with this conclusion. Hence 
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equation (9a) is a perfectly general expression for the mechan- 
ical force exerted on a point-^oU of strength w, provided this 
pole is in air, and H is taken as the resultant magnetizing force 
at the point at which m is located, due to all the electric currents 
in th^ field and all the magnetic poles in the field other than this 
particular point-pole. 

From equation (9a) it is evident that the force in dynes exerted 
on a point-pole of imit strength is numerically equal to the 
magnetizing force at this point, due to all the agents in the field 
other than this particular point-pole, provided the point in 
question is in a non-magnetic medium. Hence the common 
definition of magnetizing force at any point as the force in dynes 
which would be exerted on a unit point-pole at this point. This 
definition, .however, is not appUcable to points within a magnetic 
substance. The various attempts which have been made to 
modify this definition to make it applicable to such points has 
been the source of much confusion. In the author's opinion, the 
definition of magnetizing force given in Article 90 is decidedly 
preferable to any definition based on the phenomenon of the 
mechanical force exerted on a magnetic pole. 

The application of equation (9a) to the special case of two 
point-poles of strengths m and m' at a distance x apart gives for 
the mechanical force between them the expression 

/« -^ dynes (10) 

This follows immediately from the fact that the pole m' produces 

at a distance x away a magnetizing force equal to —^ (see Article 

nfvttb 
104). Hence m' exerts on m a force of — ^ dynes, and m 

exerts on m' an equal and opposite force. When the two poles 
are of Uke sign the force is a repulsion, and when they are of 
unlike sign, the force is an attraction, ?.6., like poles jepel each 
other and unlike poles attract each other. 

Equations (9a) and (10) are of very little practical importance, 
for the reason that they apply only to poles which are concen- 
trated in points, which condition is usually not even approxi- 
mately realized. 

Of course, if the distribution of the magnetic poles over the 
surfaces of the various magnets is known, it is possible to apply 
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these relations to each pair of points in these surfaces, and take 
the vector sum of the forces due to these point-poles. However, 
the distribution of the poles over the surface of a magnet can, as 
a rule, be calculated only to a rough degree of approximation. 

Problem 6. — As a first approximation, the poles of a long cylindrical bar 
magnet may be assumed to be imiformly distributed over the two end sur- 
faces of the magnet. Each end of the magnet may therefore be considered 
as a circular disc each unit area of which has the same pole strength. Let 
the numerical value of this pole strength per unit area be a. Let r be the 
radius of the magnet and let I be its length. Let P be a point on the axis of 

the magnet at a distance a from its north pole. Let $ = tan"^ (-] and 

let ^' = tan~^( i). All quantities are expressed in c.g.s. electro- 

\a + U 

magnetic units. 

(a) Prove that the magnetizing force at P due to the north pole of the 
magnet is 2ira (1 — cos 6) and that the magnetizing force at P due to the 
south pole of the magnet is 2ir<r U — cos $'). To prove this, find first the 
magnetizing force at P due to a ring of radius x and width dx^ located in the 
north-pole end of the magnet, and integrate between the limits x = and 
X = r;and similarly for the south pole (see also Problem 14, Article 107). 

(b) Prove that when the point P is outside the magnet the resultant mag- 
netizing force at this point is 

Ho ^ 2Tra (cos e' - cos e) (11) 

and that when P is inside the magnet the resultant magnetizing force is 

Hi = 2ir«r [2 - (cos $' + cos 0)] (11a) 

and is in the direction from the north pole to the south pole (i.e., opposite 
to the direction of the lines of force through the magnet). 

(c) Prove that when P is outside the magnet but very close to its north 
pole, and the magnet is so long that 5' is very small, the resultant magnetiz- 
ing force at P is 

H'o = 2irff (116) 

(d) Prove that when two such cylindrical magnets are placed end to end, 
with the north pole of one separated from the south pole of the other by a 
narrow air-gap, the resultant magnetizing force in the air-gap is 

^r = 4ir<T . (lie) 

(e) Prove that the mechanical force of attraction between these adjacent 
• north and south poles is 

.^ 2irm^ 
f = 2t<t2^ = -^ (12) 

where m is the total strength of each pole and S is the cross-section of the 
magnet. 

(/) Show that this force of attraction is also 



f = ^- (12a) 



24 
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where B is the resultant flux density in the air-gap, which in turn is equal 
to the resultant magnetizing force Hr in this gap. 

(g) Why is the force exerted by the pole of one magnet on the pole of 
the other not equal to the resultant magnetizing force Hr multiplied by the 
strength m of this pole? 

136. Practical Calculation of the Mechanical Forces Exerted 
on Magnetic Bodies by a Magnetic Field. — ^A more practical 
method than that outlined in the preceding article, of expressing 
the mechanical force exerted on a magnetic body in a magnetic 
field, is to express the work done by this force, in producing an 
infinitesimal displacement of this body, in terms of the change in 
the reluctance of the magnetic field in which it is located, due to 
the given displacement. 

Imagine a magnetic body of any size or shape in a mag- 
netic field, and let (R be the total reluctance of the field, 
and let (p be the total magnetic flux. On the assumption that 
the reluctance of the field is independent of the value of flux (i.e., 
constant permeability) the total magnetic energy of the field is, 
from equation (10) of Article 116, 

If = i- (ji 2 

Let d(R be the increase in the reluctance (R' corresponding to a 
displacement dx of the given magnetic body in any chosen 
direction. Then the increase energy in the magnetic field as 
the result of this displacement, i.e., the increase in W corre- 
sponding to the displacement dx, is 

2 

dW =^ d(5i 

The increase dW in the energy of the magnetic field, since 
it is due entirely to the motion of the given magnetic body, must 
be equal to the work done by the force which moves this body 
against the force exerted on the body by the magnetic field. Let 
/, be the component, in the direction of dx, of the force exerted 
by the field on the given body, then 

dW = - jdx 

(The minus sign here signifies that when the body moves in 
the direction of the force exerted by the field, the field does work 
and therefore loses energy, i.e., the increase in TF is negative.) 
Equating these two expressions for dW gives 

I- -it »" 
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The minus sign in this expression shows that the direction of 
the force exerted by a magnetic field on a magnetic body is al- 
ways in the direction in which the body must move in order to 
decrease the total reluctance of the field. That is, a magnetic 
body in a magnetic field always tends to move into such a posi- 
tion as will result in a decrease in the reluctance of the field. 

Equation (13) is deduced on the specific assumption that the 
reluctance (R, for a given relative position of the various parts of 
the magnetic circuit, is independent of the value of the flux 
(p in this circuit. When the magnetic circuit is wholly of iron or 
other ferromagnetic substance this condition doea not hold. 
However, when the major portion of the reluctance of the circuit 
is in air or other non-magnetic substance, equation (13) may be 
applied even though the greater part of the volume of the mag- 
netic circuit is in iron. 

A simple application of equation (13) is to the calculation of 
the force exerted on the plunger of an iron-clad electromagnet, 
such as shown in Fig. 78. Let x be the distance between the 
stop and the upper end of the plunger, and let S be the cross- 
section of the air-gap. On the assumption that the lines of force 
in the air-gap are uniformly distributed and parallel to the axis 

of the plunger, the reluctance of the gap is then o. When the 

plunger is displaced downward a distance dx this reluctance there- 

dx 
fore increases by an amount -h^. 

That portion of the length of the plunger which carries the flux 
also decreases by an amount dx, but since the permeability of the 
plunger is 1000 times or more that of air, the corresponding 
decrease in reluctance is negligible in comparison with the 
increase in the reluctance of the air-gap. Hence the increase in 
the total reluctance of the magnetic circuit is substantially 

d(R _ dx 
dx ' S 

This substituted in equation (13) gives for the total pull upward 
on the plunger (opposite to dx) the value 

/" = ^ dynes (14) 

Or, since <p = BS, where B is the flux density in the gap (the 
lines of force being assumed uniformly distributed and parallel 
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to the axis of the plunger), the force actmg upward on the plunger 
may also be written 

/ = -g^ dynes (14a) 

For practical calculations it is usually conveniient to express B 
in kilolines per square inch, and S in square inches. When these 
units are employed this formula becomes 

/ = 0.0139525 pounds (146) 

Compare with the formula deduced in Problem 4 of Article 116. 

In order to apply equations (14) to the calculation of the 
pull on the plunger or armature of an electromagnet of a given 
number of ampere-turns, it is of course necessary to determine 
first the value of the flux 4> in terms of these ampere-turns. 
When the air gap is short, and the leakage therefore small, 
this may readily be done by the procedure outlined in Article 
91. However, when the air gap is large, as is usually the case, 
the calculation of the flux produced by a given number of 
ampere-turns, or the ampere-turns required to produce a given 
flux, is not so simple. See the articles on Electromaqmt Wind- 
ings and Electfornajnets in Pender's Handbook for Electrical 
Engineers, 

Problem 7. — The magnetic circuit of the electromagnet shown in Fig. 78 
is made of cast steel. The plunger and stop are each 1 inch in diameter. 
The mean length of the lines of force in the several parts of the magnetic 
circuit when the upper end of the plunger is in contact with the stop are as 
follows: 

In plunger, 7 inches. 

In stop, 1 inch. 

In yoke, 15 inches. 

The mean cross-section of the yoke is 6 inches. The air-gap between the 
yoke and plunger where the latter passes through the lower part of the yoke 
has a length of K2 inch and a cross-section of 5 inches. The winding has 
400 turns. Assume no leakage. See Fig. 76 for B-H curve. 

(a) What current is required in the winding in order to hold the plunger 
up against the stop with a force of 100 pounds? (&) What current is 
required in the winding in order to produce this same force on the plunger 
when the upper end of the latter is K inch from the stop? (Assume the 
lines of force in this air-gap to be straight, parallel and uniformly distrib- 
uted.) (c) Were the plunger and stop each 2 inches in diameter instead of 
1 inch (the clearance at the hole in the yoke being kept the same as before, 
namely H2 inch), what would be the current required to produce a force of 
100 pounds on the plunger when the upper end of the latter is in contact 
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with the stop? {d) When the upper end of the plunger is ^ inch from the 
stop? (e) For the same current in the winding, will the pull increase or 
decrease with the diameter of the plunger? (/) Explain why your answer 
is not inconsistent with the fact that for the same flux in the plimger the 
pull is greaier the BmdUer the diameter of the plunger. 

Answer, — (a) 2 amperes. (&) 21 amperes, (c) 0.9 ampere, {d) 10 
amperes, (e) The pull increases with the diameter of the plunger. 
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magnetic, 278, 283, 294, 325 

units of, 21, 80 
Equipotential surfaces, electric, 129 

magnetic, 158, 201 
Erg, 21 
Establishment of current in a 

circuit, 336 
Excitation, 170, 349 
Exciter, 349 

Exciting current of a transformer, 
330 



F 
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direction of, 80 

difference of magnetic, 199 

drop, electric, 80 
magnetic, 200 

energy, 22 

gradient, 129 

units of, 76 
Potentiometer, 87 
Power, 26 

electric, 60 

loss, 28, 98 

units of, 27, 64 
Practical system of units, 52 
Pressure, 17 

Primary winding, 203, 344 
Pulsating current, 47 
Pump, hydraulic, 33 
Pyrometer, 145 



N 
Network calculations, 93 

O 

Oersted, 182 
Ohm, 63 

Ohm-centimeter, 114 
Ohmic resistance, 62 
Ohm's Law, 77 

generalized, 78 
Oscillating current, 47 



Parallel connection, 50 

Paramagnetic substances, 186 

Percent conductivity, 120 

Period, 302 

Permeability, magnetic, 184, 275 

Permeance, 184 

Point-pole, 366 

Polarization of voltaic cells, 147 

Pole, magnetic, distribution of, 249 

forces on, in magnetic field, 366 

internal, 252 

strength of, 240 
Potential, absolute magnetic, 255 



Q 



Quantity of electricity, 45 
measurement of, 139, 176 
units of, 55 



R 



Radian, 4 

Railways, electric motors for, 97 
Recalescence point, 276 
Receiver of electric energy, 65 
Refraction of magnetic lines of 

force, 207 
Reluctance, magnetic, 180 
Reluctance drop, 191ff 
Reluctivity, 187, 276 

curves, 275 
Residual magnetism, 270 
Resistance, electric, 61 

and inductance in series, 336 

box, 63, 117 

drop, 75, 80 

factors which affect, 103 

insulation, 135 

of electrolytes, 138 

of half ring, 136 

of non-linear conductors, 128 

of single-conductor cable, 133 



